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Abstract 

In this paper, we present a comprehensive morphological hybrid filter considering 

symmetry maintained, based on composited the morphological hybrid filters and the 

generalized morphological hybrid filters. The filter improved filtering performance from 

two aspects: morphological operate mode and optimization of structure elements. It can 

eliminate the gray values deviation of the images and have the double advantage of the 

two-path dual filters. Simulation results show that the new hybrid filter can effectively 

remove the noise in the image while maintaining the image details. Compared with the 

other morphological hybrid filters, the images filtered by the new filter may have a higher 

peak signal-to-noise ratio (PSNR) and a smaller mean square error (MSE). 

 

Keywords: mathematical morphology; generalized morphological filters; hybrid 

filters; symmetry maintained; Gaussian noise; PSNR 

 

1. Introduction 

Mathematical morphology is a new theoretical discipline which based on integral 

geometry and random set theory, it uses a set of transformation,operation,conception and 

algorithm to describe the basic features or the basic structure of images, and it is an 

effective tool of the nonlinear morphological analysis and description[1,2].Mathematical 

morphology is widely used in all aspects of the image processing, including image 

preprocessing[3,4],edge detection[5,6,7,8],feature extraction[9,10] and breakpoints 

connection, and so on. 

Morphological filter is a nonlinear filter based on mathematical morphology, its basic 

idea is using structural elements to probe the image, preserving structures that 

consistented with structural elements and removing that not consistented with(such as 

noise,glitch,and so on),maintaining more image details while filtering out 

noise[11,12].The basic morphological filter includes morphological opening filter, 

morphological closing filter, morphological opening-closing filter, morphological closing-

opening filter[1,13,14],these filters apply the same structural elements, maintaining a part 

of details and at the same time possibly filtering out a part of useful details. So there 

comes generalized morphological opening filter, generalized morphological closing filter, 

generalized morphological opening-closing filter, generalized morphological closing-

opening filter[11,15,16],but these morphological filters will result in grey values deviation 
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of the images after being filtered whether started with opening filter or closing filter. So 

the morphological hybrid filter and the generalized morphological hybrid filter that 

combine opening operation and closing operation in cascade come into 

being[8,16,17],and these hybrid filters have better filtering effect. 

Aiming at grey values deviation of the images after being filtered by traditional 

morphological filters, Lei [17] analyzed five kinds of morphological hybrid filters, it turns 

out that the basic morphological opening and closing hybrid filter and the generalized 

morphological opening and closing hybrid filter have an advantage over other hybrid 

filters in terms of the capability of suppressing noise, symmetry and time consuming. It 

also points out that the advantage of hybrid filters lies in it does not depend on filters 

whether started with opening filter or closing filter, and it has the dual advantages of the 

two-path dual filter, therefore, this paper combines morphological hybrid filters and 

generalized morphological filters to propose a kind of comprehensive morphological 

hybrid filter considering maintaining symmetry. The result of simulation experiment 

shows that the new hybrid filter can not only remove the noise in the image effectively, 

but also preserve the image details. Compared with the other morphological hybrid filters, 

the images filtered by the new filter may have a higher peak signal-to-noise ratio (PSNR) 

and a smaller mean square error (MSE). 

 

2. Morphological Filter 
 

2.1. Basic Morphological Filter 

We define  ,f x y  and  ,k x y  as two discrete functions that based on two-dimensional 

discrete space,  ,f x y  is the grey value function of inputted image at point  ,x y  ,  ,k x y is 

the grey value function of structural elements at point  ,x y , fD  and 
kD  are the domains of 

 ,f x y  and  ,k x y  respectively. The definitions of grey expansion and grey erosion are: 

 
 

    
,

, max , ,
ks t D

f k x y f x s y t k s t


                                                                                                      (1) 

 
 

    
,

, max , ,
ks t D

f k x y f x s y t k s t


                                                                                                      (2) 

So the definitions of morphological opening filter and morphological closing filter are 

[13, 14]: 

 f k f k k !                                                                                                                                  (3) 

 f k f k k   !                                                                                                                                  (4) 

Because morphological opening filters can suppress positive pulse noise(that is peak 

noise) in signal, so it can eliminate peak area that smaller than the selected structural 

elements and at the same time it can not only keep the overall image grey values 

unchanged but also do not substantially affect the big peak area. But because 

morphological closing filters can suppress negative pulse noise(that is bottom noise) in 

signal, so it can eliminate bottom area that smaller than the selected structural elements 

while it can not only keep the overall image grey values unchanged but also do not 

substantially affect the big bottom area. Making use of the complementary nature of 

opening operation and closing operation on suppressing noise to combine opening 

operation and closing operation in cascade, the morphological opening-closing filter and 

morphological closing-opening filter can suppress positive pulse noise and negative pulse 

noise in signal simultaneously. The common morphological filters that based on 

combining opening operation and closing operation in cascade are (in order to represent 

conveniently, we use O as opening operation and C as closing operation): 
OC f k k                                                                                                                                          (5) 

CO f k k                                                                                                                                          (6) 
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2.2. Generalized Morphological Filter 

Since the basic morphological filters all use the same structural elements, these filters 

can only maintain one kind of geometric information but filter out others, it is of no 

benefit to maintain image details. Aiming at the basic morphological filters, many 

scholars come up with generalized morphological opening filters, generalized 

morphological closing filters, generalized morphological opening-closing filters and 

generalized morphological closing-opening filters [11, 15, and 16].These filters are made 

of different sizes of structural elements and they can preserve the image details in the 

process of filtering out noise. Here are definitions of the four kinds of generalized 

morphological filters (we use G as generalized): 

 1 2GO f k k !                                                                                                                                 (7) 

 1 2GC f k k  !                                                                                                                           (8) 

1 2GOC f k k                                                                                                                              (9) 

1 2GCO f k k                                                                                                                            (10) 

1 2k k,  are two different structural elements and 
1 2k k  . 

 
2.3. Morphological Hybrid Filter 

As we can see from the definitions of opening filters, closing filters, opening-closing 

filters and closing-opening filters, opening-closing filters or closing-opening filters are 

started with erosion or expansion to filter images essentially. Through the properties of 

erosion and expansion we can know that the image grey values will be down (darker than 

the original image) or up (brighter than the original image) in different degrees after being 

filtered by opening-closing filters or closing-opening filters. In order to make the image 

grey values unchanged while filters can filter out noise well, some scholar proposed 

morphological hybrid filters: combine morphological opening-closing filters and 

morphological closing-opening filters or combine generalized morphological opening-

closing filters and generalized morphological closing-opening filters to averaging, so that 

we can get basic morphological hybrid filters and generalized morphological hybrid 

filters. The definitions of the two kinds of morphological hybrid filters are (we use H as 

hybrid): 

 
1

HOCCO OC CO
2

                                                                                                                           (11) 

 
1

HGOCGCO GOC GCO
2

                                                                                                                 (12) 

We can know from [17] that these two kinds of morphological hybrid filters are good 

at suppressing noise, compensating grey values deviation of images and consuming 

shorter time. 

The paper propose a better kind of morphological hybrid filter through expanding 

above-mentioned two kinds of hybrid filters, that is comprehensive morphological hybrid 

filter considering maintaining symmetry(Comprehensive Morphological Hybrid Filter, we 

use CMH to describe it). 

 

3. Comprehensive Morphological Hybrid Filter Considering 

Maintaining Symmetry 

The purpose of maintaining symmetry is to make new morphological filters maintain 

morphological hybrid filters' existed advantages, that is this filter does not depend on 

whether started with opening filter or closing filter, and it has the dual advantages of the 

two-path dual filter, it can also make the image grey values unchanged while filter out 

noise well.  
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Definition 1 Based on basic morphological opening-closing filters, closing-opening 

filters and generalized morphological opening-closing filters, closing-opening filters, 

through maintaining symmetry comprehensively, we can get comprehensive 

morphological hybrid filter considering maintaining symmetry: 

       
1 2 3 4

1 1 1 2 1 1 3 2 3 4 2 3

CMH = OC CO GOC GCO 

          = f k k f k k f k k f k k

   

   

  

      
  (13) 

1 2 3, ,k k k  are three structural elements, they meet 
1 2k k  or 

1 2k k  but 
2 3k k  and 

2 3k k  ,the 

weight satisfies 
4

1

1i

i




  , 
1 2    and 

3 4   . 

The filter's founded conditions are to maintain two-path dual filters' symmetry from 

above definitions, which is the importance of morphological hybrid filter operator. 

Theorem 1 The morphological hybrid filters not only reserved double filtering ability 

of dual morphological filters but also eliminated images' deviation after being filtered 

[17]. 

The proof of comprehensive morphological hybrid filter considering maintaining 

symmetry also satisfy this property is as follows. 

Proof Define f as images being polluted by Gaussian noise and define g as original 

images, supposing that filters can filter out noise completely, so: 

   1 1 1OC , ,f k g x s y t    , 

   1 2 2CO , ,f k g x s y t    , 

   2 3 3 4 3 4GOC , , ,f k k g x s s y t t      , 

   2 3 5 6 5 6GCO , , ,f k k g x s s y t t      , 

Among them,
1 2 1 2 3 5 3 5 4 6 4 6, , , , ,s s t t s s t t s s t t       . 

       

       

   

 

1 2 3 4

1 1 1 2 1 1 3 2 3 4 2 3

1 1 1 2 2 2 3 3 4 3 4 4 5 6 5 6

1 1 1 2 2 2

3 3 4 3 4

CMH OC CO GOC GCO

=

, , , ,

, ,

,

f k k f k k f k k f k k

g x s y t g x s y t g x s s y t t g x s s y t t

g x s y t g x s y t

g x s s y t t

   

   

   

 



   

      

               

            

      

       

           

       

4 5 6 5 6

1 2 2 2 1 1 1 2 2 2 1 1

3 4 4 5 3 3 4 6 3 4 3 4 4 5 3 3 4 6 3 4

1 2 3 4 2 2 1 1 4 5 3 3 4 6 3 4

1 2 3

,

,

,

,

g x s s y t t

g x s s y t t

g x s s s s y t t t t

x s s s s s s
g



       

           

         

  

       

         

           

        


         

           

 

4 2 2 1 1 4 5 3 3 4 6 3 4

1 2 1 3 5 3 3 6 4 1 2 1 3 5 3 3 6 4,

,

y t t t t t t

g x s s s s s s y t t t t t t

g x y

      

     

 
 

       

              



  

Thus, comprehensive morphological hybrid filter considering maintaining symmetry 

also has the ability of double filtering and eliminate the grey values deviation of images. 

Because morphological opening-closing filters, closing-opening filters and generalized 

morphological opening-closing filters, closing-opening filters all satisfy translation 

invariance, incremental property and duality[11,16],it is not difficult to prove that 

comprehensive morphological hybrid filter considering maintaining symmetry also satisfy 

these properties, that is: 

(1) Translation invariance 

   CMH , CMH ,f x s y t m f x s y t m                                                                                              (14) 

Among them, 2, ,s t Z m R   , ,Z R  is the integer set, the real number set respectively. 

(2) Incremental property 

If    1 2, ,f x y f x y≤  , 

   1 2CMH , CMH ,f x y f x y      ≤                                                                                                            (15) 

(3) Duality 

    CMH , CMH ,
C

Cf x y f x y      ≤                                                                                               (16) 
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We use symbol to represent complement or remainder operation. 

Those three properties take advantage of the definition of comprehensive 

morphological hybrid filters considering maintaining symmetry and the properties of 

expansion, erosion, opening operation and closing operation. It’s easy to prove it, so we 

ellipsis it. 

The filtering process of this filter is as shown as Figure 1. 

×

×

×

×

＋

＋

＋

＋

k1 k1

k2 k3

f g

ω1 

  

ω3 

ω2 

ω4 
 

Figure 1. The Filtering Process of CMH 

 

4. Simulation Experiment and Result Analysis 

Using "Lena" 512*512 pixels image to prove the effectiveness of filtering algorithm. 

Using comprehensive morphological hybrid filters considering maintaining symmetry to 

deal with images added with Salt & Pepper noise(Salt & Pepper),Gaussian 

noise(Gaussian) and mixture of that two kinds in different intensity, and using 

morphological opening-closing, closing-opening filtering method, generalized 

morphological opening-closing, closing-opening filtering method, morphological hybrid 

and generalized morphological hybrid filtering method to deal with the same noise image. 

Finally we will compare the filtering results of these seven kinds of filtering method. The 

basic morphological filtering method(OC,CO and HOCCO) make use of structural 

elements with a square of 3×3,the generalized morphological filtering 

method(GOC,GCO,HGOCGCO and CMH) make use of structural elements with a square 

of 3×3 and a square of 5×5,the filter's weight of CMH is
1 2 =0.2   and 

3 4 =0.3  . 

We use image's MSE, PSNR and runtime as measurable indicators to evaluate and 

analysis filtering results. Supposing that there are images  ,A x y  and  ,B x y  , so their 

MSEs are: 

   
1 1

2

0 0

1
, ,

m n

x y

MSE A x y B x y
mn

 

 

                                                                                                         (17) 

2255
10 lgPSNR

MSE
                                                                                                                              (18) 

Figure 2 is the result analyzed by every kind of morphological filter of Salt & Pepper 

noise image that its noise density is 0.03.As we can see, every kind of filter can filter out 

noise well in this noise density, but the filter proposed by the paper has the best ability of 

maintaining image details and eliminating grey values deviation of images among these 

three kinds of hybrid filters. Figure 3 is the result of MSE, PSNR and runtime of Salt & 

Pepper noise images in different intensity analyzed by every kind of morphological filter. 

We can see from the PSNR resulting figure that the PSNR of CMH, OC and CO is almost 

same when noise intensity is less than 0.03.But the ability of filtering of OC and CO 

weakened with the increase of noise intensity, the PSNR of CMH higher than GOC, GCO 

about 2dB in this process, it shows that CMH' ability of filtering out noise is better than 

the latter two. The PSNRs of those five kinds of filters all higher than other two kinds of 

hybrid filters: HOCCO and HGOCGCO, it shows that the ability of filtering out Salt & 

Pepper noise of these two kinds of hybrid filters is weaker than the former five. This 
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conclusion can be proved from MSE resulting figure. The runtime of this two kinds of 

hybrid filters is shorter than other filters, but the runtime of CMH is only 0.5ms. 

 

(1)Salt & Pepper Noise (2)OC (3)CO (4)GOC

(5)GCO (6)HOCCO (7)HGOCGCO (8)CMH

 

Figure 2. The Result of Salt & Pepper Noise Images Analyzed by every 
Kind of Morphological Filter 

 

 

Figure 3. The Results of MSE, PSNR and Runtime of Salt & Pepper Noise 
Images in Different Intensity analyzed by Every Kind of Morphological Filter 

As we can see from Figure 2 and Figure 3,for Salt & Pepper noise images, the 

morphological hybrid filter's ability of filtering may not better than the morphological 

non-hybrid filter's. 
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(1)Gaussian Noise (2)OC (3)CO (4)GOC

(5)GCO (6)HOCCO (7)HGOCGCO (8)CMH

 

Figure 4. The Result of Gaussian Noise Images Analyzed by Every Kind 
of Morphological Filter 

Figure 4 is the result analyzed by every kind of morphological filter of Gaussian noise 

image that its mean is 0,variance is 0.01.We can see from the figure that CMH is better 

than any other filters not only in the ability of filtering but also in maintaining image 

details. Figure 5 is the result analyzed by every kind of morphological filter of MSE, 

PSNR and runtime. We can see from the MSE and PSNR resulting figure that these three 

kinds of morphological hybrid filters' ability of filtering are better than morphological 

non-hybrid filters' when noise intensity is more than 0.03, and the runtime of these three 

kinds of morphological hybrid filters is less from the runtime resulting figure. Thus, 

morphological hybrid filters have better ability of filtering out Gaussian noise than 

morphological non-hybrid filters overall. 

 

 

Figure 5. The Results of MSE, PSNR and Runtime of Gaussian Noise 
Images in Different Intensity analyzed by Every Kind of Morphological Filter 

Figure 6 is the result analyzed by every kind of morphological filter of Salt & Pepper 

noise image that its noise density is 0.03,Gaussian noise image that its mean is 0,variance 

is 0.01.As we can see from the figure, CMH has better abilities of dealing with hybrid 

noise and maintaining image details than other filters. Figure 7 is the result analyzed by 

every kind of morphological filter of MSE, PSNR and runtime. It can be seen from these 
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three figures, the result of hybrid noise image analyzed by every kind of filter is similar to 

the result of Gaussian noise image, which is not affected by the weak ability of filtering 

out Salt & Pepper noise and the strong ability of filtering out Gaussian noise. It shows that 

the morphological hybrid filters have better ability of filtering out complicated noise than 

the morphological non-hybrid filters. 

 

(5)GCO (6)HOCCO (7)HGOCGCO (8)CMH

(1)Mixed Noise (2)OC (3)CO (4)GOC

 

Figure 6. The Result of Mixed Noise Images Analyzed by Every Kind of 
Morphological Filter 

 

Figure 7. The Results of MSE, PSNR and Runtime of Hybrid Noise Images 
in Different Intensity Analyzed by every Kind of Morphological Filter 

Figure 8 is the result analyzed by every kind of morphological filter of three kinds of 

noise image's grey values deviation, and the left image is Gaussian noise, the middle 

image is Salt & Pepper noise, the right image is hybrid noise. We select one of the 

columns of image signals, 50 consecutive pixels grey value at some point. We define 

Original as original image with no noise, and define Noise as image with noise. We can 

see from these three images that the hybrid filter considering maintaining symmetry have 

better ability of compensating grey values deviation of images after being filtered. And 

the filtered signal of CMH filter is similar to that of original image, it shows that this filter 

has better ability of compensating grey values deviation of images than other two kinds of 

hybrid filters. 
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Figure 8. The Results of Grey Values Deviation of Noise Images in 
Different Intensity Analyzed by Every Kind of Morphological Filter 

 

 

Figure 9. The Result of Grey Value Difference by CMH Filter Considering 
Maintaining Symmetry and Not 

Figure 9 is the difference of noise images being filtered and original grey value images 

filtered by CMH filter when in considering maintaining symmetry and not considering 

maintaining symmetry. The left image is Gaussian noise, the middle image is Salt & 

Pepper noise, and the right image is hybrid noise. We select one of the columns of image 

signals, 50 consecutive pixels grey value at some point. We can see that hybrid filter's 

ability of maintaining symmetry has direct influence on the ability of compensating grey 

values deviation of images. 

We can know that the morphological hybrid filters are good in filtering out 

complicated noise, but CMH has better abilities of filtering out Salt & Pepper noise, 

Gaussian noise and mixed noise than other six kinds of existing morphological filters. It 

shows that CMH is effective. 

 

5. Conclusions 

The paper analyzes basic morphological opening-closing, closing-opening filters, 

generalized morphological opening-closing, closing-opening filters and morphological 

hybrid filters. Based on this, we propose comprehensive morphological hybrid filters 

considering maintaining symmetry. Through simulation experiment and comparing 

filtering results with other morphological filters, we prove that CMH has better abilities of 

filtering and maintaining image details than other morphological filters, and runtime is 

shorter. And we can learn from the experiment that the filter considering maintaining 
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symmetry the paper proposed have better ability of compensating grey values deviation of 

images than those filters not considering maintaining symmetry. 
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