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Abstract

Stone skipping is an example of rigid-fluid coupling, which typically need much compu-
tation. In this paper, we present a real-time method for visually plausible stone skipping
simulation. Based on the Newtonian physics, an intuitive dynamics model is presented to
simulate the linear and rotational motions of the stone. We also present a modified water
surface model for the waves due to the bounces of the stone. For more realistic user ex-
periences, the real-world stone is substituted by the Wii Remote connected to the host PC.
User just throws the controller (strapped to his/her wrist), and our implementation shows
the real-time simulation of the bouncing process of the virtual stone.

1 Introduction

Stone skipping (also known as ducks and drakes) is one of the traditional pastimes,
experiencing typical rigid-fluid coupling phenomena. We get various results with respect
to the initial conditions such as attacking angle, velocity, etc. Although it is possible to
physically simulate these phenomena, we need a remarkable amount of computation to
make models for interactions between the fluid and the rigid body.

In this paper, we present a real-time virtual stone-skipping simulation system, as shown
in Figure 1. Our system contains a computation-efficient dynamics model to show visually
plausible stone skipping motions in real time. The water waves generated by the stone on
the water surface are processed by a modified water surface model from [10]. For better
user experiences, the initial physical quantities are naturally set by the Wii Remote, the
three dimensional input device for Nintendo game console Wii. This wireless controller
has the acceleration, location and infrared sensors and a Bluetooth communication module
to be directly connected to the host PC. We simulate the virtual stone skipping with this
interactive device.
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Figure 1. Our virtual stone skipping system.

2 Background

Bocquet’s article[4] would be the first literature on the stone skipping. He analyzed the
stone skipping as the drag forces between the water surface and the stone. He physically
analyzed the suitable angle of attack for the greater number of stone bounces. Later,
Rosellini et al. presented a more physical analysis of the stone skipping[14]. Nagahiro et
al. used ordinary differential equations (ODE) and the smoothed particle hydrodynamics
(SPH) method, to calculate the best velocity and angle of attack[12]. Both require any
amount of computation.
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In the field of computer graphics, typical physically-based modeling researches are focus-
ing on the realistic representation of the water surface hit by a rigid body. Since Stam’s
fluid simulation method[16], many research results are available[2, 6, 17, 3]. However, most
of them require much computation time, and still unsuitable for real-time applications
including computer games and virtual reality programs.

Do et al.[7] focused on the virtual simulation of stone-skipping, and calculated the vertical
and horizontal drag forces for the simulation. However, they ignored the spinning of the
stone and its related effects, and failed to show realistic simulations, at least for some cases.

For our user experience support, we used the Wii Remote as the input device. As an
inexpensive three-dimensional input device, Wii Remote is now available for various appli-
cations including interactive whiteboard[9], motion recognition[15], virtual orchestra[5], etc.
Our implementation will be another good example of direct interactions with the virtual
physical world.

3 Our Method

3.1 A real-time dynamics model for stone-skipping

A well-balanced practical dynamics model is needed to achieve a realistic simulation of
the stone skipping with relatively less computation. A stone thrown to the water surface is
affected by four kinds of forces: throwing force, gravity, air resistance and impulsive force
to the water. Using a typical physically-based simulation system[1], the throwing force and
gravity can be naturally handled just as the forces on the rigid bodies.

(a) a flat disk model (b) a triangular mesh model

Figure 2. Modeling a virtual stone.

Bouncing of a stone is actually generated by the reaction force to the water surface.
Bocquet modeled the flying stone simply as a flat disk, as shown in Figure 2.(a) and
presents an analytic model for the collision of this disk with the surface of still water[4].
Later, Do et al.[7] refines the virtual stone with a triangular mesh, as shown in Figure 2.(b).
In our simulation, we adopted a hybrid approach of using the triangular mesh model for the
more precise reactions to the water surface and the simplified disk model for air resistance
calculation, respectively.

At the moment of collision, its linear and angular velocity and the area of contact affects
the bouncing of the stone. The linear velocity and the amount of contacting area are
important factors for calculating the lift force. When the lift force is greater than the
gravity, the stone moves the water surface up. The spinning of the stone supports its
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stabilization and also makes the curved trajectories of the stone skipping. Thus, all these
terms should be integrated into the dynamics model.

stone
vlinear

ω

a triangle Ti
ni

drag force Fi

water

lift

resistance

Figure 3. Collision between the water surface and a triangle.

Figure 3 shows the collision between the water surface and a triangle Ti from the virtual
stone mesh. The drag force Fi is derived from the contacting area Si. Thus, only the
triangles under the water surface generate the drag force, major source of the bounce.
Actually, the drag force can be decomposed into the lift force and the resistance, as shown
in Figure 3. Since the stone spins, the linear velocity at the triangle Ti can be calculated
as:

vi = vlinear + ri × ω, (1)

where vlinear is the linear velocity of the stone, ri is the average rotational radius for the
triangle and ω is the rotational velocity of the stone. Based on the Newton’s drag force
equation, the drag force Fi is calculated as[8, 11]:

Fi = −ρwater(vi · ni)
2Si ni, (2)

where ρwater, ni, and Si are the material constant for water, the normal vector, and con-
tacting area of the triangle Ti, respectively. With this drag force, the torque τi on the
triangle Ti can be expressed as the cross product of:

τi = Fi × ri. (3)

Integrating all the drag forces and torques on triangles, we get the total force and torque
on the stone:

Fdrag =
∑
i

Fi, (4)

and
τdrag =

∑
i

τi. (5)

We also calculate the drag forces and lift forces with respect to the air. To minimize
the computational burdens, we approximated the stone as a thin circular disk, as Bocquet
did[4]. The Newtonian equations as shown in Equations (2) and (3) are also used for this
calculation, with the air factors rather than the water surface. Through approximating the
stone as a disk, we get more simplified equations of:

Fair = −ρair(vdisk · ndisk)2Sdisk ndisk, (6)
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and
τair = Fair × rdisk, (7)

for the whole stone. Here, vdisk, ndisk, Sdisk, and rdisk are the linear velocity, normal vector,
total surface area, and average radius of the simplified disk, respectively.

The gravity and air-related forces are consistently applied to the stone, over the whole
simulation process. The throwing force should be applied only at the very first throwing
time. Impact forces due to Equation (2) are applied to the stone at the stone-water collision
time.

3.2 A water surface model

We also need to model the water surface and simulate the waves caused by the stone
skipping. Although we already have a few photo-realistic water surface models[18], they
require much computation. Our goal is to achieve the real-time processing on ordinary PC’s
with mid-tier graphics cards, and thus, we used an enhanced version of a simple height field
model[10].

Letting the water surface be the xy-plane, its height changes are assigned to the z-axis.
The displacement terms can be expressed as the following second-order differential equation
with respect to the time:

∂2z

∂t2
= c2

(
∂2z

∂x2
+
∂2z

∂y2

)
− µ∂z

∂t
, (8)

where c is a constant for the propagation speed, µ is the viscosity coefficient, and −µ(∂z/∂t)
is the damping force, respectively.

(i, j+1)

(i, j)(i–1, j) (i+1, j)

(i, j–1)

(i–1, j+1) (i+1, j+1)

(i, j+1)

(i, j)(i–1, j) (i+1, j)

(i–1, j–1) (i+1, j–1)(i, j–1)

(i–1, j+1) (i+1, j+1)

(i j)(i, j)

(i–1, j–1) (i+1, j–1)( , j ) ( , j )

(a) 4 neighbors (b) 8 neighbors (c) diagonal neighbors

(c) simulated with 4 neighbors (d) simulated with 8 neighbors

Figure 4. Wave simulation models for the stone bounce.

International Journal of Multimedia and Ubiquitous Engineering 
                                                 Vol. 8, No. 1, January, 2013

121



Equation (8) is actually a kind of damped wave equation. Although we can get an
analytic solution for Equation (8), it will require too much computation to achieve real-
time performance. Alternatively, we use a numerical approximation of the wave propagation
on the height field. Discretizing with respect to time t,

zt+1
i,j − 2zti,j + zt−1i,j

(∆t)2
= c2

(
∂2z

∂x2
+
∂2z

∂y2

)
− µ

zt+1
i,j − zti,j

2∆t
, (9)

where zti,j is the height at the grid point (i, j) at time t. Then, the second-order differential

term (∂2z/∂x2) + (∂2z/∂y2) is discretized.
In the typical central difference approximation, four neighbors are engaged as shown in

Figure 4.(a). Thus, (∂2z/∂x2) + (∂2z/∂y2) is approximated as:

∂2z

∂x2
+
∂2z

∂y2
=

1

d2
[zi−1,j + zi+1,j + zi,j−1 + zi,j+1 − 4zi,j ] ,

where d is the distance of those square grid points. Time parameter t used as a superscript
is omitted for simplicity.

In contrast, we integrated eight neighbors as shown in Figure 4.(b), and thus we added
extra terms for the diagonals as shown in Figure 4.(c). Now, in spite of a bit more compu-
tation, (∂2z/∂x2) + (∂2z/∂y2) is approximated as:

∂2z

∂x2
+
∂2z

∂y2
=

1

d2
[zi−1,j + zi+1,j + zi,j−1 + zi,j+1 − 4zi,j ]

+
1

(
√

2d)2
[zi−1,j−1 + zi−1,j+1 + zi+1,j−1 + zi+1,j+1 − 4zi,j ] . (10)

Combining Equations (9) and (10),

zt+1
i,j − 2zti,j + zt−1i,j

(∆t)2
= c2

(
1

d2
[zi−1,j + zi+1,j + zi,j−1 + zi,j+1 − 4zi,j ]

+
1

(
√

2d)2
[zi−1,j−1 + zi−1,j+1 + zi+1,j−1 + zi+1,j+1 − 4zi,j ] .

)
− µ

zt+1
i,j − zti,j

2∆t
.

We get the final difference equation as follows:

zt+1
i,j =

(
4

µ∆t+ 2
− 10

3
ξ

)
zti,j +

µ∆t− 2

µ∆t+ 2
zt−1i,j

+
1

2
ξ
[
zti+1,j + zti−1,j + zti,j+1 + zti,j−1

]
+

1

4
ξ
[
zti+1,j+1 + zti−1,j−1 + zti−1,j+1 + zti+1,j−1

]
, (11)

where ξ is used as the substitution for (2c2(∆t)2/d2)/(µ∆t+ 2).
In the case of relatively sparse grids, the difference equation with four neighbors may

show some irregular shapes, as shown in Figure 4.(c). Using Equation (11), more circular
shapes are generated, as shown in Figure 4.(d). Although the eight neighbor difference
equation needs a little more computation, the total amount of computation is reduced
through using sparser grid. Notice that from the view point of the stone, the actual grid is
easy to be sparse even with high grid resolutions, since the stone skips over the expanse of
water.

International Journal of Multimedia and Ubiquitous Engineering 
Vol. 8, No. 1, January, 2013

122



3.3 User interface

Wii remote, also known as Wiimote, is the three-dimensional input device for Nintendo’s
game console Wii [13]. A Wii remote has acceleration and motion sensors for three direc-
tions and ultra-red sensors, as shown in Figure 5.

Figure 5. The Wii remote controller.

Our system interprets the sensor values of the Wii remote as the physical quantities of
the virtual stone, during the stone throwing process. The location and acceleration values
of the Wii remote are used for those of the virtual stone. At the first stage, the user takes
the throwing motion with the action button pressed. At the time of throwing it, the action
button will be released and the location, orientation, linear and angular acceleration terms
are sent to the simulation system as the initial physical quantities. Through tracing these
physical quantities of the virtual stone, we can calculate the velocity and the attack angle
with respect to the water surface, and generates the bouncing motion. A rubber strap
attaches the Wii remote to the user’s wrist, to prevent real collisions. This kind of user
interface based on the actual throwing of the Wii remote finally achieved more natural user
experience.

4 Example System

Our virtual stone-skipping system is implemented on an Intel Core2 6300 1.86GHz PC
with a GeForce 9600 graphics card and DirectX 9.0c libraries. For user interactions, a
Nintendo Wii remote wireless controller (ADXL 330) is also used. This controller uses
the Bluetooth protocol and reads out its data to the host PC with a maximum of 100Hz
update rate. To handle the communications with the Wii remote, we use the WiiYourself !
library[19].

A virtual stone represented by a mesh of 44 triangles was used for the experiment, with
a height field over the 500× 500 rectangular grid. Our system shows more than 90 frames
per second, including all the simulations and real-time renderings with the light sources
and textures. Figures 6 and 7 are simulation results from our system. Figure 6 shows a
sequence of snapshots for a typical stone-skipping simulation.

Figure 7 demonstrates the effect of the spinning of the stone. Without any rotation on
the stone, it bounces just along to the moving direction, as shown in Figure 7.(b) and also
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(a)

(b)

(c)

(d)

(e)

(f)

(g)

(h)

Figure 6. A sequence of stone-skipping simulation.

mentioned in the previous work[7]. With the same linear velocity, our system integrates
the rotational motion of the stone, and it generates naturally curved trajectory of the stone
skipping, as shown in Figure 7.(a). As shown in Figure 7, the spinning stone makes much
more bounces even with the same linear velocity.

Figure 8 shows the number of bounces with respect to the angular velocity. As shown
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(a) with spinning (b) without spinning

(from our system) (from the previous work[7])

Figure 7. The curved trajectory of a spinning stone.
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Figure 8. The number of bounces with respect to the spinning speed.

in this comparison, the spinning of the stone is one of the most important factors for the
stone skipping. Figure 9 shows the momentum changes when thrown at the speed of 8
m/sec. Without spinning, the stone bounced only three times, and its momentum rapidly
decreased for each bounce. In contrast, for the spinning stone, the momentum gradually
decreases, and makes more bounces.

5 Conclusions and Future Work

In this paper, we presented a real-time virtual experience system for stone-skipping. To
reproduce the stone-skipping, we derived a restrained dynamics model for flying stones and
also a wave propagation model on the water surface. Based on these specialized physically-
based modeling techniques, we accomplished visually plausible interactive simulations at
more than 90 frames per second.
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Figure 9. Momentum change with and without spinning.

For better user experiences, we established a completely perceptible interface with Wii
remote. Extracting all required physical quantities from the user motions, we accomplished
more immersed experience. Our relatively inexpensive implementation of a perceptible sim-
ulation system would be expected to be used for other application areas. Currently, we are
working on the better water surface model and user experience, to achieve more realistic
systems.
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