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Abstract
<

4-quadrant converters (4QCs) have been widely applied in power active d
harmonic compensators, FACTS, electric drive systems,and a vari other
applications. The state-space averaging model is usually quite facile al d@ le for
converter topologies with only two switch states, like half:bxidge 4 . When
directly used in topologies with multiple switch states, the eling method
becomes overly complicated. Due to this, plus " at mult e PWM 4QCs

and even other varieties of converters are m multi—Wmetrical, a novel
betweenNmulti-phase topologies

method is necessary. By researching the inper
and half-bridge units, including inter- phaseQnmetryo jgurations, and control
ified model pproach for application to

relations, this paper proposes a gener.
multi-phase 4QCs. A series of conclus er e longside theoretical analysis of
the model.  The validity of the mo %i its t onfirmed using single-phase and
three-phase 4QCs and their u I simula aveforms as special cases.  The
proposed method may also&k () tha Ilng, analysis, and general research of

other varieties of converter top gles
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power converters are usually developed specifically for
design, simulation, and analysis of stability. A simple and
d, state-space averaging (SSA) has been used by researchers and
ccessfully model many different types of power converters. SSA was
by Middlebrook and CuK to study DC/DC converters [1].
-quadrant converters (4QCs) are commonly applied in power active VAR
ic compensators of power systems, active power filters (APFs), FACTS,
rive systems, and more. Effective modeling and analysis of 4QCs has attracted
%idespread interest of experts and scholars. The state-space averaging model is
cofivenient and appropriate for converter topologies with only two switch states, such as
half-bridge 4QC units [2]. A linear model including state space equations can be used to
describe each switch state of a circuit; but when directly used in topologies with multiple
switch states, the model becomes overly complicated and unsuitable. Because of this, plus
the fact that multi-phase PWM 4QCs and even other varieties of converters are mostly
characterized as multi- unit/symmetrical, a novel modeling method becomes necessary.
After considering the SSA model of a half-bridge 4QC unit with ready-made model and
analysis results, which is quite simple, this study researches the inner link between multi-
phase topologies and half-bridge units, inter-phase symmetry configuration, and control
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relations in order to propose a general unified modeling approach for multi-phase 4QCs.
A series of conclusions regarding the general unified analysis of our multi-
unit/symmetrical 4QC model is derived, along with a thorough theoretical analysis based
on the model. This paper likewise provides a series of valuable formulas and conclusions
based on quantitative analysis of results, using single-phase and three-phase 4QCs as
specific examples. Considering the majority of converter topologies in the field of power
electronics are characterized as multi-unit/symmetrical, this study provides a modeling
and analysis approach with broad potential application to the many kinds of converter
topologies combined with multi-unit/symmetrical association.

2. SSA Model and Analysis Results of Half-Bridge 4QC Unit

*
Figure 1. Topology&@%c Half- ?ge Unit

4

The mathematical model using @or th% gy of a 4QC half-bridge unit is
Li;| [-R ~—d
Cv,|=| d -UR,

established according to Figure 6
T (1a)
Cv,| [-d" -YR, g

ve=[0 11 i/s \\ Q (1b)

where R “represents um of the equivalent resistances of the AC-side input filter
inductor and power, in the formula, parameter d is the duty ratio of the power
switch S, and@b duty ratio of S,, satisfies:
d'=1-d 2

\&me model as Formula (1), the results of the steady-state analysis based on
the 4 f-bridge unit is as follows.

uty ratio d can be expressed as:

d:%+gsin(a)t—(p—9) (O<m<1) @)
where m represents the modulation ratio of the PWM wave-form in the formula:

m=2V, /V, 4)
where V is the average value of the output voltage v, , V, isthe peak value of the

fundamental voltage of the PWM of the K point as shown in Figure 1. The relationship
between itand ¢ . @ is as shown in the phasor diagram in Figure 2.
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Figure 2. Phasor Diagram of 4QC AC Circuit

The DC-side output voltage contains the DC component and the second harmonic
component, expressed as:

Vg =V4 +Vy

\@’
where the DC component can be expressed as: ?\

Vy = 1 cosfd+e, R

Through further analysis it can be re-written: & \/

V, =%(eL+\/ef+2ISRLES cosp—212R R) O \\/ @)
h

where ¢, is the DC-side counter electromotive’cxe the sec d monic component can
be expressed as:

mlgR,

vy =——="Lt  cos[2(wt—@)-0 (8)
e O
where g =z —arctg (wCR, )A

3. General Unlfled del basq@\\/lultl Unit Xharacterization of
4QC

All voltologles %e 4QCs can be considered that their topologies are

combined any half ge 4QC units, as shown in Figure 1. In order to obtain a
general mathepaatical a multi-phase 4QC without loss of generality, one assumes
that the number of the 4QC is M (M is an integer, M>1), and that R represents
the sum of the e t resistances of the AC-side input filter inductor and the power
switch. M pha@AC-side sine electric potential are symmetrical. The main circuit
topology ofla hase 4QC is shown in Figure 3, in which M=3. General unified

modelin on multi-unit/symmetry, is applied to an M-phase 4QC referring to the

structur@t e topology of a three-phase 4QC. On the condition that the midline exists

the AC neutral N and the DC neutral O, we form the unit model as follows. Note

% phase works independently according to the SSA model of a half-bridge unit as
shefvn in Formula (1):

Li, -R  -d, d, i, ] [1 o
~ K ©)
cv, |=| d, -1/R, -1/R_|v,|+|0 1/R, .
cv,| |-d, -1/R, -1/R_|v,| |0 1/R [-"
where subscripts of variables k ranging from 1 to M correspond to M unit models, in

turn. For example, k subscripts correspond to three phases A, B, and C when M=3, shown
as midpoints of each half-bridge between high-sides and low-sides in Figure 3.
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Figure 3. The Topology of 3-Phase Bridge 4QC
If there is no neutral line between O and N, the first line of Formula (9) can %

as:

Li, =e —i,R— (v, +V, ) =€, —i R—(d,v,—d,v, k=1,2{. (10)
where v,  indicates the voltage between the Kth phas ift ofthe half-bridge unit

and DC-side midpoint, while v, indicates the voe ee W—sme midpoint O
and the DC-side midpoint N. Using formulas d 1 d, an@/ 2V, =V, /2 we obtain:

Li, —e, —i,R—[(d, )vd vl (k=120 @ (11)
As for the M- phase 4QC, the on v% of M phases must satisfy M
t

formulas, as shown in Formul onsideri there is no neutral line in the AC
side, the sum of currents ofa@' is ze @0 the M phases of AC-side sine electric
potential are symmetrical. M eq |ons® essed as:

Vo, = [lii@g * (12)
By plug ula (12 ormula (11) we obtain:
Li =e, %(d d@ (13)

where
l M
d =— 14
v (14)
d,isth e value of duty ratios of M phases
C ring that the DC currents of M phases of 4QCs must satisfy the superposition
@ e, the second line and the third line of Formula (9) are written as:
C & 1. Vy—e & . v, -e
7\/ _ (d —7)| _ d L — dl _ d L (15)
2 d ; k 2 k RL ; k 'k RL

In fact, this formula is a form of the injection current equation of the DC-side bus.

At this point, Formulas (13) to (15) can be synthesized as a unified SSA model of an
M-phase 4QC:

ZX = AX + BE (16a)
where
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X=[i1 iy ey Vd]Tv Ez[el € - By eL]T
Z=diag[lL L --- L C/2],B=diagll 1 - 1 1/R]
[-R 0 - 0 d,-d, |
0 -R d,—d,
A=| : ; (16b)
0 -R d,-d,
'd, d, - d, -1/R_|

According to the unified model based on multi-unit association, considering two most
widely useful topologies of 4QC are where M is equal to two and three, respectively, we
further investigate and analyze the mathematical model of SSA as follows.

(1) Three-phase model

A three-phase 4QC is made up of three half-bridge units as shown in Fi \/f
M = 3in Formula (16), the SSA model of a three-phase 4QC can be written: V

ZX = AX + BE

(173a)
where %
X=[i, i, i vd]T E=[e, & & eL : V
Z=diag[lL L L C/2],B= . W
-R 0 0 d,-d, Q %
|0 -rR 0 d,-d, . \
A=l0 0 R d —d, |’ O

m

d d, d, -1/R, 5%[
and where d_ is the average ;l@f duty the three phases. Using three-phase
symmetrical control and For 14), &

1 3
d = _Zd — (17C)
The three -ph mod@vn in Formula (17) is in accordance with results of
previous re -[6].
(2)S|nglme mo

Usually, so-calle

(17b)

e-phase 4QCs are actually comprised of two half-bridge units.
For intuitive an e establish the equivalent topology of a single-phase 4QC as
shown in Figure 4° The two half-bridge units have the same structure, while the AC-side

input VOIWH fies:
(oK

(18)

Figure 4. Topology of Single Phase Bridge 4QC
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Due to the symmetrical control of two half-bridge units and the symmetry of the AC-
side voltage and current, when M=2 in Formula (16), we obtain the SSA model of a
single-phase 4QC:

ZX = AX + BE (19a)
where
X=[i, i, vq] . E=[e, e e]
Z=diag[lL L C/2], B=diag[l 1 1/R]
-R 0 d, —d,
A= 0 -R d,-d, (19b)
d, d, -1/R,
1(ol +d )_ 9c .

The symmetry voltages of the AC-side input circuit are combined o I%wth
filter inductance, so the practical AC-side input circuit of the single-phase 4@ erived
as shown in Figure 4. If the SSA model above satisfies Fo a.(18) % hat anti-

symmetric PWM control is inflicted on the two half- br| We ob
Iy =~y (20)
The order of single-phase model as shown in F (19) be reduced. Using

the former two lines of Formula (19b), we obt@
Li, =e, —i R+(d,, —d,)v, k=1,2)
Using Formulas (18), (20), and (21)

e, =612, e,=—e4/2,i;=ig, i S,R =

and complete the simplified the S moael of a smgle phase 4QC:

Li.] [ R ~(d—d,)]
[Ev] d,—d, (—go (22)
2 ¢ N

The SSA mo& e singid-phasé 4QC as shown in Formula (22) is a reduced-order

\(9 1)

model of F@
4. Static Analysj 4QC based on Multiunit-Association General
Unified Mode }b

control la uty ratio by proper closed-loop control are written as:

Ooek =Esing,

I, =Isin(e, — )

Static exires ns of the M-phase symmetrical power voltage, input current, and the

1 m.
d, ==+—sin(e, —p—06)
2 2 (23)
where o, =t —(k-1)27/M (k=1,2,....M),and¢ is the AC-side power factor angle.
The former M lines of the M-phase 4QC based on the multi-unit general unified model,
as shown in Formula (16), are:

Li, =e, —Ri, —(d, —d_)v, (k=1,2, ...M) (24)
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Plugging Formulas (23) and (14) into the formula above form two equations by
deducing and comparing. These two equations then multiply cos¢ and sSing |,

respectively, to obtain and the difference between them. Using Formula (4) we obtain:

V, cos@=Ecosp—IR (25a)
Adding the squares of the two equations, we obtain:
V.2 =E*+(IR)* +(wLl)* —2EI (Rcos ¢+ wL sin ) (25b)

Formula (25) indicates the quantitative relationship between both cos@ and V,, and
the parameters of the AC-side input circuit.

Using the last line of Formula (16), we obtain:

(26)

C L

—v, =Y di ——-4+—=

2 d ;L k "k RL VQ

With the sum term of Formula (26), we obtain: ?N
@0 (27)

di, = ;Ism(ozk go)+%| cosa—%l cos[2(e, — ) — 6] *’
(28)

.M 1 M
delk = 7mI cose—zml Zcos[Z(ock -9)-0]
k=1

Q
%MmICOSH*%mIZCOS{Z(Wt #)=k-1 @ \VV

k=1

Plugging the formula above into Formul%@ve obta@

Evd+v—":Mmlcos:9+— @
¢ R i K% 5& (29)
—%leco{Z(wt Q) — },

k=1

In order to convenientl alyze thi @nmder DC-side output voltage a sum of the
DC component and

e. vy =V, +V, . Substituting this into the
formula above an& aring 1&5lde3 of the equation, we obtain:
V, = 0+e (30)

Az
+4=—=ml 2wt - )~ (k-1)——-6 (31)
2" R T2 (i =)= (k-1) }
Typically, t@mter EMF e _ is constant. Formula (30) clearly indicates the
hesDC

magnitude qf t component of the output voltage. By substituting the expressions,
includin of Formula (4) in calculation of Formula (30), and Formulas (25a) and
(30) as @ratic equations, we obtain:

%QZ(eLJr\/eerZMIRLECOS(p2MI2RLR) (32)
e following is an analysis of the differential equation on the AC pulsating

component in Formula (31). We deduce that a stable solution must contain the second
harmonic. The stable solution of V, is considered as follows:

Zde cos[2(ot — @) — (k- 1)——9 23] (33)

Substltutlng the formula above into the Formula (31), and using the transform formulas
of trigonometric functions, we obtain:
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Vdp,(l/ RL)Z +(a;C)2icos[Z(a)t—(p)—(k—l)iA—”—G-tﬁk +a)] (34)

=%mlgcos[2(mt—go) —(k —1)"1\7”—¢9+7z')]

where o =arctan(wCR, ). By comparing the two sides of the formula above, we obtain:

B =P =rn—a=r—arctan(wCR,) (35)

V,, =mIR, / 4,/1+(a)CRL ) (36)

The unified stable expression of the pulsating component of the DC output voltage of
the M-phase 4QC is derived by substituting Formulas (35) and (36) into Formula (33).

According to an analysis of conclusions based on the multi-unit general unified model,
we create a specific analytic expression of steady-state response for two cases: a mgl
phase 4QC, and a three-phase 4QC, where M is equal to 2 and 3, respectively. ‘

(1) Three-phase analysis

Using Formula (32), we obtain a stable expression of the\DG com the DC-
side output voltage of the three-phase 4QC when M= 3

V, =%(e|_ +\/ef+6|RLECOS(0—6|2RLR) &7

Looking at Formulas (35), (36), and (33), e see that Xlsatlng component V,

of the DC-side output voltage of the thre 4QC e zero This proves that the
output ripple components of each half— nit co ract each other, due to three-

phase symmetry. In ideal conditions rippl w frequency is not contained
in the stable voltage v, with heé\utlon of f&ple of the switch frequency.
(2)Single-phase analysis

In Formula (32) we o
output voltage of the single*

in a stabl |on of the DC component of the DC-side
ase 4Q&'

vd=1(eL+ ~4I7R R) (38)

The fo@
con3|der|n
V :—(e +

By analyzin mulas (35), (36), and (33) we know that the pulsating component of
the DC-sinut voltage of the single-phase 4QC is expressed as:

v @dz cos[2(at — ) — 0+ f5) (40)

the f# and V,, are as shown in Formulas (35) and (36). The expressions of

IR E
s the following form, where Eg =2E and Ry =2R,
equ@ structure of a single-phase 4QC as shown in Figure 4:

LE; cosp—21°R R) (39)

t C-side output voltage V, are the same as in static analysis results found in
Formulas (6)-(8) for the half-bridge 4QC unit, but the pulsating magnitude V,, of the

voltage V, doubles. The influence of the DC-side output voltage and the magnitude of
the second harmonic are described quantitatively in Formulas (39), (40), (35), and (36).
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5. Simulation Results

In order to further verify the above theoretical analysis results of the general model
and dynamic behavior  of arbitrary multi-phase 4QCs, we create simulations for
both single-phase and three-phase 4QCs. Using direct current control [7] -[9], a
double-loop control system with DC-side voltage and AC-side current of 4QC is
established. Using the parameters of the single-phase 4QC: L=6mH, R=0.3Q,

C =1000uF, R, =26Q, E,, =311V, e, =300V ,on the condition that the given DC-side

voltage V, equals 476V and the AC-side power factor angle ¢is 0°, two Matlab

simulation results for the two single-phase models using either Formula (19) or (22)
are identical. The wave shape of the single-phase 4QC with a sudden step load is shown
in Figure 5. The  parameters of the three-phase 4QC are established

:L=6mH,R=0.3Q, C=1000uF,R =20Q, E,A =311V, =500V, on the cogdition,
that the given DC-side  voltage V, equals 700V and the AC-side power fa
@ is 0°, the transient wave from rectification to active inversion of tfie

4QC, using Matlab’s three-phase SSA model and results of\Farmul
Figure 6.

Thus, we prove that both simulation results a: ycon5|

SSA model and the theoretical analysis result tab output voltage of
single-phase 4QC satisfies Formulas (38)-(40). Th ond har ¢ is contained in the
simulations, in addition to the DC compoifent, and the (8C-side power factor always
equals 1. The DC-side stable output vok[a hree- pha Cs satisfies Formula (33),
in which the pulsating component wij IS equal to zero. The phase

u@c side voltage converts from
ica Iy th agg losed-control system, so that the

by a increment of 800V in the counter

difference between the AC-side
in-phase to negative-phase aut

energy flow reverses accompi
EMF e of the DC-si thls wave does lack certain relevant
characteristics such as ripple O ItChIng frequency, due to the “average”
characteristic of the del. The ¢ ctness and feasibility of the SSA model and its
theoretical analys% S are@by the simulation waves.

\ l - | | |
O 0 50 100 150 200

420 | I I
0 50 100 150 200

t(ms)

Figure 5. Dynamic Response of Single-Phase 4QC with Step Load
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6. Conclusions

This study first models a 4QC dge ur& posed of the topology of a multi-
phase 4QC with the pre- eX|st|n model static analysis results.

As previously dlscussed ta e- spac aglng model is usually facile and well-
suited to converter topoI es wi |tch states, like half-bridge 4QC units. As
directly used in topologi ith mult W|tch states, however, this modeling method
becomes overly con@wd Due t§, this, plus the fact that multi-phase PWM 4QCs and
even other varieti mostly multi-unit/symmetrical, a novel modeling

half-bridg interph ymmetry configuration, and control relations, this paper
proposes a ral uni odeling approach for application to multi-phase 4QCs. A
series of conclusion ing the general unified analysis and multi-unit association of
4QCs is derived ith theoretical analysis of the model. To fully explore the general
unified model @rm a quantitative analysis of results, we simulate the most common
4QCs (single-phase and three-phase) and form several valuable formulas and conclusions
based o models. This work provides a novel modeling and analysis approach for
multi-@ mmetrical cases, not only for 4QCs but for other types of multi-unit-

method is n::e a By resea g the inner link between multi-phase topologies and

ical converter topologies.
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