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Abstract 

Focusing on the influence of various factors of cutter and work-piece in milling process, 

such as force, wear and vibration, using discrete method to compute the trajectory of each 

points, and get the coordinates values of discrete points on the cutting edge at any time. A 

new method has been proposed to obtain the dynamic response of discrete points by 

transforming deformation of those values into work-piece coordinate system. At the same 

time, a new policy of retention has been proposed to avoid inadequate statistics and large 

number of statistics. Retaining coordinates which can effectively influence the formation of 

surface topography, the prediction model of surface topography can be established with the 

consideration of force, wear and dynamic response on the ball-end mill. This prediction 

model of surface topography has been proved to be effective and practicable by an 

experiment. 
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1. Introduction 

When using a ball-end cutter for milling, various factors may cause deviation between 

theoretical trajectory and actual trajectory. Comprehensive consideration is the key for the 

success of the simulation of the surface topography [1]. 

There are two existing methods of ball-end milling surface topography simulation. One is 

the use of the path envelope surface of cutter to intersect with the work-piece. Lmani BM [2] 

has given a surface topography model of intersection between envelope surface and work-

piece. CHIOU [3] proposed maximum potential field path planning, with good computational 

efficiency. Fangyu Peng [4] proposed a bounding box to obtain the surface topography. The 

other is Z-map method. OMAR [5] studied the influence of different axis rotation error in the 

milling cutter system for the surface contour. Some points have influence on the surface 

topography, but, these methods are only equivalent to random census part of the point, and 

cannot accurately describe the points. And those surface topography simulation methods 

rarely involves in force, vibration and wear. A double-buffering mechanism [6] involved 

force and vibration, but it does not include wear. 

In this paper, a surface topography simulation model has been presented, which contains 

the force, vibration, wear information. In this model, coordinate file of useful points can be 

updated with the machining, it also avoid the inadequate statistical and large number of 

statistical. Accuracy of the model has been proven by experiments  
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2. Establishment of Trajectory Equations of Cutting Edge Discrete Points 
 

2.1. Point on the Cutting Edge Mathematical Description 

Ball-end cutter is the main tool of milling, an arbitrary point Q on the cutting edge, relative 

to the center of the sphere, can be represented by (u, v, w,). As follows: 

 

sin cos(tan ln[cot( / 2)] )

sin sin(tan ln[cot( / 2)] )

cos

u R a a

v R a a

w R a

 

 

   
   

 
   
      

 (1) 

  is the helix angle of ball-end mill; z is the number of cutting edges; R is the radius of the 

ball-end mill. If you select a time interval t, then  is the angle of rotation of the cutting edge 

during the time.  

 

2.2. Trajectory of Discrete Points on the Cutting Edge 

Point coordinates of sphere center need to be converted into work-piece coordinate system. 

Translation vector can be computed by the following formula:  
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Let 1

1 0 0 0

0 1 0 0

0 0 1 0

1x y z

M

f t f t f t

 
 
 
 
 
  

， , ,o o ox y z is the center coordinates of the sphere when ti =0， , ,x y zf f f  

is the feed amount of the cutter in the x, y, z direction, , ,i i ix y z  is the center coordinates of the 

sphere when ti=t. 

Because pre- and post-inclination angle f , n and number of cutting edges z, the trajectory 

of the center of the ball also need to convert. Transformational matrix of the pre-inclination 

post-inclination angle and number of cutting edges is
2M 3M 4M .  
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Fully consider formula (1) - (5), the following formula can be obtained.  

 0 0 0 1 2 3 4( , , ,1) ( , , ,1) ( , , ,1)TP i i iX x y z x y z M u v w M M M     (6) 

TPX  is the coordinate vector of any point at any time, and the coordinate ( , , )i i i iP x y z  of any 

point in the cutting edges can be obtained at any time. Integrated over time, trajectory of 

points can be obtained in the work-piece coordinate system. 

 

3. Modification of the Trajectory 
 

3.1. Modification of the Trajectory based on Force of Cutter 

The cutter is assumed to be a cantilever beam. 
1 1 1 1O X Y Z is established as the moving 

coordinate system.O1 is the origin point of coordinate system 
1 1 1 1O X Y Z , it is also the center of 

sphere. 

 

Figure 2. Coordinate System Conversion 

Regardless of the force, point of the theoretic center to be the origin of coordinate, the 

direction of axis for the z axis. The deformation of X and Y direction at the point (0, 0, -z), 

( , )x z  and ( , )y z   [7] can be expressed as: 

 

3 3 2
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 (7) 

E is the elastic modulus of milling, R is the radius of cutter, ( )yF  and ( )xF  are the cutting 

forces of the x and y direction when cutter rotated   degree, L is the length of the cutter, Z is 

the position of the cutter that generates tool deflection; FxZ and FyZ are the distance between 

cutting force point and the origin of the coordinate along the axis of x and y directions. 

Function of  is a window function. 

 

, 0

0, 0

a a
a

a


 


  (8) 

The deformation can be converted into the work-piece coordinate system by the following 

formula. 
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1 0 0 0

0 1 0 0

0 0 1 0

( ,2) ( , 2) 0 1x y

M

   

 
 
 
 
 
  

 (9) 

 

3.2. Modification of the Trajectory based on Vibration of Cutter 

The cutting point be the origin point, the direction of cutter axis be the z-axis, the normal 

vector of the intersection in 
1 1 1Z OY  plane, established following coordinate system

2 2 2 2O X Y Z . 

The relationship between two coordinate systems,
1 1 1 1O X Y Z 2 2 2 2O X Y Z , can be shown as Fig.3. 

 

Figure 3. The Relationship of Transformation between the Coordinate System 

Vibration function of the ball-end mill [8] can be obtained, as the follows: 

 
( ) cos ( sin )r r r r r rY z ch z z sh z z         (10) 

This equation corresponds to the natural frequency of the milling 

 

2 ( 1,2,3 )r r

EJ
r

A
 


   (11) 

Parameters 
r can be determined by the flexural vibration characteristic equation of 

milling cutter cos 1Lch L    , E  is the elastic modulus of milling cutter. The time of 

sampling about the point on the cutting edge, t  is set to m / r ( 200 )rm  . Transformation 

matrix can be obtained as follows. 

 

2

cos sin 0

( , , , ) (0, , , ) sin cos 0

0 0 1

i i i ru v w n Y z

 

 

 
 

  
 
  

 (12) 

 

3.3. Modification of the Trajectory based on Wear of Cutter 

In the following coordinate system 1 1 1 1O X Y Z , the wear [9] along XYZ directions can be 

expressed as the follows: 

 

( )sin ( , , )

( )cos ( , , )

( )

M A t i a z
dx h

M A t i a z
dy h

M A t
dz z





  

   


  

 (13) 

dxM 、 ydM  is necessary to compensate respectively for the amount of radial direction and y 
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direction along the X decomposition rate of compensation, dzM is the compensation required 

by the axial. The transformation matrix is as follows: 

 

6

1 0 0 0

0 1 0 0

0 0 1 0

1dx dy dz

M

M M M

 
 
 
 
 
    

 (14) 

 

3.4. Discrete Point Trajectory Equation 

Fully consider formula (6) - (15), any point on the cutting edge, coordinates (xi, yi, zi,) in 

the work-piece coordinate system， can be computed by the following formula. 

 0 0 0 1 5 6 2 3 4( , , ,1) ( 1) ( , , ,1)i i i i i ix y z x y z M M M u v w M M M    (15) 

 

4. Surface Topography Simulation and Experiment 
 

4.1. Discrete Point Trail Reservation 

Not all points on the cutting edge were involved in the cutting, and in order to avoid 

unnecessary coordinate statistics, participants of the cutting edge need to be determined. 

 

 

Figure 5. Participants of the Cutting Edge 

Shown in Figure 5, T is the angle between the rotating axes and the normal of the deepest 

point of the cutting. By calculation, the policy of reservation of trajectory can be obtained as 

follows: 

If a   T C , the point is never involved in cutting.  

If a  T , the point has been involved in cutting, information need to be reserve. 

If  T a< + T C , the point is intermittent participation. If the following equation holds, 

information of trajectory needs to be reserve. 0

2
( 1) , (0 )n n z

z


     ，  is the angle of 

rotation of the cutting edge during the time interval t. 
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3 2cos tan
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Otherwise According to the third case. Set t to be the time intervals, coordinates for each 

discrete point can be gotten at the time. Coordinates of points formed at different times to 

meet the following type
1( )m nt t  , as Figure 6. 

 

1

1

n m n

n m n

x x x

y y y





 


 
 (17) 

 

Figure 6. The Method of Retention for Discrete Points 

When the other point fall into this area, the distance of this point and ( , , )m m mQ x y z from the 

design surface e need to be compared, then the minimum value also need to be remained. 

When the length of QN is bigger than PM, remain the coordinates of P, discard coordinates of 

Q. 

 

4.2. Logic of Surface Topography Simulation  

MATLAB and visual C + + mixed programming is used in Software, MATLAB is used to 

generate m files; VISUAL C++ is used to generate the main control program, and call 

MATLAB in a variety of procedures. The logic of surface topography simulation can be 

shown as Figure 7. 

 

 

Figure 7. System Logic Diagram 
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4.3. Milling Experiment 

In order to find out the accuracy of the model, a series of experiments need to be carried 

out. Three - dimensional graphics of Helmet and experimental processing is shown as Figure 

8. 

 

Figure 8. Helmet 3D Model and Processing of Experimental 

The condition of experimental shown as follow. 

Table 1. Experimental Conditions 

Experimental parameters Numerical 

Spindle speed (r/min) 2000，2200 

Tool Feed (mm/min) 800mm/min , 1500mm/min 

Cutting depth (mm) 3,0.03 

Tool material High-speed steel 

Tool diameter (mm) 10 

Cutter teeth 2 

Tool type Ball End 

Tool helix angle 30° 

Work-piece material AISI 2024 

CNC machining equipment XH715 Machining Center 

Measuring instruments 
Coordinate Measuring Machine 

Reference 600 

Measure the maximum permissible 

error (μm) 
（1.0+L/350） 

 

4.4. Analysis of Experimental and Simulation Result 

Within the green zone of each line to take five test points on the three lines p, q, r. 

Simulation value and the actual value comparison processing in Table 2. Figure 9 shows the 

comparison of actual microscopic surface and microscopic surface of simulation. 

Table 2. Error Comparison between Experiment and Simulation 

Measuring 

line 
Measuring points Simulation value (mm) Error 

p 

(46.8401,-50.2002,-0.0379) (46.8401,-50.2002,-0.0292) 0.0087 

(46.8339,-50.3118,-1.0325) (46.8339,-50.3118,-1.0407) -0.0082 

(46.6695,-50.2045,-2.0291) (46.6695,-50.2045,-2.0443) -0.0152 

(46.8446,-50.2002,-3.0397) (46.8446,-50.2002,-3.0299) 0.0098 

(46.7164,-50.6863,-4.0395) (46.7164,-50.6863,-4.0245) 0.0150 

Z average value-2.03114 Z average value-2.04272 
Average error 

0.01138 

q (46.0445,-52.4472,-0.0981) (46.0445,-52.4472,-0.1093) -0.0112 
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(47.3637,-51.9918,-0.0559) (47.3637,-51.9918,-0.0446) 0.0113 

(48.2972,-51.6107,-0.0587) (48.2972,-51.6107,-0.0515) 0.0072 

(49.8743,-50.8885,-0.0729) (49.8743,-50.8885,-0.0840) -0.0111 

(50.6878,-50.4773,-0.1151) (50.6878,-50.4773,-0.1249) 0.0098 

z average value -0.08014 z average value -0.08026 
Average error 

0.01012 

r 

(45.9341,-52.1874,-0.0908) (45.9341,-52.1874,-0.0998) -0.0090 

(46.9462,-51.8789,-0.0492) (46.9462,-51.8789,-0.0417) 0.0075 

(47.7335,-51.5768,-0.0473) (47.7335,-51.5768,-0.0564) -0.0091 

(48.7574,-51.1337,-0.0494) (48.7574,-51.1337,-0.0367) 0.0127 

(49.5795,-50.7524,-0.0588) (49.5795,-50.7524,-0.0697) -0.0109 

z average value -0.0591 z average value -0.05906 
Average error 

0.00984 

 

 

 

 

Figure 9. Actual Results Compared with the Simulation Results 

5. Conclusion 

(1) The establishment of multiple coordinate systems is the key for the success of ball-end 

milling simulation model. All of the variables are converted into the work-piece coordinate 

system, which make the prediction model of surface topography can be established with the 

consideration of force, wear and dynamic response. Through experimental verification model 

is correct. 

(2) Not all of the points on the cutting edge are involved in machining. Some of them are 

intermittent cutting. So a new policy of retention has been proposed to avoid inadequate 

statistics and large number of statistics.  

(3) The results of experiment show that the values of simulation model and test values 

have a good agreement. But this model also has errors, if the heat of tool and work-piece, and 

thermal coupling power into account, the accuracy of the simulation model would have 

further improvement.  
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