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Abstract 
This paper provides a framework for evaluating the error rate performance of decode and 

forward (DF) relay cooperative transmission in the presence of channel estimation (CE) 
error caused by pilot symbol assisted-channel estimation (PSA-CE) schemes over Rayleigh 
fading channels. Average bit error rate (BER) and average symbol error rate (SER) are 
expressed as the well-known closed-forms by using error-events at relay nodes and moment 
generating function (MGF) of the received signal-to-noise ratio (SNR), which quantifies the 
SNR penalty arising from CE errors. Moreover, the effects of erroneous detection and 
transmission at relay nodes are verified in terms of both the combined SNR and the average 
error rate, and cooperative diversity is observed from closed-form error rate expressions. 
Simulation results are finally presented to validate derived analytical performance ma-trices. 
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1. Introduction 

Cooperative diversity networks have recently been widely discussed for wireless systems 
[1, 2]. Effects of cooperative diversity in radio communication have been studied [3, 4]. In 
decode-and-forward (DF) relay networks, the relay detects the received signal and then 
retransmits a regenerated signal [1, 2]. At the destination, the receiver can employ a variety of 
diversity combining techniques to benefit from the multiple signal replicas available from the 
relays and the source. Use of DF schemes presumes the incorporation of a cyclic redundancy 
check (CRC) codes from a higher layer (e.g., data link layer) in order to detect errors. The 
advantages of general cooperative diversity schemes come at the expense of the spectral 
efficiency since the source and all the relays must transmit on orthogonal channels (i.e., 
different time slots or frequency bands) in order to avoid interfering with each other as well 
[2]. Recent researches are carried out for relay-selection schemes in which only two channels 
are need (one for the direct link and the other one for best relay link) [5-8]. However, they 
need to additional process or feedback information for channel states. 

The authors in [9] have shown exact and closed-form expressions for bit error rate (BER) 
of DF relaying with multiple relays in dissimilar Rayleigh fading channels. In [10], the 
authors investigated the error performance of DF relaying over Nakagami-m fading channels. 
But, the analytical approaches in [9] and [10] can be applied to only DF schemes (excluding 
fixed-DF (FDF)). In [9], the correctly decoded set at relay nodes is based so that derived 
results have not been expressed as the well-known tractable form. Recently, the general 
approach covering both FDF and DF relaying has been addressed in [11]. The authors in [11] 
have expressed the exact BERs as well known tractable forms, which can be explain how an 
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erroneous detection at each relay affects both the received signal-to-noise ratio (SNR) and the 
average BER. In [12], the authors provided a framework for evaluating the BER performance 
of DF relay-assisted cooperative transmission in the presence of imperfect channel estimation. 
Nevertheless, a framework in [12] cannot be applied to pilot symbol assisted-channel 
estimation (PSA-CE) schemes which can be practical ones. Not that the error rate 
performance in [12] gives error-floor even at high SNR region. It is impractical results for 
(PSA-CE) schemes.  

So far as we know, the general approach based on PSA-CE schemes for DF relaying has 
not been addressed in the literature yet. Furthermore, no one has expressed average error rate 
expressions with CE generated from PSA-CH schemes, which can be explain how an 
erroneous detection at each relay and CE error affect both the received SNR and the average 
error rates. The remainder of the paper is organized as follows: Section II describes the 
system model for DF relay networks with PSA-CE schemes. In Section III, the average error 
rate expressions are provided. The numerical results are presented in Section IV and 
concluding remarks are given in Section V. 
 
2. DF Relay Networks 

Figure 1. shows the block diagram of DF relay systems with a Source(S), a destination (D), 
and a relay(R). The number of relays is L . In this paper, it is assumed that S and R relays 
transmit over orthogonal frequency bands. At first, let us describe the quasi-static Rayleigh 
fading channel model to derive the analytical approach for PSA-CE scheme. 
 
2.1. DF Relay System Model 

Let 0h , L rh + , and rh with {1,2, , }r L∈   be the channel gains of S-D, S-R, and R-D link 
channels, respectively. In this paper, wireless channels between any pair of nodes are 
assumed quasi-static independent and non-identical distributed (INID) Rayleigh fading [13-
15]. In means that channel coefficient can be assumed to be a constant during the several 

symbol times (i.e., during a frame transmission). From here, let us define PN  and DN  as the 
number of pilots and the number of modulated data symbols within a frame so that the length 
of frame is ( )=F P DN N N+ . 

The received signals for S-D, S-R, and R-D links are presented, respectively, as  

[ ] [ ] [ ]
[ ] [ ] [ ]

[ ] [ ] [ ]

0 0 0=
=

ˆ=
L r L r L r

r r r r

y t h s t n t
y t h s t n t
y t h s t n t

+ + +

+
+
+

                                (1) 

where {1,2, , }Ft N∈   is the time index within a given frame, and each channel is 

corrupted by complex additive white Gaussian noise (AWGN) term of [ ]rn t . Without loss of 

generality, we can assume that { [ ]}rn t  are mutually independent for different r  and t  with 
[| [ ] |] = 0rE n t  and 

2 2[| [ ] | ] =rE n t σ . The operator [ ]E ⋅  represents statistical expectation. 
For simplicity, we consider in this paper the first frame transmission. Then, 1

[ ]
t NP

s t
≤ ≤

are the 

pilot symbols known to all relay nodes and the destination and <
[ ]

N t NP F
s t

≤
 are M-ary phase 
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shift keying (MPSK) data symbols. Also, { }[ ]s t are mutually independent for different t  with 

[ ][ ] = 0E s t  and
2| [ ] | = 1E s t   . In DF relay systems, the r th relay is only to transmit the 

regenerated symbol of [ ]ˆrs t  when messages are correctly decoded. It means that the channel 
condition of the r th S-R link is sufficiently good to allow for successful decoding [5]. In 
addition, it is assumed that the relay node is capable of perfect forwarding the original 

message if we can detect an error for each bit. Note that 
[ ]1

ˆ [ ] =r t NP
s t s t

≤ ≤  is pilot symbols to 
estimate R-D link channel. 
 
2.2. PSA-CH Schemes 

For PSA-CE schemes, the channel coefficients can be estimated over quasi-static fading 
channels as  

                                  [ ] [ ]*

=1

1ˆ = =
NP

r r r r
tp

h s t y t h e
N

+∑
                                                      

(2) 

where the CE error is [ ] [ ]*
=1

1= NP
r rt

p

e s t n t
N ∑  with 

2 2= = /r PE e Nσ 
  . Note that 

<
[ ]

N t NP F
s t

≤ with 
2| [ ] | = 1s t  are pilot symbols known to the destination and all relays. By 

using the known pilot symbols and the estimated channel coefficient of (2), the noise variance 
can be estimated as  

                                   
2

2

=1

1 ˆˆ = [ ] [ ] .
NP

r r r
pP

y t h s t
N

σ −∑
                                                             

(3) 

Note that for the large PN , the estimated noise variance of (3) can be approximated 
as  

                                      
2

2 2 21ˆˆ = [ ] [ ] = .P
r r r r

P

NE y t h s t
N

σ σ σ− ≈ −  


                           
  (4) 

2.3. Performance Analysis for S-R link with CE Errors 

Using 
ˆ

L rh +  and 
2ˆL rσ +  for the r th S-R link, the decision variable for data symbols can be 

written as  

                                                     [ ] ( ) [ ]
*

2
<

ˆ ˆ= /r L r L r L rN t NP F
z t h y t σ+ + +≤                      

(1) 

and from 
ˆ =L r L r L rh h e+ + ++  in (2), the received instantaneous SNR is expressed as  

                                            
2

2

ˆ| |= .
( 1) /

L r
L r

P P

h
N N

γ
σ

+
+ +

                                           (2) 
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Then, the probability density function (PDF) of L rγ +  can be presented for the Rayleigh 
fading channel as 

                ( ) 1= exp
L r

L r L r

xf xγ γ γ+
+ +

 
− 
                                  

(3) 

where L rγ +  is the average SNR defined as  

2

2

ˆ| |
= [ ] =

( 1) /
L r

L r L r
P P

E h
E

N N
γ γ

σ
+

+ +

 
 
+                            

(4) 

with 2 2 2ˆ| | = | | /L r L r PE h E h Nσ+ +
    +   . Furthermore, above derivation can be also applied 

to S-D and each R-D links so that by replacing L r+  with r , we can obtain rγ , rγ , and 
( )

r
f xγ  with {0,1, , }r L∈  . Consequently, the average BER of the r th S-R link can be 

expressed for BPSK as  

( ) 1= 1  
2 1

L r
b L r

L r

P γγ
γ
+

+
+

 
− + 

                              (5) 

and the average SER of the r th S-R link can be written for MPSK as  

( ) ( )
( 1) /

0

1=
M M

S L r L rP M s d
π

γ θ
π

−

+ +∫                       
(6) 

with
2

=
sin

PSKgs
θ

, 2= ( / )sinPSKg Mπ , and ( ) ( ) 1= 1L r L rM s sγ −
+ ++  which is the MGF of 

random variable L rγ + [13][14].  
Note that for PN →∞ ,  

                                              

2

2

2

= 0lim

| |
= .lim

r
NP

L r
L r

NP

E e

E h
γ

σ

→∞

+
+

→∞

 
 

  

                                         

(7) 

From above equation, we can find the fact that when the number of pilots increase, the CE 
error is decrease (i.e., the estimated one approaches ideal channel gain) and the average SNR 
merges to the case of ideal channel estimation. 
 
3. Performance Analysis of DF Relay Systems with CE Errors from PSA-
CE Schemes 

In DF relay systems, the r th relay participates in transmitting the regenerated symbol of 
[ ]ˆrs t  only when messages are correctly decoded. Then, [ ]ˆrs t can be two values, which are 
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[ ]ˆ = 0rs t  with the probability of ( )b L rP γ +  or ( )S L rP γ +  and [ ] [ ]ˆ =rs t s t  with the 
probability of ( )1 b L rP γ +−  or ( )1 S L rP γ +− . 
 
3.1. Error-Event of Relay Nodes 

In order to generally derive the analytical method based on error-events at relays, let us 
define the p th error-event vector 

pE  as [10, 11] 

                                             1=p p p p
r RE e e e                                                      (8) 

with { }1,2, , 2Rp∈ 
 and the total number of error-events is 2R

. Generally, we can define 

that 
1E  is all-zero vector, 

2R

E is all-one vector, and so on. Note that for the p th error-event, 

= 0p
re  means the correct detection at the r th relay and 

[ ] [ ]
<

ˆ =r N t NP F
s t s t

≤  with the 

probability of ( )1 b L rP γ +−  (or ( )1 S L rP γ +− ). Also, = 1p
re  leads to 

[ ]
<

ˆ = 0r N t NP F
s t

≤  with 
the probability of ( )b L rP γ +  (or ( )S L rP γ + ).  

Furthermore, the probability of the p th error-event at DF relay systems is presented as  
 

                                                 
( ) ( )

( ) ( )

=1

=1

= 1

= 1

R p pe ep r r
b b L r b L r

r

R p pe ep r r
S S L r S L r

r

Pr P P

Pr P P

γ γ

γ γ

+ +

+ +

−      

−      

∏

∏
                   (9) 

 with = ( 1) 2p p
r re e mod+ [11]. 

 
3.2. Average BER Expression 

At the destination node, a maximal ratio combing (MRC) scheme can be applied in order 
to combine signals from S-D and R-D links. For MRC, the noise variance normalization 
process is necessary in order to fully obtain the diversity gain so that we need not only 
estimated channel coefficients but also estimated noise variances. Using r̂h  and 2ˆrσ , the 

decision variable for the p th error-event can be obtained as  

                                          [ ] ( ) [ ]
*

2

<
=0

ˆ ˆ=  / .
L

p p
tot r r r rN t NP F r

z t h e y t σ
≤ ∑                             (10) 

Note that in order to derive the combined instantaneous SNR, we need the approximation 

for (14) with 
2ˆrσ  of (3) as the form related with

2
rσ  of (4). It leads to  

                                           [ ] ( ) [ ]
*

2

=0

ˆ  /
L

p p
tot r r r r

r
z t h e y t σ≈∑                                       (11)  
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and from (15), the instantaneous SNR can be modified as 0 =1
=  Rp p

tot r rr
eγ γ γ+∑ . It means 

that when there is a detection-error at the r th relay node for the p th event vector (i.e., 
= 1p

re ), no-transmission give  = 0p
r re γ . Therefore, in DF schemes, 

p
re  can be regarded as 

the transmission indicator for the r th relay of the p th error-event. Consequently, the PDF of 
p

totγ  can be presented as  

                                                    ( )
=0

 = exp
p pR

r r
p
tot r r r

e xf x
γ

π
γ γ

 −
  
 

∑                                 (12) 

with 
=0,

 =
  

p
Rp r r

r i i r p p
r r i i

e
e e

γπ
γ γ≠ −

∏ [11]. Note that for S-D link terms in (16), we can define 

0 = 1pe  so as to 0 0 0 =pe γ γ .  
Consequently, the conditional BER for BPSK can be presented as  

( ) ( )= 2  p p p
b tot totP Qγ γ                                     (13) 

with ( ) ( )2

2
2  = 1/ 2 exp / 2

x
Q x t dtπ

∞
−∫  and the conditional BER of (17) is averaged 

over the PDF given in (16), the result is  

                                                      ,
=0

 1= 1  .
2 1  

pR
p p r r

b r DF p
r r r

eP
e
γπ
γ

 
 −
 + 

∑                     (14) 

Then, taking into account for all the possible error-events, the average BER is presented as   

                                        
2

=1
= .

R
p p

b b
p

P Pr P∑                                                   (15) 

Note that for the special case, when all relays undergo incorrect-detection, we can 

have 2
0=

R

totγ γ  and ( )2
0=

R

b bP P γ . 
 
3.3. Average SER Expression 

By utilizing the moment generating function (MGF), the average SER can be derived. At 
first, the conditional SER for MPSK of the p th error-event is written as  

                                              ( ) ( 1) /

20

1= exp
sin

pM Mp p PSK tot
S tot

gP d
π γγ θ

π θ
−  

− 
 

∫                  (16) 

and the average SER can be presented as  

                                         ( )
( 1) /

0
=0

1=
RM Mp

S r
r

P M s d
π

θ
π

−

∏∫                                            (17) 
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with and  

                                                ( ) 1=
1   

r p
r r

M s
s e γ+

                                              (18) 

 which is the MGF of random variable  p
r re γ . Finally, considering all the possible error-

events, the average SER is presented as  

                                                    
2

=1
= .

R
p p

S S
p

P Pr P∑                                                         (19) 

 
4. Numerical and Simulation Result 

In this section, we show numerical results of average error rates and verify their accuracy 
by comparing simulation results. We assumed for the channel conditions that 

2 2
0| | = | |L rE h E h+       , 2 2

0| | = | | /rE h E h R        for {1,2, , }r L∈  , and 

2 2
0= | | /SNR E h σ   .  

Figure 2 shows the average error rates versus SNR for the DF relay systems with = 2M , 

= 4L , and {0,2,4,8}PN ∈ . Note that = 0PN  means the ideal channel estimation in witch 
analytical results exactly match with simulated ones. From this figure, we can find that for the 

case of 0PN ≠ , there are mismatches between analytical results and simulated ones. Those 
mismatches can be caused by the approximation related with the derivation of received SNR 

(i.e., eq. (15)). Furthermore, those mismatches decrease in proportion to PN . Fig. 3 shows the 
average error rate comparison versus the source-to-destination link's SNR with respect to 

different {1,2,4}L∈ . It can be noticed form Figure 3 with = 8PN  that the derived 
analytical results can be well-matched with simulated ones. Moreover, we can find that the 
diversity order increases linearly with the number of relay L . Consequently, it is confirmed 
that the derived analytical approach can be used as a general tool to verify effects of PSA-
CHE on the average error rate and cooperative diversity gain over quasi-static Rayleigh 
fading channel. 
 

 
Figure 1. Block Diagram of DF Relay Systems(source(S), Destination(D), 

relay(R)) 
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Figure 2. Averaged BER versus SNR for DF Relay Systems with Respect to 

Different Number of Pilot Symbol Nodes 
( 2 2

0= | | /SNR E h σ   , = 2M , = 4L , = 0,2,4,8PN ) 

 
Figure 3. Averaged BER versus SNR for DF Relay Systems with Respect to 

Different Number of Relay Nodes ( 2 2
0= | | /SNR E h σ   , = 2M , = 1,2,4L , = 8PN ) 
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5. Conclusions 
In this paper, we have developed an analytical method for average error rate expression 

related with PSA-CHE based on error-events at relay nodes of DF relay systems over quasi-
static Rayleigh fading channels. The well-known form error rate expressions were evaluated 
as both average BER and SER. For the case of large number of pilots, we were able to verify 
that our approach well matches with the simulation results. Under the general cooperative 
diversity scheme, we expect our theoretical results to be useful for further analysis and in the 
evaluation of practical implementations 
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