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Abstract 

In this paper, we proposed the FPGA based digital implementation of synchronization 

methodology for 6-D chaotic systems via nonlinear feedback adaptive control technique. We 

derived new results for the adaptive controllers and the parameter update laws based on 

Lyapunov stability theory to achieve the synchronization between identical 6-D chaotic 

systems. Since the digitization of chaotic synchronization is necessary for digital 

communication, the proposed adaptive synchronization methodology is implemented in 

digital circuits based on Field Programmable Gate Array chip. The digital chaotic signal 

also generated using MATLAB simulink and Xilinx System Generator technology. The 

numerical simulation and FPGA outputs are used to prove the robustness and effectiveness of 

our proposed methodology. 
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1. Introduction 

A dynamical system is called as chaotic system whenever its evolution sensitively depends on 

the initial conditions. Since the first chaotic system is proposed by Lorentz [1] for weather 

model, this topic has attracted the interest of many researchers and is still an important 

problem in the modern theory of chaotic synchronization. The chaos synchronization is the 

important phenomena for digital communication [2][3][4], digital modulation [5], digital 

under water communication [6], pseudorandom number generators [7][8], cryptography [9], 

digital image and video encryption [10][11][12] and many digital information systems. Since 

the digitalization of chaotic systems and its synchronization methodology is very important in 

digital information systems, the researchers focused on the FPGA based digital 

implementation of chaotic systems and its synchronization methodology [13][14][15][16][17] 

[18][19][20][21]. The researchers mostly prefers the Field Programmable Gate Array (FPGA) 

chips to generate digital chaotic signals since FPGA has high accuracy, short design circuit, 

low power consumption and low cost. In order to increase the chaos based application in 

engineering field, chaotic systems need flexible architecture support. With the digitalization 

and re-configurability of the FPGA, chaotic systems and their applications can be more 

flexible. Thus, different forms of signals can be easily generated with the change of 

parameters of chaotic systems. 
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The Lyapunov exponents represents that a chaotic system is complex and unpredictable in 

nature. The chaos synchronization is the process wherein two (or many) chaotic systems 

(either identical or non-identical) adjust a given property of their motion to a common 

behavior, due to coupling or forcing. This ranges from complete agreement of trajectories to 

locking of phases. In many of the synchronization methodology, drive - response or master - 

slave configuration is used. In this configuration, a chaotic system called slave system is 

controlled by the output of another chaotic system called master system so that the trajectory 

of the slave system asymptotically approaches that of the master system and the error signal is 

zero. In last two decades many chaotic synchronization methodology are presented in 

literature review [22]-[39]. Compared to all other synchronization techniques, adaptive 

control method is simple and efficient to synchronize the chaotic systems. Based on the 

literature survey, the FPGA based digital implementation of adaptive synchronization 

methodology for 6-D chaotic system is proposed in this paper.  

The rest of the paper is organized as follows: In section 2, a 6 dimensional chaotic system 

is described. In section 3, the detail of nonlinear feedback adaptive control method is studied. 

In section 4, non linear adaptive controllers are designed to synchronize the identical 6 D 

chaotic systems. In section 5, FPGA based digital implementation of adaptive 

synchronization methodology for 6 D chaotic system is proposed and MATLAB and Xilinx 

simulation results are given to prove the robustness and effectiveness of our proposed 

methodology. Finally the presented work is concluded in section 6. 

 

2. Description of six - dimensional chaotic system 

The 6 - D chaotic system is given as follows,  

�̇� = −𝑧 − 𝑤 
�̇� = −𝑟 − 𝑏 

                                                                            �̇� = 𝑥 + 𝛼𝑧                                                                    
�̇� = 𝑦 + 𝛽𝑟 

�̇� = 𝛾 − 𝜎𝑤 + 𝑥𝑤 − 𝑦𝑏 
�̇� = −𝛿𝑏 + 𝑦𝑤 + 𝑥𝑏    (1) 

Here x, y, z, r, w and b are the state variables of 6-D chaotic system and the Equation 1, 

exhibits the chaotic behavior when the parameter values are, 

𝛼 = 𝛽 = 𝛾 = 0.2, 𝜎 = 𝛿 = 5.7 

For the initial conditions {−2,1,5,3, −1,3.5} and the parameter values as given above, the 

phase portraits are shown in [Figure 1].  

 
3. Theory of adaptive nonlinear feedback control methodology 

Consider the chaotic systems described by the dynamics, 

                            𝑥1̇ = 𝛼𝑥1 + 𝑓(𝑥1)                                                       (2) 

Where x1 ∈ Rn are the states of the system, 𝛼 is the n x n matrix of the system parameters 

and  f : Rn → Rn is the non-linear part of the system. We consider Equation 2, as the mater or 

drive system. As the slave or response system, we consider the following, 

                               𝑥2̇ = 𝛽𝑥2 + 𝑔(𝑥2) + 𝑢(𝑡)                                                        (3) 
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Where x2 ∈ Rn are the states of the system, 𝛽 is the n x n matrix of the system parameters 

and g: Rn → Rn is the non-linear part of the system and u ∈ Rn are the adaptive controllers of 

the  

 

 
(a) x- z - w plane 

 
(b) y - r - b plane 

 
(c) x - y - z plane 

 

Figure 1. The Phase Portraits of Chaotic System (1) for the parameter values α = β = γ = 0.2, σ =

δ = 5.7 and the initial conditions {−2,1,5,3, −1,3.5} 
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slave system. If 𝜶 = 𝜷 and f = g then 𝐱𝟏  and 𝐱𝟐  represents the states of two identical 

chaotic systems otherwise 𝐱𝟏  and 𝐱𝟐  represents the states of two non-identical chaotic 

systems. We define the complete synchronization error as, 

𝑒 = 𝑥2 − 𝑥1 

The synchronization error dynamics can be obtained as,  

                           �̇� = 𝛽𝑥2 + 𝑔(𝑥2) − 𝛼𝑥1 − 𝑓(𝑥1) + 𝑢(𝑡)                 (4) 

For the synchronization of chaotic systems, the adaptive controller is taken as, 

𝑢(𝑡) = 𝑢(𝑥1, 𝑥2, �̂�, �̂�) 

Here �̂�, and �̂� is an estimate of the unknown parameter vector 𝛼 and 𝛽 respectively. The 

synchronization problem is to find the controller u to stabilize the error dynamics (4) for all 

initial conditions e(0) ∈ Rn . Hence, we find a controller u so that lim
𝑡→∞

‖𝑒(𝑡)‖ = 0 for all 

e(0) ∈ Rn. Consider a quadratic Lyapunov function defined as follows, 

               𝑉 =
1

2
(𝑒𝑇𝑒 + 𝑒𝛽1

2 + 𝑒𝛽2

2 + ⋯ + 𝑒𝛽𝑘

2 )               (5) 

Then the Lyapunov function V is differentiated along the trajectories of the error dynamics 

and parameter update law is carefully designed so that V is a negative definite function 

everywhere. This ensures that both the errors of synchronization between the outputs of the 

chaotic master and slave systems and the parameter estimation error are given by, 

𝑒𝛽 = 𝛽 − �̂�   decay to zero exponentially. 

 

4. Design of adaptive controllers for the synchronization of 6 - D chaotic 
system 

In this section, we investigate the complete synchronization between identical six 

dimensional chaotic systems based on the non-linear feedback adaptive control theory. 

Equation 6 represents the master or drive system as, 

𝑥1̇ = −(𝑧1 + 𝑤1) 

𝑦1̇ = −(𝑟1 + 𝑏1) 

𝑧1̇ = 𝑥1 + 𝛼𝑧 1 

𝑟1̇ = 𝑦1 + 𝛽𝑟1 

𝑤1̇ = 𝛾 − 𝜎𝑤1 + 𝑥1𝑤1 − 𝑦1𝑏1 

𝑏1̇ = −𝛿𝑏1 + 𝑦1𝑤1 + 𝑥1𝑏1    (6) 

Here, 𝑥1, 𝑦1, 𝑧1, 𝑟1, 𝑤1  and 𝑏1  are the state variables of master system, the system 

parameters are 𝛼 = 𝛽 = 𝛾 = 0.2, 𝜎 = 𝛿 = 5.7. The Equation 7 is considered as the controlled 

slave system,  

𝑥2̇ = −(𝑧2 + 𝑤2) + 𝑢1         𝑦2̇ = −(𝑟2 + 𝑏2) + 𝑢2 
                                 𝑧2̇ = 𝑥2 + 𝛼𝑧 2  + 𝑢3            𝑟2̇ = 𝑦2 + 𝛽𝑟2 + 𝑢4 

𝑤2̇ = 𝛾 − 𝜎𝑤2 + 𝑥2𝑤2 − 𝑦2𝑏2 + 𝑢5 

𝑏2̇ = −𝛿𝑏2 + 𝑦2𝑤2 + 𝑥2𝑏2 + 𝑢6   (7) 
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Figure 2. Construction of six dimensional chaotic system  

In Equation 7, 𝒙𝟐, 𝒚𝟐, 𝒛𝟐, 𝒓𝟐, 𝒘𝟐 and 𝒃𝟐 represents the state variables of slave system and 

𝒖𝟏, 𝒖𝟐, 𝒖𝟑, 𝒖𝟒, 𝒖𝟓 and 𝒖𝟔 are the adaptive controllers used for the synchronization of master 

and slave chaotic system. The complete synchronization error dynamics are defined as,  

  
�̇�1 = �̇�2 − �̇�1, �̇�2 = �̇�2 − �̇�1, �̇�3 = �̇�2 − �̇�1,  

�̇�4 = �̇�2 − �̇�1, �̇�5 = �̇�2 − �̇�1, �̇�6 = �̇�2 − �̇�1 

The Controllers U and the parameter update laws are derived for the adaptive control 

functions such that the error dynamics drives to zero,  
        

u1 = e3 + e5 − e1 
u2 = e4 + e6 − e2 

                              u3 = −e1 − α̂e3 − e3                                 
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u4 = −e2 − β̂e4 − e4 
u5 = σ̂e5 − x2w2 + x1w1 + y2b2 − y1b1 − e5 

u6 = δ̂e6 − y2w2 − x2b2 + y1w1 + x1b1 − e6   (8) 
 

 

 

Figure 3. The RTL Schematic of 6 - D Chaotic System 

 

And                        

α̇̂ = e3
2, β̇̂ = e4

2, σ̇̂ = −e5
2̇  and δ̇̂ = −e6

2̇
                        (9) 

Here �̂�, �̂�, �̂�, 𝛿  are the estimate values of the unknown parameters 𝛼, 𝛽, 𝜎  and 𝛿 

respectively. Consider a Lyapunov function candidate as,  
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𝑉 =
1

2
𝑒𝑇𝑒 +

1

2
(𝑒𝛼

2, 𝑒𝛽
2, 𝑒𝜎

2, 𝑒𝛿
2) 

�̇� = 𝑒1�̇�1 + 𝑒2�̇�2 + 𝑒3�̇�3 + 𝑒4�̇�4 + 𝑒5�̇�5 + 𝑒6�̇�6 + 𝑒𝛼�̇�𝛼 + 𝑒𝛽�̇�𝛽 + 𝑒𝜎�̇�𝜎 + 𝑒𝛿 �̇�𝛿 

              �̇� = −[𝑒1
2 + 𝑒2

2 + 𝑒3
2 + 𝑒4

2 + 𝑒5
2 + 𝑒6

2]                                 (10) 

The Equation 10 shows that the synchronization errors 𝑒1, 𝑒2, 𝑒3, 𝑒4, 𝑒5  and 𝑒6  and the 

parameter estimation error 𝑒𝛼 , 𝑒𝛽 , 𝑒𝜎and 𝑒𝛿 decay to zero exponentially with time according 

to Lyapunov stability theory. 

 

5. FPGA based digital implementation of adaptive synchronization 
methodology for 6 D chaotic system 

In this section, we implemented the proposed complete synchronization methodology in 

Field Programmable Gate Array (FPGA) Virtex4 xc4vfx100-12ff1152. The six dimensional 

chaotic system corresponding to [Equation 1], adaptive controllers corresponding to Equation 

10 and parameter update laws corresponding to Equation 12 are constructed using MATLAB 

simulink and Xilinx system generator block sets.  

[Figure 2] represents the implementation of 6-D chaotic system using Xilinx block set. We 

generated VHDL code from the system generator design. The generated VHDL code is 

simulated in Xilinx software and the RTL schematic diagram of 6 - D chaotic system is 

obtained as shown in [Figure 3]. [Figure 4] and 5 represents the implementation of adaptive 

controllers u1, u2, u3, u4 and u5, u6 using Xilinx block set respectively. Figure 6 represents the 

implementation of parameter update law in Xilinx block set. We adopt this implementation 

with a fixed point and with a representation of the real data on 32 bits (12Q20), 12 for the 

entire and 20 for the fraction.  

.  

Figure 4. Design of adaptive controllers u1,u2,u3 and u4 
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Figure 5. Design of adaptive controllers u5 and u6 

 

Figure 6. Design of parameter update law 
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In numerical simulations, the initial conditions for master and slave 6-D chaotic systems 

are taken as {-2, 1, 5, 3, -1, 3, 3.5}  and {8, 8, -6, -1, 3, 1.5}   respectively. The initial values 

for unknown parameters α, β, σ and δ are respectively taken as {1, 0.5, 1.5, -2}. [Figure 7 (a-

b)] represents the synchronized state variables 𝑥1 and 𝑥2, 𝑦1 and 𝑦2, 𝑧1 and 𝑧2, 𝑟1 and 𝑟2, 𝑤1 

and 𝑤2 and 𝑏1 and 𝑏2.  

[Figure 8 (a)] represents the error signals 𝑒1, 𝑒2,𝑒3,𝑒4, 𝑒5,𝑒6 that reaches the zero when the 

systems are synchronized together. [Figure 8(b)] represents the adaptive controller signals 

𝑢1, 𝑢2,𝑢3 ,𝑢4, 𝑢5,𝑢6 which become zero when the master and slave systems are synchronized 

together.  

[Figure 9] represents the implementation of proposed synchronization methodology in 

MATLAB simulink Xilinx blockset. 
 

 
 

(a) x1,x2,y1,y2,z1,z2                  (b) r1,r2,w1,w2,b1,b2 

 

Figure 7. Synchronized state variables  

 

 
(a)  e1, e2, e3, e4, e5 and e6              (b) u1,u2,u3,u4,u5 and u6 

Figure 8. (a) Error signals and (b) Adaptive Controller signals 

After that, VHDL code for completely synchronized 6 D chaotic system is generated from 

the MATLAB simulink design shown in [Figure 9]. Then the VHDL code is simulated using 

Xilinx software and the source consumed by the synchronized 6 - D chaotic system is 

obtained as given in Table 1. Also RTL schematic diagram for synchronized 6 - D chaotic 

system is generated as shown in [Figure 10]. Note that the blocks and connections in RTL 

Schematic are corresponding to simulink design shown in [Figure 9]. 
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The result of VHDL code simulation using Xilinx Isim simulator is shown in [Figure 11] 

which presents the portion of the waveform of synchronized signal x1 and x2. the signal x1 has 

the numerical value -2 and the signal x2 has the numerical value 8. 
      

 

 

Figure 9. Implementation of synchronized 6 D system in Xilinx blockset 

Table 1. Source consumed by synchronized 6 D chaotic system 

Logic Utilization Used  Available 

No. of slice Flip Flops 1,471 84,352 

No. of 4 input LUT 5,060 84,352 

No. of occupied slices 3,359 42,176 

No. of slices containing only related logic 3,3,59 3,359 

Total No. of 4 input LUTs 5,983 84,352 
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Figure 10. RTL schematic diagram of synchronized 6 D chaotic system 

 

Figure 11. Xilinx simulation result 
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6. Conclusion 

In this paper, 6 dimensional chaotic system is introduced and adaptive synchronization 

methodology for 6 D chaotic system is explained. We designed new adaptive controllers to 

achieve the complete synchronization of six dimensional chaotic systems. MATLAB 

simulation results are also given to prove the efficiency of proposed synchronization 

methodology. The proposed synchronization methodology is implemented in FPGA for the 

digitations of synchronized chaotic signals. The Xilinx simulation results are shown to 

validate and demonstrate the main results derived in this paper. The controller’s performances 

were such that the complete synchronization of six dimensional chaotic system has been 

achieved. Xilinx System generators provide an efficient way to design a dynamic nonlinear 

control system using a FPGA board with hardware simulation. Therefore, reconfigurable 

devices provide very powerful tool for the control of complex nonlinear systems. The given 

six dimensional chaotic system consumes the source of FPGA most efficiently. 
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