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Abstract E

In this article, expression of algorithm of Decimation @UHI ra |ng convolution
algorithms operating filter output fast by processm olution filter with filter
bank is reviewed according to each value of n(n> WhICh is changed in
regularly with value of n is expressed as an algorith
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1. Introduction

For fast algorithms reducm pIeX|t-y %fllter operation, there are two methods:
indirect method of operation/n freque ding TTF (Fast Fourier Transformation) and
direct method of reducm&atlon m [1]. However, fast algorithms are not widely
used because its har sign re plpellne structure which demands large area for the
design and it is no |ve m@e design with DSP (Digital Signal Processor). That is,
reduction in o of these gorithms is the result of inefficient structure with low
effectiveness Nev t s, if it can be designed effectively with process using MAC
(Multiplicatlon and Accu 1on), reduction of operations will be significant. Accordingly,
direct methods of fast ithms reducing operations of MAC have been developed [4, 5].
And fast algorithm msifg pseudocirculant matrix with indirect method FFT was also presented.
In this arti;le, pression of algorithm of Decimation N of Multi-rate running

convolution ithms operating filter output fast by processing Running Convolution
filter with bank is reviewed according to each value of n(n>= 3) and then the part

whic; i@;:l@néed regularly with value of n is expressed as an algorithm.
2. Deeimation Algorithm
Generally, filter is expressed in frequencies as follows:
Y(2) = H2)X(2) 1)
In this formula, Y(z), H(z), X(z) are output signal y[n], impulse response h[n] and z
transform of input signal x[n], respectively[6-9].
2.1. The Algorithm of Decimation 3

Here, in case of n=3, it is decomposed with polyphase and then the subsequent
formulas are reviewed.
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X(2) = Xo(2) + 7 Xo(2°) + 22Xo(2°)
Y(2) = Yo(2) + 7Y1(2) + 22Yo(2)
H(2) = Ho(2’) + 2 H1(Z°) + 2°Hy(2°) 2

When the polyphase-decomposed formula (2) is substitute into the formula (1), the
following relational expression in the z is shown. Then, if expressed with omitting (z%)
of the entire polynomial expressions, it is the formula (3) below.

Yotz 'Y 1+27%Y, = [HoXo+ 2 Ho X +2 2 H X,
+ Z_l [H1X0 + HoX; + Z_3H2X2]

+ 27 [HoXo + HiXy + HoXo] 62 ’
This formula can be expressed with matrix like the for %@) be v&)

G g&? Vv,

The right side of this formula i c&&%e ps K lant matrix and it can be expressed
with 9 sub-filters. 4

In order to reduce number of Sub- fllte@ed Yo, Y1, and Y, of the formula (4) are
processed respectively as f@}»

Yo DA+ 73HX 7°H1Xo
N - %1 X + P HL + H) X+ X)) (5a)

oRo-Z
Q-H&uoxlu e

1X1 +z H2X2 (HO + Hl) (XO + xl) (5b)

®2Xo + Hi X1 + HoX;
A l - HoXo + HuXy - HoX, + Ho + H.) X + X2) (5¢)

Wher@ssing with the formulas (5a), (5b) and (5c), the formula can be calculated
by ilters including Ho, Hy, Hy, Ho + Hy, Hy + H,, Hy + Hoand so on. If the given
filters/a FIR filter with 60 tabs, it needs 60 multiplication operations. Of the formulas
(5a), (bb) and (5c) are used, 6 different filters have each 20 tabs and 120 multiplication
operations are required in total. However, one third of them are operated in low speed
and 40 multiplication operations per sample are required [10,11]. Therefore, if the
proposed algorithm is used, number of multiplication operations is reduced from 60 to
40. The formulas (5a), (5b) and (5c) can be expressed by using Toom-Cook Algorithm

as follows [12]:
YO HO XU
Y, H, X,

2 2

(6)
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In this formula, * stands for inner product and A; and C; are as follows, respectively:

100
010 L 23 23 0 0 23
a=|091 (33:{-1 1 z% 10 0}
1 -1 01 0
101
011

()
[ ]
Number of rows in As is that of sub-filters used and C; Stands for co bwn of
sub-filters for expressing output. %’r
The structure of filter by the formula (6) and (7) is like iggre 1(a 6

Hy(Z') + Hy(#) +

D> e ]
: P —— DB

(b) Structure with inserting a sampler
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+ H(Z) + Hy(Z)

Hy(z') +Hy(2) + +

©
(c) Final structure \
Figure 1. Down Sampliuct res
(a) Basic structure, (b) Structure with inserting.a samplerNc)Final structure
In Figure 1 (a), Yo(z%), Y1(z%), and Y3 3@5 signalsAifiserted with zero sample, down

sampler 3 and up sampler 3 can be ins like Fi 1'(b). And in Figure 1 (b), filter
of z*and down sampler 3 can be ex %eab%( ition by using Noble Identity and

it can induce an effective struc r@p wn in inal Figure 1 (c). As seen in Figure 1
(c), inputted samples are red by one third of the speed by using down sampler and
delay element and it is fo&sed to delay\ ment and up sampler one by one in the

output. ) \?
The sub-filter Ag€; or ma r&\b aterally symmetrical to the Identity matrix in
Az of the formula (7 foIIow%
Q. pee?
3 ) 8@

2.2. The Algorith ecimation
When th%fgrg a (1) is decomposed with polyphase of 4, the relation of its input

(8)

and output expressed in pseudocirculant matrix as follows:

Q ¥, H, z°H, z°H, z°H, X,
Y, | | H H, z°H, z°H, X,
Y, H, H, H, zH, X,
YB HB H2 Hl HO X3 (9)
In the formula (9), Yo, Y1, Y, and Y3 are processed as follows:
YO = HoXO + Z_4H3X1 + Z_4H2X2 + Z_4H1X3
= HoXo - 2*Hi Xy + Z7*H,X;5 - 7% HaXs + 27%Hy + Hg) Xy + Xo) (10a)

Yl = H1X0 + HOX1 + Z_4H3X2 + Z_4H2X3
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= - HoXo - HiXq - 27HoX5 - 27HaXs + Ho + Hy) KXo + X)) + 2% H, + Hy) X, + X3) (10b)

Y2 = HoXo + HiXg + HoXo + 2% HaXs
= - HoXo + HiXp - HoXp + 2% HaXs + (Ho + Hy) X + Xp) (10c)

Y3 = HaXo + HoXy + HiXs + HoXs
= - HoXo - HiXq - HoXa - HaXs + Ho + Ha) Ko + X3) + Hy + Hy) Xy + X)) (10d)

0 XO
H X
= G Hl *A, X; < j Z
HB XB ¢
\ )

In this formula, A; and C, are as follows, respecti , x)
~1000- 4\»)

0100 ‘<:>' "\5,
0010 °
0001 1 -z4 r“@ %
1100 |t -
1010 4
1001 —Ql -1 -1 1
0110 °
0101 @ Q\%
L0011~ °

& g (12)

ept f ‘ij bilaterally symmetrical to the ldentity matrix in
2) is as follows:

&

00
7 1010
0101

%' 0011 (13)

2.3. e@orithm of Decimation 5
the formula (1) is decomposed with polyphase of 5, the relation of its input

and output can be expressed in pseudocirculant matrix as follows:

The formula (10) can be expressed by using Toom-Cook Algorithm as follo%.

R P

The sub-filter
A, of the for

¥, H, z°H, z°H, z°H, z°H| X,
Y H,  H, z°H, z°H, z°H, X,
Y, |- | B, H H zH, H, ||X,
v,| H, H, H H oH ||X
v,J -H, H H H HIJLlx

(14)
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In the formula (9), Yo, Y1, Y2, Yz and Y, are processed as follows:
Yo = HoXo + Z°HyXy + 2°H3X, + 2°H,X5 + 2°H X,
= HoXo - 2°Hi Xy - 7°HyX, - 7°H3X5 - 2°Ha X,
+ 22y + Hy) Xy + X)) + 7%H, + Hy) X, + Xa) (15a)
Yl = H]_Xo + H0X1 + Z-5H4X2 + Z-5H3X3 + Z-5H2X4
= -HoXo — HiXq- 2°HoXp + 27°HgXs - 7°Hu Xy
+ Ho + Hy) Ko + X1) + 2°Hz + Hy) X + X,) (15b)
Y, = HoXo + HiXy + HoXo + 7°Hy X5 + 2°HgX
= - HoXo + HiXq - HoXs - 27°H3X3 - 2°Ha X,
+ (Ho + Hz) Xo + X2) + 2° Hz + Hy) X3 + Xy) : 1 . %
Y3 = HaXo + HaXq + HiXp + HoXs + 2° HiX, Q\
=- HOX0 - H1X1 - H2X2 — H3X3 + 2-5 H4X4 Q
+ (Ho + Ha) Xo + Xg) + Hy + Hy) Xy + Xp)
Vi = HaXo + HoXo + HXp + HiXs + HoX, %
= - HoXo - HiX; + HoX; - HaX3 — H4X4
+ o + Hy) O + X, + (Hy + Hg) % (15¢)

The formula (15) can be e)fb;;ed by,u
U

le

%om Cook Algorithm as follows:
XO

N

el afalle

(16)

In this formula, As an@, are as follows, respectively:
~10000-+

01000 ,&
00100
000&1
o

1®00 1 =5 3 z5 -z?
@0100 1 o4 a5 e
A=PL00LO1 C= g5 g

10001 1o
01100 14 1
01010
01001
00110
00101
L00011d (17)

000z4z4 ¢ 0

o O O = O
o o= OO
o = O O O
— o O O
S - OO
— o O O
o O OO
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The sub-filter A; except for matrix bilaterally symmetrical to the ldentity matrix in
As of the formula (12) is as follows:

110007
10100
10010
01100
01001

00110
00101 x)‘
L0001 1. W
2.4. The Algorithm of Decimation N ﬁ 6
When the formula (1) is decomposed with polypS\o N, 4he redation of its input

Il

¥

and output can be expressed in pseudocirculant as foll

Y, ngHl...ﬁqHzN
Y, H..Q Npf, 21

X

o

ﬁw{i

H X
¥, |= H2 \ X
wd by o %\@H el .

In the formula (9), @er to \ Yo, Y1, Y2, Ys.... and Yn.1, the following
precedent expressions a@qmred

Y = €oHoXq + €1Hy eN W‘ Ki(Hps + Hea) (X1 + Xer) + ...+ Kj(Hpj + Hej) (XojtXej)
In the exprt@ k@) Hcj)(Xbj+Xcj), the range of value of j is as follows:

If N is an odd num

= (N-1)/¢
IfNisa number

n'g&'en ,
- f r@ n even numberor0,j=N/2-1

@ is an odd number, j=N/2
Therexpression 2; Of items in the formula of Ym(here, mis 0~ N-1), value of ea of

eaHaXa(here, a is 0~N-1) can predict whether it is a positive number or a negative
number. (But, in kj(Hbj + Hcj)(Xbj+Xcj), value of kj is always plus)
In case N is an odd number,
- If misan even number or O, value of a is plus in case of m/2 only and the rest is
minus.
- If mis an odd number, value of ais ais plus in case of (N-1)/2+(m+1)/2 and the rest
is minus.
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In case N is an even number,

- If mis an even number or 0, value of a is plus in two cases of m/2 and N/2+m/2 and
the rest is minus.

- If mis an odd number, value of a is always minus.

The expression 3: Of items in the formula Y.,(here, m is 0~N-1), combination of b
and c in the formula (Hy, + He)(Xp + X¢) (here, b<c) is as follows:

Step 1: In case of Yq,
- First, If ea is plus in the expression 1, and then it will be excluded.
- For b, starting from the smallest and for c, starting from the Iarges@ ombination

is made.
- The formula b+c=N is made. 6 Q)

Step 2: In case of Y, (0 <m <n)
- First, if ea is plus in the expression 2, and th tQ[ WI|| d.
- There is always the combination wit nd c=m
- Among the rest, starting from th ¢est of he combination of b+c=m

- If there are remaining val b% he smallest value is b. And seek
combinations of b+c=m+ then ev mbination can be found.
The expression 4: Of |tems in the exp n Yn (here, mis 0~N-1), zV on values of
e, and K; in the formulas a(her N& N-1) and kj(Hy, + H)(Xp + Xc)(here, b <c)
respectlvely are as fofk@

- e H X %’%
K (Hb + Xo)o >m, 2" exists in k;
Example: Calculate a la of Y, if N=7.
For basic expressionsY there are three expressions of (H, + H)(X, + X¢) since j=(7-
1)/2=3 according expression 1 mentioned above.

Thereforég@rexpression of Y, can be expressed as follows:
Y4 =egoH QelHlxl + 62H2X2 + 93H3X3 + E4H4X4 + 95H5X5 + e6H5X6
1+ Hea) (Xor + Xex) + Ko(Hbz + Hez) (Xoz + Xe2) + Ka(Hps + Hes) (Xoa+Xca) (a1)
By dpplying the expression 2 to the formula al, value of plus or minus signs of ey, e,
ey, €3, €4, €5, and eg,are calculated as follows:
Y4 = 'EoH()XO = elH1X1 + ezH2X2 = egH3X3 = E4H4X4 - E5H5X5 = e5H6X5
+ Ki(Hp1 + He2) (Xo1 + Xer) + Ko(Hpz + Heo) (Xiz + Xe2) + Ka(Hos + Hez) (Xoat+Xcs) (a2)
By applying the expression 3 to the formula a2, combinations of bj+cj in (Hy +
H¢j) (Xpj + X;) are calculated as follows:

Y4 = 'EOH()XO - 61H1X1 + e2H2X2 - 63H3X3 - e4H4X4 - 65H5X5 - esHGXS
+ ky(Ho + Ha)(Xo + X4) + Ko(H1 + H3) (X1 + X3) + Ka(Hs + Hg)(Xs+Xe) (a3)
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By applying the expression 4 to the formula 3, if values of k; ~ ks are calculated, the
final expression of Y, is as follows:

Y4 = -HoXo - HiX1 + HaXz - HaXs - HaXs - 7HsXs - 7 'HeXo
+ (Ho + Ha)(Xo + Xa) + (Hy + Hg) (X1 + Xa) + 27 (Hs + He) (Xs+Xs) (a4)

Ay except for matrix bilaterally symmetrical to the ldentity matrix in Ay can be
calculated as follows:

First, number of N x m. the matrix ay(i=1,2,3,...,mandk=1,2,3,...,N) is as follow.

81 - 8 -8z - ... 8N \4‘ ¢ @6
8mi - @mz ¢ 8m3 ¢ ... ¢ AmN
Here, m = yC, — LN/24 x

The condition is one row must contain t@’hd the . them have value of 0.

1:  Every value of the matrix is in to 0

2. =1, k=1 &%e \Q)
3 j=k i E Q) \

4:  if (k+j) = N then goto

5: =1

6: j=j+1

7. ajj = 1 Q

8 ifj=Nthe '}9 4%

9: =i+ %

10: goto4

11: k= k p bg)
12: j=

13: if k =Nth

14. goto 4

And i alues of Py and Qy can be divided . For value of row of the first 1 from
eac the Ap,

se N is an even number, if it is same or less than N/2, the row is PN and other
case is QN.

- in case N is an odd number, if it is same or less than (N+1)/2, the row is Pyand
other case is Qx.

3. Conclusion

The expression of decimation N algorithm can be fixed as the expression mentioned
above. Just there is difference in number of sub-filters in number of rows of Ay but
there is no difference in number of rows of Ay. It is difference resulted from processing
the expression in Ay. And there is difference in values of matrix in Asbut it can change
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according to order of items in the expressions and there is no difference in the result. In
case of using As suggested here rather than that of from As, there is a constant
regulation and values of Ay can be easily calculated through the algorithms suggested
here without necessity of calculation of each expression.
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