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Abstract

Path problems are core problems of graph theory, and the representative one is the
shortest path problem. But the short path problem only is a special issue, and in many
cases the most reasonable solution of a path problem maybe some paths with a required
length rather than the shortest path or the longest path. Thence the path problem with
required length has more wide application, but it is also more difficult to solve. For the
problem, we propose an idea that ‘first simplifying and then solving”. Following the
idea, firstly, we found the shortest path model and the longest path model of connected
graph, and reveal and summary their properties as theorems which reflect relationships
between their parameters and lengths of paths in graph; secondly, base on the path
models, we design a simple algorithm to simplify the connected graph for reducing
difficulty of the path problem, and further design polynomial algorithms to search the k™
shortest path and the k™ longest path for finding all paths with required length in graph.
Finally, we use an illustration to show the effect of solving the path problem with required
length by first simplifying and then searching the k™ shortest (longest) path.

Keywords: operations research, path problem with required length, path model,
equivalent simplification, the k™ shortest (longest) path, connected graph

1. Introduction

The path problem is an important branch of operations research and a foundation
problem for forming graph theory, and furthermore it is a practical problem having close
relationship to the practical production and actual life. In additional to the actual path
problem, many practical problems can be transformed into the corresponding path
problems, and thus they can be simplified and then solved easily since the path problems
can be represented clearly and intuitively by using graph.

The most familiar path problem is the shortest path problem. Although the problem has
been highly concerned, it still contains many unresolved problems, for example, the
optimal solution of the famous traveling salesman problem cannot be calculated until now
by using any polynomial algorithm since the problem is NP-hard. However, the shortest
path is special path after all, thence the shortest path problem only is special path
problem, and similarly the corresponding longest problem also is special path problem.
Searching the shortest path or the longest path is very valuable in theory and application,
but just as the optimal schemes of many practical problems may be not the extreme ones,
for example the optimal speed of car may be not the fastest or the most fuel-efficient one
but the equilibrium of them, the most reasonable schemes of many path problems also
may be not the shortest paths or the longest paths. For instance, for choosing the tour line,
assume a tourist has no preference for attractions, generally he will choose a line with
moderate length based on his own interesting rather than choose the shortest or the
longest lines; for another instance, for racing in city or among cities, generally the
organizer will also choose a path with required length based on the racing as the track
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rather than choose the shortest or the longest path; and so on. Thence, in the general
sense, the path problem with required length contains the shortest path problem and the
longest path problem, and further it can be applied more widely with higher value than the
two problems.

The two frequently used approaches for this path problem are the dynamic
programming approach with complexity O(mn) [1] and determining the k™ shortest
(longest) path. Dynamic programming is more complex than the Dijkstra algorithm and
critical path method, particularly in large-scale networks. Li et al. [2] and Qi et al. [3]
presented a simple algorithm to search the k™ critical path in time networks, which inspire
Su et al. to propose an algorithm for the k™-shortest path problem in acyclic networks (to
be published) [4]. The complexities of these algorithms are k times larger than the
complexity of the Dijkstra algorithm and the critical path method, and may be one of the
simplest algorithms for the k™ shortest (longest) path problem in acyclic networks.
However, for a path with a desired length, the relationship between the value of k and the
value of the desired length cannot be determined a priori; thus, almost all paths may be
searched. Therefore, searching the k™ shortest (longest) path is similar to the enumeration
method, which may be inefficient, particularly in large-scale networks. Unfortunately,
high computation times may be unavoidable even though advanced algorithms and
computers are used. In an attempt to tackle this problem, we first propose a simplification
that converts the problem into an equivalent and much simpler problem by eliminating
non-desired paths, and then search the desired paths in the simplified graph. This
simplification is conducive to obtaining the optimal solution.

Some authors studied path problems with desired paths, such as finding paths that meet
desired vertex restrictions. Kawarabayashi and Kobayashi [5] studied the induced disjoint
path problem, which finds desired disjoint paths that have neither common vertices nor
adjacent vertices, and designed a linear time algorithm in planar graphs. Bolivar et al. [6],
and Mokarami and Mehdi Hashemi [7] studied the constrained shortest path problems that
find paths under desired conditions such as time constrained and weight constrained. Fiala
et al. [8] and Bodlaender et al. [9] studied the k-path problem that tests whether a graph
contains an induced path that spans k given vertices and solved the problem in polynomial
time on claw-free graphs. For the path problem with desired length, many authors have
tried to study similar problems, such as the next-to-shortest path problem and the k™
shortest path problems. Fox [10]-[12] and Andras and Péter [13] first studied the k™
shortest path problem. Lari et al. [14] considered the bounded length median path
problem and compared the tabu search to the old bachelor acceptance. Kim [15]
considered a tree with edge lengths and edge weights, and designed a linear time
algorithm to find a maximum weight path that is less than a given length. Wu [16]
designed a simpler and more efficient algorithm to find an st-path that has the shortest
length among all st-paths and is strictly longer than the shortest path length in an
undirected network with positive arc lengths and two vertices s and t. Current works for
the k™-shortest path problem include Cormen et al. [1], Wang[17], Feng [18], Lirov [19],
Hiroshi [20], Chen and Tang [21], Li et al. [22], Gao et al. [23], Pascoal and Sedeno-
Noda [24], Jiang et al. [25], Liu et al. [26], and Antonio and Sergio. [27]. Particularly,
Gao et al. [23] designed an algorithm implemented with a bi-directional search, and
Cormen et al. [1] provided a dynamic programming approach to find the k™-shortest
paths. Li et al. [22] designed a free float approach for the k™-longest path problem in
acyclic networks.

These methods are conducive to the path problem with desired length; however, they
are computationally complex in large-scale graphs because k may be large. The problem
is much more difficult than the shortest and longest path problems, especially in the
current and future circumstances that we will have to deal with more and more difficult
practical problems. For a large-scale problem with complex graph, it is hard to avoid the
super-large computation of solving the problem even by using the most advanced
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computer and algorithm, and it is also difficult to overcome the bottleneck by designing
algorithm and improving computer technology. Therefore, in this study, we propose the
idea of simplification that reducing scale of the problem by removing unwanted paths,
rather than directly solve the problem by searching the required paths directly. Little
research has been done on simplifying path problems. Su et al. [28] simplified a similar
path problem in acyclic networks, and we will improve the approach to apply to other
types of connected graphs. After simplifying the problem, the required paths as final
solutions of the problem can be found more easily, and we propose simple algorithms for
the simplified problem.

2. Path Models of Connected Graph

According to the concept of connected graph, it is either directed graph or undirected
graph. The undirected graph can be transformed into the directed one by representing
each edge e;; as one arc v;v; and another reversed arc vjv; with the same lengths, hence we
can regard all connected graphs as directed ones for uniformly describing them.

For conveniently simplifying and solving the path problem in connected graph, we
found the corresponding path models which contain the shortest path model and the
longest path model. Su et al. [28] founded the path models of acyclic networks, and now
we further improve it for other types of connected graphs. Founding the path models of
connected graph mainly contains that, setting parameters of nodes and arcs based on the
structure of graph, designing algorithms of computing the parameters, and revealing their
properties. These parameters can be used to analyze the property of graph especially the
properties of paths in graph, which help to solve practical problems.

Set a start node vs and a terminal node v; in connected graph, and the length of each arc
Vivj is w;;. The main idea for founding path model in the paper is that, considering paths
from the start node v, to each node v; and from each node v; to the terminal node v;, and
further revealing the property and law of the graph’s structure by setting parameters. We
design the algorithm of computing each parameter firstly in this section, and discourse the
property of each parameter in next section. For different kinds of graphs, the algorithms
of searching the longest and the shortest paths are also different. We design all connected
graphs into following three kinds ones and discourse them respectively.

2.1. Path Models of Connected Graph without Cycle

If there is no cycle in a connected graph, we can reference the critical path method of
the network planning technology to found the path models.

2.1.1. Found the Shortest Path Model

Step 1. Set a parameter ¢; of each node v;, and compute it from the start node v as
follows:

a,=0
{0‘1 =miin{oci +wij} "

Step 2. Set a parameter £ of each node vj, and compute it from the terminal node v; as
follows:

B =a
{'BJ =max {5, —w;, |

Step 3. Set a parameter N; of each node v; and parameters
vivj, and compute them as follows:

)
Aia B aff

i "W oand "V of each arc
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Nj=a;-p

a _ -
A =+ Wy —a
p_

Aj _ﬂi+Wij_ﬂj

o _
o=t Wy =

©)
2.1.2. Found the Longest Path Model

! V. .
Step 1. Set a parameter % of each node ' , and compute it from the start node Vs as
follows:

{as' =0
0{; =m: {ai'+vvij}
' (4)
Step 2. Set a parameter P of each node Vi , and compute it from the terminal node Vi
as follows:
{ﬁt/: atr
Bi=mini S —w,
=min (5)
N’ v ro 24 raf
Step 3. Set a parameter ! of each node i and parameters Y , 'Y and Y of
each arc Vi and compute them as follows:
Nj =5 -,
C=a—W o
/= - A
raff _ ot ’
i _ﬁj_vvij_ai (6)

2.2. A Path Model of the Graph with Cycles but without Negative Length Arc

If there are cycles in a connected graph, the method in Section 2.1 is unfeasible to
found the path model of the graph. In addition, for the connected graph with negative
length arc and the one without negative length arc, the methods of founding the path
models of them are also quite different. Now we consider the graph with cycles but
without negative length arc. In the graph, searching the longest path is NP-hard, therefore
it is difficult to found the longest path model. We mainly found the shortest path model.

The key of founding the shortest path model is to compute the length of the shortest
path from the start node to any node, and from any node to the terminal node. For the
connected graph with cycles but without negative length arc, the best algorithm of
computing length of the shortest path between nodes is the Dijkstra algorithm. We
reference the algorithm to found the shortest path model as follows:

Step 1. Set and compute a parameter %I of each node Vi,
Step 1-1. For the start node Vs, let

vieX represents that the parameter % of the node Vi is calculated,

Step 1-2. Assume
V. eX a V.. .
and ! represents that the parameter ~’ of the node ! is not calculated, find all arcs

Vv, € XX V. e X v, e X

which meet and
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Step 1-3. If XX =2 turn to Step 2: and if XX #J | compute

minﬁ{ozi +vvij}=ai W

VivjeXX

and get the parameter %, of the node i € X that

a =a +W

(8)

Turn to Step 1-2. If the parameter % of the terminal node ¥t is calculated, turn to Step

ﬂV

Step 2. Set and compute a parameter " of each node Vi,

Step 2-1. For the terminal node Vt, let
b=« 9)

v, eY

Step 2-2. Assume represents that the parameter A< of the node Yk is calculated,

V. eY ) V.. .
and 1 € represents that the parameter Py of the node ! is not calculated, find all arcs

vy, eYY . v. eY
M ST \which meet Vi € and Y €Y

Step 2-3. If YY =2 turn to Step 3; and if YY =2, compute
max {ﬂk - ij} = ﬂky — Wik,

ViV eYY

B

. v. €Y
and get the parameter ! of the node < that
’Bjy :ﬂky _ijky (]_O)

turn to Step 2-2. If the parameter B of the terminal node  is calculated, turn to Step
3.

Step 3. Set a parameter N, of each node Vi and parameters A‘T, J'ﬁ and ?ﬂ of each
arc Vi , and compute them as follows:
N;=a;-p5
A =oq+ Wy —a;
Af = ﬂu +W; _ﬂj
;=0 wy - By (11)

2.3. A Path Model of the Graph with Cycles and Negative Length Arcs

Now we consider the connected graph with cycles and negative length arcs. If there are
cycles and negative length arcs in a connected graph, the Dijkstra algorithm is also
unfeasible to compute the length of the shortest path. The Bellman-Ford algorithm is an
effective algorithm for the shortest path problem in the graph, hence we reference it to
found path model. Assume lengths of the cycles are positive, the longest path problem in
the graph also is NP-hard. We mainly found the shortest path model as follows:

Step 1. Set and compute a parameter “i of each node Vi :
Step 1-1. For the start node s, let
o, = 0 (12)

Step 1-2. For each hinder adjacent arc VY, of the start node s, let
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d"® (v v.)=w

s S

Step 1-3. For X=2.3",
470 ) {47 0,

and there cannot be a node 'J on the path Ys"Vi which corresponding to
n(x-1) _ .
A" (Vi) 1 X=Y and each node "I meet
d"? (v,,v;)=d"0P (v,,v;)
then let
—_d'wm
a;=d" (vs,vj) 13)
Step 2. Set and compute a parameter Py of each node Vi :
Step 2-1. For the terminal node Vi , let
B=a (14)

. A .
Step 2-2. For each former adjacentarc !* of the terminal node Vi let
dm(l) (VJ-Vt):ﬂt —W

it
Step 2-3. For X=2:3",
d m(x) (Vj 1Vt ) — mka)( {d m(x-1) (Vk th ) - ij}

V, eV,

v, . .
and there cannot be a node ! on the path t which corresponding to

m(x-1) _ V.
A" (Ve Ve) 1 X=Y and each node Vi meet

d"m (Vj WV, ) —d"o-D (Vj WV, )
then let

T
ﬁj =d"™ (Vi’vl) (15)
N. V. A A A7
Step 3. Set a parameter ! of each node ! and parameters "V, "YU and 'V of each

V.V.
arc '1, and compute them as follows:

Nj=a;-p

A =+ W —q

Al =B+ Wy = B

A = o +W; = B; (16)

3. Properties of the Parameters in the Path Model

This paper studies the relationships between the parameters of the path model and the
length of the path in graph, viz. the properties of the parameters, and summaries them as
related theorems. These theorems are main basis for simplifying and solving the path
problem. For discoursing easily, we name the path from the start node to the terminal
node of graph as a “path”, and name the other kind of path as a “path section”.

v, -
Theorem 1. In a connected graph, for any node !, the parameter % is equal to the
min
i : V. )
length of the shortest path section 551 from the start node Vs to the node , that is

a;= L(/lsrlinj) (17)
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The parameter p is equal to the difference between the length of the shortest path

mi min

n N .
M of the graph and the length of the shortest path section Hi>t from the node Vi to the
terminal node V¢, that is

ﬂj — L(,Umin ) — L(/l;njl) (18)

!

The parameter % is equal to the length of the longest path section Hs>1 from the start

v, .
node Vs to the node "7, that is

o) = L(ﬂgnixj ) (19)
B

And the parameter *! is equal to the difference between the length of the longest path

H of the graph and the length of the longest path section Hi>t from the node Vi to the

terminal node Vi, that is

By =™ ) =L(%) 20)

Proof. According to the algorithm of computing the parameter %I in each kind of
graph, for the start node Vs,
a,=0=L(u")
And for any other node Vi except the start node Vs, we summarize that
a; =m.in{ai +Wij}, a =mhin{05h + Wit =minf{og +w, |
I S
and further deduce by iterating that
a; = m_in{oei +vvij}
= miin{mhin{o:h +Whi}+Wij}

:m,in{mhin{min{---min{oza +Wsa}+Wab}+'”+Wm}+VVu}
i g s

=m|n{wSa F W, A+ W, +vvij}

S—j
= L(,U;Tj )
Therefore
I—(.Usm—lfj ) =aj
and the Equation (17) is correct.

B

Then according to the algorithm of computing the parameter ”! in each kind of graph,

for the terminal node Vt
fi=o=L(u)=L(u™)

v, . .
And for any other node "1 except the terminal node Vt, we can summarize that
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B zmsx{ﬁk _ij}
B :mlax{ﬁl _Wkl}

By = mtax{ﬁt _Wyt}
and further deduce by iterating that
,Bj = mf‘x{ﬂk _ij}

= mfx{mlax{ﬂl _Wkl}_ij}

=max{max{---{max{ﬁt —Wyt}—ny}—---—Wku}—ij}

y

=4 —rjnlp{wjk F Wy +o W, +wy‘}

=L(a™) =L (%)
therefore
L(#%) =L(4™) =B,
and the Equation (18) is correct.

Similarly, we can prove that the Equations (19) and (20) are correct. This completes
the proof.
Corollary 1. In a connected graph, the length of the shortest path 4 is
L(ﬂmin)zat =5 (21)
and the length of the longest path H is
L(u™)=ai = -

Ni i equal to the

Theorem 2. In a connected graph, for any node Vi the parameter
difference between the length of the shortest path “" passing the node and the length of
the shortest path 7 of the graph, that is

N, =L(4™)-L(«™)
_ L(/uimin)_at
=L(u™)= A (23)
N/

And the parameter i is equal to the difference between the length of the longest path

H of the graph and the length of the longest path T passing the node Vi, that is
Ni, _ L(lumax)_ L(lulmax)

:atr_ L(/ulmax)

— r_ L _max

Proof. (1) In a graph, the shortest path e passing any node Viiis composed by two

48 Copyright © 2017 SERSC



International Journal of Multimedia and Ubiquitous Engineering
Vol.12, No.2 (2017)

min
sections, the one section is the shortest path section #s-i from the start node Vs to the
node Vi, and the other one is the shortest path section Mt from the node Vi to the
terminal node “t, that is

u =
and its length is

L(am™)=L () +L(2m)
According to the Theorem 1,
L™ )=L(a)+L ()

=+ L(ﬂmin)_ﬂi
=L(u™)+(at - B)
=L(u™)+N,

and then according to the Equation (21),
Ni — L(luimin)_ L(/umin)

— L(/uimin)_at
therefore the Equation (23) is correct.
(2) Similarly, according to the Equations (6)~(9), we can prove that the Equation (24)

is correct. Thence the theorem is correct. This completes the proof.
ap
Theorem 3. In a connected graph, for any arc Vivi , the parameter " is equal to the
min
difference between the length of the shortest path i

the shortest path s of the graph, that is
;_zﬁ _ L(/ui;mn)_ L(,lem)

passing the node and the length of

= L(ﬂi}nin)_at
= L(/'li;'mn)_ﬂt (25)
raf
And the parameter "V is equal to the difference between the length of the longest

path H™ of the graph and the length of the longest path Hi passing the arc Vivi , that is

L)L)
L)
=B - L('ui;nax ) (26)

Proof. It is similar to the proof for the Theorem 2.
Theorem 4. In a connected graph, the difference between the length of any path # and
the length of the shortest path s of the graph is equal to the sum of the parameters A

B
: V.V .
or the sum of the parameters "V of all arcs ' | on the path #, that is

L(u)-L(e™)=2A =2 A
“ H (27)
And the difference between the length of the longest path H of the graph and the

ra

length of the path # is equal to the sum of the parameters "V or the sum of the
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A’ (A P :
parameters ~ ¥ ofallarcs "' on the path #, that is

L(a™)=L(u)= 2 A" =2 A
T (28)

Proof. Assume any path #=YYa¥%o"*"V2% according to the Equations (3), (11) and (16),
DA :Z(“i + W ‘0‘1)
u u
= (o + Wy — )+ (e, + Wy —aty )+ + (o, + W, —x,)
=, +(Wyy + W,y +-+ W, ) —

=a,+L(u)-«

L)L (™)

Similarly, we can prove
DA =L(u)=L(s™)

o
therefore the Equation (27) is correct.
And similarly, we also can prove the Equation (28) is correct. Therefore the theorem is
correct. This completes the proof.

4. An Algorithm for Simplifying Path Problem with Required Length

4.1. Description of the Algorithm

Assume a connected graph G, and require to finding out the path with the length 4
from the start node Vs to the terminal node “t in G. For solving the path problem easily,
we simplify the graph G, and ensure all paths with the length A are still in the remaining
graph after simplification that the solution result of the problem will not be affected.

An algorithm for the simplification is following:

Step 1. Compute the parameters %, i and Ni of each node Vi in the G, and then

remove the node V& with N« >4~ % and its adjacent arcs to obtain a graph G,.
ap
: VAV
Step 2. Compute the parameter "V of each arc "' in the G;, and remove the arc

aff _
Yy with Ay >A-a to obtain a graph G.,.
Step 3. Compute the parameters “i,, 1 and N; of each node Vi in the G,, and then

’ ’
Ny >a/ -4

remove the node Yk with and its adjacent arcs to obtain a graph Gs.

raf
Step 4. Compute the parameter * U of each arc Vi in the Gs, and then remove the
rap ey
arc Vly with Ay >A-a to obtain a graph G,.
The graph G, still contains all paths with the length A in the original graph G, and it
has much less nodes, arcs and especially paths than the G. Thence, it is much more

convenient to find the paths with the length A in the G,, which can be completed
generally only by searching a few paths such as the longest path, the 2™ longest path, the
shortest path or the 2" shortest path, and so on.

4.2. Correctness of the Algorithm

(1) For any node Vi in the connected graph G, according to the Theorem 2 and the
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Equation (23),
N, =L(4™")-a,
, put above Equation into it that
L(4™)-a > A—a, = L(1™)> 2

If Ni >ﬂ/—0.’t

It means that the shortest path passing the node Viis longer than A, thence all paths

passing the node must be longer than A which are all not required ones. Removing the
node and its adjacent arcs is equivalent to removing all these paths. After removing all
this kind of nodes and their adjacent arcs, we mark the remaining part of the graph G as
the G;.

(2) Similarly, for any arc Vivi in the G, according to the Theorem 3 and the Equation

ap
(25), if Ay > /I_a‘, all paths passing the arc must be longer than 4, which are also not
required ones. Removing the arc is equivalent to removing all these paths. After removing
all this kind of arcs, we mark the remaining part of the G, as the G..

Thence, the paths which are removed by using Steps 1 and 2 of the algorithm in

Section 4.1 are all longer than 4.
(3) For any node Vi in the connected graph G,, according to the Theorem 2 and the
Equation (24),
Ni/ — at/ _ L(Iulmax)

If Ni > —4 , put above Equation into it that

at'—L(yimaX)>at’—/1:> L(,uimax)<l

It means that the longest path passing the node “i is shorter than A | thence all paths

passing the node must be shorter than 4, which are all not required ones. Removing the
node and its adjacent arcs is equivalent to removing all these paths. After removing all
this kind of nodes and their adjacent arcs, we mark the remaining part of the G, as the Gs.

(4) Similarly, for any arc Vivi in the G3, according to the Theorem 3 and the Equation

raf !
(26), if Ay >A-a , all paths passing the arc must be shorter than 4, which are also not
required ones. Removing the arc is equivalent to removing all these paths. After removing
all this kind of arcs, we mark the remaining part of the G; as the G,.
Thence, the paths which are removed by using Steps 3 and 4 of the algorithm in

Section 4.1 are all shorter than 4.
According to above analysis, when removing the paths which are longer or shorter than

A, all paths with the length A are reserved. It means that, although the G4 is simpler than

the original graph G, it still contains all paths with the length A and can be used to solve
the path problem instead of the G. Thence the algorithm for simplification in Section 4.1
is correct.

4.3. Complexity of the Algorithm

Assume there are n nodes and m arcs in the connected graph G, and M=N based on the
relationship between the node and the arc in the graph. The complexity of the algorithm in
Section 4.1 is analyzed as follows:

Step 1 is for computing the parameters %, #i and Ni of each node Yi. Thereinto, for
different kinds of connected graphs, the algorithms of computing the parameters % and
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B, are also different.

(1) For the graph without cycle, the complexities of computing the parameter % and
B are O(m).

(2) For the graph with cycles but without negative length arc, the algorithm of

computing % is similar to the Dijkstra algorithm, and its complexity is O(m+nlogn)

but the algorithm of computing B, is similar to the Bellman-Ford algorithm, and its

complexity is O(mn)

O(mn)

, thence the total complexity of computing the two parameter is

(3) For the graph with cycles and negative length arcs, the complexity of computing the

O(mn)

% and B are .

N

(4) The parameter i is equal to the difference between % and B , thence the

complexity of computing it is O(n) .
ap
Step 2 is for computing the parameter Y of each arc Wi by using the parameters &i
and & of its nodes, and there are m arcs at most, thence the complexity of the step is
O(m)
Steps 3 and 4 are similar to Steps 1 and 2.
Therefore, for the connected graph without cycle, the complexity of the algorithm is

O(m); and for the connected graph with cycles, the complexity of the algorithm is
O(mn)

5. An algorithm for Searching the k™ Shortest Path

In a connected graph, the path with the required length 4 is generally not the shortest
path or the longest path, and it is very difficult to be searched directly, thence if wanting
to find the path effectively, the idea of searching indirectly need be used. The idea of
searching indirectly can be realized from two approaches, the one is that searching
individually from the shortest path to long ones until to find the k™ shortest path with the

length 4, and the other one is that searching individually from the longest path to short

ones until to find the k™ longest path with the length 4. Su et al. (to be published) [4]
proposed an algorithm for searching the k™ shortest path in acyclic networks. In this paper,
we also consider other types of connect graphs. In this section, We design an algorithm
for searching the k™ shortest path in any types of connect graphs, and further design an
algorithm for searching the k™ longest path in next section.

In order to discourse the algorithm conveniently, we first propose concepts and
calculations of some new parameters, and then discourse the algorithm in detail.

5.1. A Short Feature Parameter of the Terminal Node of Connected Graph

The short feature parameter of the terminal node Yt of a graph is defined as a value of

the node to an arc, and it is also named that the terminal node Vt has a short feature
parameter to an arc.

(1) We mark the 1* rank short feature parameter of the terminal node Vi as 91, and
define its value as zero, that is

52 Copyright © 2017 SERSC



International Journal of Multimedia and Ubiquitous Engineering
Vol.12, No.2 (2017)

¢ =0 (29)
(2) The 2™ rank short feature parameter of the terminal node Ve,
If there is a path composed by arcs with the parameters A" =0 and from a node ¥ to

a

. VAT .
the terminal node Y, and the parameter Ao of an arc 9" is not zero in the former

adjacent arcs of the node Vr, then the terminal node Vt has the 2™ rank short feature
2

A o L
parameter to the arc ¢ ". We mark the short feature parameter as ", and define its
value as

2 a _ pa
Or =60+ A, =A; (30)

(3) The k™ rank short feature parameter of the terminal node Ve,

k-1
Assume the terminal node Y has the K —1" rank short feature parameter G to an arc

VaVe 'and K=2 | if there is a path composed by arcs with the parameters A" =0 and from
anode ¥o to V¢, and the parameter "% of an arc Ya¥ is not zero in the former adjacent

arcs of the node Vb, then the terminal node t has the k™ rank short feature parameter to

k
the arc Va¥o. We mark the short feature parameter as Oa , and define its value as

O, = Op + A, (31)
5.2. An Algorithm for Searching the k™ Shortest Path

5.2.1. Description of the Algorithm

For finding the path with the length 4 in a connected graph, we design an algorithm
for searching the k™ shortest path.

1
Step 1. Search the 1% shortest path # .

Step 1-1. Compute the parameter % of each node Vi and the parameter A of each arc

ViV

Step 1-2. Find connected arcs with the parameters A" =0 forward from the terminal

1 min . L 1 = .
node Vt to the start node Vs to get a # =H  with the length ('u ) ', This step

1
cannot be stopped repeating until no other new # .

Step 2. Form short feature sets  and €%,
A

Step 2-1. Form a = @, then compute the parameters ~ % of all former adjacent arcs

Va, Y ! 0>, =A° >0
% of each node on the # |, and get %" A, .

2
Step 2-2. Form the 2 by putting Oa, into the <.

Step 3. Search the i (1=2) shortest path K
ei
Step 3-1. Find all minimum values " from the Q.

Step 3-2. According to the Equation (31) (the Equation (30) if i=2 ), find

gt _ m V.V, . >0
%1 (assume it corresponds toa # )andanarc % with the parameter A .

Vaj

Step 3-3. Find connected arcs with the parameters A" =0 forward from the node
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i V.,V
to the start node Vs to get a Hoa, The M s composed by the Heoa, ,thearc %™ and
the “it , and its length is
L )=a+0), (32)
Step 4. Check.
L(g')>4 L(g')<A
If (/l ) , stop; and if (H )< , turn to Step 5.
Step 5. Form a short feature set O,
- : Vo, Vors i Al by >0
Step 5-1. Find all former adjacent arcs “+= "= with the parameters = *="+ of each

min j+l

Haoay , and then compute %" by using the Equation (31),

j+l _ i a
eaj+1bj+1 - eajbj + Aﬂj+1bj+1

node on the

. 0) e
Step 5-2. Form a O by removing " from the O and putting "+ into the Qi,
then turn to Step 3.

Note that, according to the algorithm in Section 2 of computing the parameter % of
each node Vi, % represents the length of the shortest path section from the start node Vs
1_  min
to the node Vi and without cycle, thence the 1% shortest path # =#  must be the
shortest path without cycle in the graph.

Similarly, we also can search the k™ shortest path in a connected graph by using the
B
. V.V .
parameter B, of each node Vi and the parameter Y of eacharc "''!, and the detail steps
is similar to above algorithm.

5.2.2. Correctness of the Algorithm
According to the Theorem 4 and the Equation (27),

L(1)=a, +Z;, A/
, for example, searching the

LA

! o
M is equivalent to computing the minimum value of ZﬂA" , searching the # s

XA

k
equivalent to computing the 2™ minimum value of y e , and searching the #

thence searching a # is equivalent to computing

is equivalent to computing the k™ minimum value of Zﬂ A .
In addition, according to the concept of the short feature parameter of the terminal node

V¢ and the Equation (31),
aajjbj - eajjjbj—l + A:jbj
- gaj;zzbrz + A:iflbifl + A:ij

/ua i—t Va

vV, V.V,
I bjfl,

Thence there is a path , and the parameters A“ of only arcs

V.V, .
%% on the path are nonzero, that is
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0 =3 A=Y, A
And according to the Theorem 1, there is a path Hoa, = Sninai from the start node Vs
to the node '* , and Z“Hi A ZO. The ““>* and ““~' compose a -t = | thence
eajjbj = Z"awt Aféy
“2A (33)

Therefore, the sum of the parameters A” of all arcs on a path is equal to a short feature

parameter Oai of the terminal node “t, and according to the Equation (32),
L(u)=a, +6!
(/Ll) at ajbj (34)

0,

k
Searching the # is equivalent to computing the k™ minimum value of 3% | thereinto

.. .ol
the minimum value is ¢ =0,

1
(1) The proof that all # can be found by using Step 1 of the algorithm.
g = ‘=0
According to the Equation (29), if Zﬂ A , the corresponding # is the shortest

min

min 1_
path #  that ¥ =# .
According to the algorithm for computing the node parameter ¢ and the arc parameter

A” | except the start node Vs, each arc has former arc with the parameter A" =0 thence

the former adjacent arc Yo% with A =0 of the terminal node ¥t can be found; similarly,

a

. LAY =
the former adjacent arc VeVa with b 0 of the node " also can be found; ...... ; the

1 A =0 .
process cannot be stopped until to the start node Vs, and then a # with Zﬂ A is
found.

Since each arc may have more former adjacent arcs with the parameters A" =0 there
1 1
may be more # |, and above process of searching the # cannot be stopped repeating
1
until no other new # .

1
Thence all # can be found by using Step 1 of the algorithm.
(2) For the 2™ ~ k™ shortest paths, the algorithm uses recursive method to search them,
thence here we use mathematical induction to prove its correctness.

2
1) Firstly, we prove that all # can be found by using Steps 2~3.

i) According to the Equation (30), if Oan is the 2" value that the minimum nonzero

2 A =0 .
value, it corresponds to the # . Z,, A , and according to Step 1, as long as the path

>, A =0

Hrost

1
Mot from a node Vr to the terminal node V¢ meets , then Hr->t “H  thence

. 0> .
according to the concept, the 2™ rank short feature parameter ~* of the terminal node Vi
. " . v,V !
is the nonzero parameter s of a former adjacent arc % * of each node on # .
Therefore, by using Step 2, all the 2™ rank short feature parameters of the terminal node

Vi can be calculated and then combined to form the Q?.
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2 2 2
QZ = {Hazbz ’eczdz 11T szyz

short feature parameters of the terminal node Vi are the short feature parameters in the 2,
and the higher ranks short feature parameters generating based on these parameters, as in

a Q that

ii) Assume } then according to the Equation (31), all nonzero

0, .6’

|
ayh, 1 Vaghy 1" -’Ha|b|
2 3 m
(2; = eczdz ,9C3d3 ’.“’ecmdm

92

XYy !

933Y3"”’0:nyn |,m,,n22
. . g >0 L 07 - .
And according to the Equation (31), "%« — 7ab so if "% js the minimum value in

*

the QZ, then it also is the minimum value in the Q and the 2" minimum value of Oa )
M,

2 — A“ 2
Therefore Oors, = P corresponds to the # which is composed by the , the arc

X Kt

1 *
VeV, and the #e ,and T om . According to the Equation (34), the length of the

2
H s
L(4’)=a,+6Z,
Base on above analysis, we view Step 3.
2

The all minimum Oa, are found by using Step 3-1, which are all minimum values in

2
the QZ, and it ensures that all # can be found by using Steps 3-2~3-3.
In Step 3-2, according to the Equation (30),
Orp, =0+ Aoy, = A,
6" and the arc "% can be found based on above Equation. According to Step 1, o'

1 1
corresponds to the M thence the Ha; -t can be found.
min 1
Searching the Hsoz, by using Step 3-3 is similar to searching the # by using Step 1,
and the only difference is that Step 3 starts from the node Ve, , thence the Hs>2 can be
found by using Step 3-3.

2
Hence all # can be found by using Steps 2~3 of the algorithm.

k k+1
2) Assume all # are found by using Steps 3~5, now we prove that all #  can be
found by using Steps 3~5.

k+1 k
Step 4 is used to judge whether searching the #  or not after finding the # based on
k+1
actual requirements. This step is independent to the process of searching the # | thence
k+1

we can omit it when proving the correctness of the algorithm for searching the #

k k
i) For all the # can be found, we analyze the step of searching the # . Assume

=10} ,0° ,---,0°
9 { R X”y“}, then all the k™ minimum short feature parameters, the K +1t

minimum one, ... of the terminal node Vi are showed in a Q that
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j j+l oo
Hajbj ,eaﬁleA, ’ealtﬂ
p p+1 . m
g)k* _ ecpdp P Cpnlpy ! ’ecmdm
q g+1 ..on
H XqYq ' Xqia Y P X Yn

i
a

k
Assume all # are found based on

eajb

1 according to Step 3-1,

Vol.12, No.2 (2017)

j
i is the minimum

value in the Q , Which also is the minimum value in the Q and the k™ minimum value of

i 91
ab thence all short feature parameters bigger than " of the terminal node Vi are
showed in a <% that
j+1 j+2 I
ajabjy ! aj+2bj+2 o Ha|b|
p p+1 m
* 0‘3‘1 ! °p+1dp+1"“’ Cndim
g)k+1 -
q q+1 n
XqYq ' " Xqu1Yqe1 ' P X0 Yn
. . < hoo 0! .
The minimum value in the Qa is the K+1™ minimum value of "&b , and it

i+1

k+1
corresponds to the # . Because =~ %%:

equivalent to finding the minimum value in

9]
Therefore, after calculating "

j j+1
Step 5 that removing

p
c

ii) Assume the minimum value in the Qe i

= Oa , finding the minimum value in the Qe is
g%(+l = {ggjgi’ac:dp e 9)? 4Yq

3

i and 7 by using Step 3, we form a Qs by using
0] 6]
i fromthe <% and putting ~ " into the <% .

k+1

»!» then it corresponds to the H

k+1
based on 2)-i). According to the Equation (34), the length of the # s

L(4 )=, +67,
According to the Equation (31),

Hc:d - p 1dp 4 At d,
p-1 m
ap.b ,U : Vg Hs e
Assume ¢ corresponds to the , since the node °r locates on a 1 and
m — min m
Hooeys = Hsvers hased on the composition of the M we know that
Zﬂdpacp 1 A(y Z/’s% -1 Zﬂmp 1 AZ/ - O
According to the Equation (33)
ch = p 1dp 9 A; d,
- Z#cp 1t
- Z#dp%p 1 A(y Z/Uc _1ot Af; + Acg;dp
= Zydm . A<y + A: d
_Z‘um AW A:dp +Z‘udmpﬁ‘AZ/
min Af = 0 K+l min V.V
thereinto > "~ . Thence the # is composed by the Hsoeo the arc o %
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m
and the “&t
Base on above analysis, we view Step 3.
p

. o
All minimum ~%°

» are found from the $%- by using Step 3-1, and it ensures that all

k+1
M can be found by using Steps 3-2~3-3.

p-1 m
Because - and corresponding # are found based on the Equation (31) by using
Step 3-2, the Ha,-t can be found.

min 1
Heoe, by using Step 3-3 is similar to searching the # by using Step 1,
Vc min

», thence the Hsoa, can be

Searching the

and the only difference is that Step 3 start from the node
found by using Step 3-3.

k+1
Therefore, after forming the Qe by using Step 5, all #  can be found by using Step
3.
In summary, all the 2" shortest paths can be found by using Steps 2~3, and all the
3"~k™ shortest paths can be found by using Steps 3~5 repeatedly.
According to (1) and (2), the algorithm is correct.

5.2.3. Complexity of the Algorithm

Assume there are n nodes and m arcs in a connected graph, and according to the steps
of the algorithm except the step of computing the parameter & in Section 5.2.1, searching

the K+1" shortest path on the basis of the k™ shortest path by using the algorithm is

equivalent to considering each arc and its parameter A at most once, thence its

complexity is O(m) and the complexity of searching the k™ shortest path is O(km).

By combining with the complexity of computing the parameter ¢, we know that, for
the connected graph without cycle, the complexity of the algorithm in Section 5.2.1 for
searching the k™ shortest path is

O(m)+0O(km)=0(km)

For the connected graph with cycles but without negative length arc, the complexity of

the algorithm in Section 5.2.1 for searching the k™ shortest path is

O(m+nlogn), | -1

O(km), k>1

And for the connected graph with cycles and negative length arcs, the complexity of
the algorithm in Section 5.2.1 for searching the k™ shortest path is

O(mn)+O(km):{gEkmr:)): :Zt

O(m+n|ogn)+0(km)={

6. An Algorithm for Researching the k™ Longest Path

According to the algorithm and its principle in Section 5 for searching the k™ shortest
path in connected graph, we can design an algorithm for searching the k™ longest path by

using the longest path model that the parameters @ and A of each node and the

parameters A and A" of each arc. The longest path problem in the connect graph with
cycles is NP-hard, therefore we mainly consider the k™ shortest path in connected graph
without cycle in the section. Here we mainly design an algorithm by using the parameters

B and A”
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Similarly, in order to discourse the algorithm conveniently, we first propose concepts
and calculations of some new parameters, and then discourse the algorithm in detail.

6.1. A Long Feature Parameter of the Start Node of Connected Graph

A long feature parameter of the start node Vs of graph is defined as a value of the node
to an arc, and it is also named that the start node Vs has a long feature parameter to an arc.

(1) We mark the 1* rank long feature parameter of the start node Vs as ‘9'1, and define
its value as zero, that is

0" =0 (35)
(2) The 2™ rank long feature parameter of the start node Vs

If there is a path composed by arcs with the parameters A’ =0 and from the start node
'8
VV . o .
Vs to a node Vr, and the parameter ™ of anarc " P is not zero in hinder adjacent arcs

of the node Vr, then the start node Vs has the 2™ rank long feature parameter to the arc

A 67’ o
"'P . We mark the long feature parameter as ™, and define its value as

2 _ 1 B _ NS
0, =0"+A=A, (36)
(3) The k™ rank long feature parameter of the start node Vs,

rk-1
Assume the start node Vs has the K =11 rank long feature parameter ¢ to arc VeV ,

and K=2 if there is a path composed by arcs with the parameters A” =0 and from a
B
node Vi to Y , and the parameter A of an arc YoV is not zero in hinder adjacent arcs of

the node ' , then the start node Vs has the k™ rank long feature parameter to the arc Vol
rk

We mark the long feature parameter as 9", and define its value as

rk _ ork-1 15
0 =057 + A a7
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6.2. Description of the Algorithm

For finding the path with length 4 in a connected graph, we design an algorithm for
searching the k™ longest path.

1
Step 1. Search the 1% longest path # .
z

Step 1-1. Compute the parameter B of each node Vi and the parameter 'V of each
V.V
arc '),
Step 1-2. Find connected arcs with the parameters A’ =0 packward from the start
n o max L) =4
node Vs to the terminal node “t to get # =4 with the length (u")=F . This step
1
cannot be stopped repeating until no other new # .
Step 2. Form long feature sets 2 and QZI.
r_ B
Step 2-1. Form a Q _@, then compute the parameters ~ %* of all hinder adjacent arcs

Va, Vi 1 65 =N’ >0
%% of each node on the # | and get " 20 )

' 12 '
Step 2-2. Form a 2 by putting Oar, into the <%,
Step 3. Search the i'" (1=2) longest path 1

: . 6.’ /

Step 3-1. Find all minimum values ~*" from the Q,
. . . = A
Step 3-2. According to the Equation (37) (the Equation (36) if J_2), find b

'8
. m V.V, >0
(assume it correspondstoa # )andanarc % with the parameter Aaibl :

: v,
Step 3-3. Find connected arcs with the parameters A” =0 backward from the node ®

max : max
N Hi, e Va, Vo

to the terminal node “t to get a is composed by the , the arc % and
the Hsa, , and its length is
ny\_ pr /]
L(’u )_ﬁt _Hajbj (38)
Step 4. Check.
L(g")<A _L(u')>A
If (’u ) , stop; and if (’u ) , turn to Step 5.
Step 5. Form a long feature set Q',+1.
. . : V, Vo oo AP >0
Step 5-1. Find all hinder adjacent arcs “+ "= with the parameters *+"+ of each
rmax rj+1
node on the Foyt , and then compute %" by using the Equation (37),
rj+l :e'j _A'B

aj,1bj, ajh; jeabji
rj rj+l

’ 9 [ ’
Step 5-2. Form a O by removing %" from the O and putting "+ into the 2 :
then turn to Step 3.

Similarly note that the 1% longest path Hh= must be the longest path without
cycle in the graph.

The analysis on correctness of the algorithm is similar to the analysis on correctness of
the algorithm of “searching the k™ shortest path” in Section 5.2.2. And for the complexity

of the algorithm, similarly, except computing the parameter p of each node, the

O(km)

complexity of searching the k™ shortest path is . But by combining with the
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complexity of computing the parameter B , because there are differences between

computing the parameters B and @ according to Section 2, the total complexity of the
algorithm is also a little different to the complexity of the algorithm in Section 5.2.1. For
the connected graph without cycle, the complexity of the algorithm for searching the k"
longest path is
O(m)+0O(km)=0(km)
And for the connected graph with cycles, the complexity of the algorithm for searching
the k™ longest path is

O(mn)+0(km)={22kmr:)): :Zt

Similarly, we also can search the k™ longest path in a connected graph by using the

ra

1 V.V. R
parameter % of each node Vi and the parameter Y of eacharc "' !, and the detail steps
is similar to above algorithm.

7. Hlustration

Find all paths with lengths 500 from the graph in Figure 1.

Because the graph is complex, it is very difficult to research paths directly, and we
adopt the ideal that first simplifying the graph and then searching the required paths in the
simple graph.

(1) Simplify the connected graph.

The graph has no cycle, therefore we could simplify the problem based on the path
model in Section 2.1.

0

P

s
b
b
999
S

it
i

Figure 1. Example of a Connected Graph

Step 1. Mark the graph in Figure 1 as G. Because there is no cycle in the G, we can use

the algorithm in Section 2.1.1 to compute the parameters % and B, of each node i in
the G, as in Figure 2.
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19

Figure 2. Graph G

Compute the parameter Ni of each node Vi in the G, and remove nodes Vs, V7, Viz,
Vig Vig Vig Vau Vo5 Vao Vo Vag ang Var with N >A -0 :500—235:265, and also
remove their adjacent arcs. Then we obtain a graph Gy, as in Figure 3.

af
: VAV .
Step 2. Compute the parameter * "V of eacharc "''! in the G;. Because there is no arc
o — O, =2 _
with * Y > A= 65,we obtain a graph G, =G,
0
V) Vg 50 Vig 4 % 32

Figure 3. Graph G;

Step 3. Compute the parameters o and B of each node Vi in the G, by using the
algorithm in Section 2.1.2, as in Figure 4.
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(@] 155 210
[110] 155 195
2 v, 40 Vs 50 Vig 40 V2 60 Vg 60 Vi

Figure 4. Graph G,

Compute the parameter Ni of each node in the G,, and remove nodes V2, Vs, Ve, Vo
Vie Vis Voo Vot Vas Var ang Va with N, > agg —A=570-500="70

adjacent arcs. Then we obtain a graph Gg, as in Figure 5.

, and remove their

@]
4 510

[90] 150
100
0] 7 v, Vi 570
570

Figure 5. Graph G;

raf
. VAVARS
Step 4. Compute the parameter A of eacharc ' in the Gy, and remove arcs V4Vio |

. rap . —A=T70 . A
Vioie | VaaVas and VasVas with A > . Then we obtain a graph G, as in Figure

Figure 6. Graph G4

All paths with the lengths 500 in Figure 1 are also in Figure 6, thence we only need to
search these paths in Figure 6. Obviously, Figure 6 is much simpler than Figure 1.
(2) Search paths with the lengths 500.

A/
Vi'in Figure 6, and then search the k™ longest path by using the algorithm in Section 6.2.
1
1) Search the 1% longest path # .
Find connected arcs with the parameters A” =0 packward from the start node “1 to

Compute the parameter of each arc Wi by using the parameter Bl of each node
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max 1 max
the terminal node Y3 to geta # . Let # =4 that
M= 1T = VNG Vi VgV Vg Vg
and its length is
I—(ﬂd) =P =P+ 0" =570

L(x")=570>1=500 2
(«) , continue to search the 2™ longest path # .

12
2) Search the 2™ longest path # .
i) Forma =9
i) Because @ =0, in Figure 6, the parameters A” >0 of hinder adjacent arcs of each

Because

11 ’
node on the # is the 2™ rank long feature parameters of the start node Vi Forma % by

putting these parameters into the X that
= {05',210 =10, 91/12,16 =60, ‘9f72,22 =40, ‘92'5,34 = 70}

91'72,22 =40

iii) Find the minimum value from the 2 :

, i 12 1
iv) According to the Equation (36), find ¢ " which corresponds to 0.2 and # .
v) Find connected arcs with the parameters A’ =0 packward from the node V22 to the
max 12 max
terminal node V3 to get a #2238 =V22V2sVauVss  The # is composed by the #22-3 the

1
arc V22 and the 417, that is
ﬂé = V1V5V11V17V22V28V34V38
and its length is
L(/UIZ ) =P — ‘91’72,22 =530

L(4*)=530>2=500

13
Because , continue to search the 3" longest path # .

13
3) Search the 3" longest path # .

i) In Figure 6, find a hinder adjacent arc V2¥s with the parameter A” >0 of each

= VppVogVas Vg

node on the #2238 8, and compute by using the Equation (37) that

92’;33 = 01,72,22 + A2533 = 40 + 20 = 60 (39)
[ 9/2 , 0'3 63 ,
ii) Form a Q by removing %722 from the 2, and putting “283 and 48 into the Q.
q = {95'5_0 = 70! 91’12,16 = 60! 92'5134 = 70, 92,;33 = 60}

91,12,16 =60 ‘9£§,33 =60

iii) Find the minimum values and from the 2 .

, 2 n
iv) According to the Equation (36), find 0" which corresponds to O and # ; and
12 13 12
according to the Equation (39), find 02 which corresponds to Ors.33 and # .

12 ,
v) For 91146, find connected arcs with the parameters A” =0 hackward from the node
13

max
Vis to the terminal node 3 to get a #4638 =VieV2aVaeVasVas The 4 s composed by the

max 1
Hi6>38 the arc Visis and the M1 that is
/1,3 = V;V5V11VigVasVagVasVag
and its length is
L(,uls) =P — 91'12,16 =510
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3 ,
For %355 find connected arcs with the parameters A” =0 backward from the node

max _ 13 max
Va3 to the terminal node V3 to get a #3338 =VaVss The # is composed by the #43-3
12
the arc V28V33s and the #4-2s | that is
/1,3 =V VgV V7 Voo Vg VasVag
and its length is
L(/U'S) =P — 92'3,33 =510

L(4°)=510>1=500

14
Because , continue to search the 4™ longest path # .

4) Similarly, we can find the 4™ longest path /"4, that are
Y7 VAVAVARVAR VARVARVARVAN
AR AVAVA VAR VAR VAR VIR VAN
TR AVAVA VAR VARVAR VIR VAN
And their lengths are L(ﬂ’4) =500=4
Figure 1 that

. Thence, there are 3 paths with lengths 500 in

H =V VgVioVi7VosVogVasVag
H=V,V5V Vi VoaVogVa, Vg
H =V V5V ViV VogVa Vg

Therefore, after simplifying Figure 1 to Figure 6, all paths with required the lengths
500 in Figure 1 can be obtained only by searching the 4™ longest path in Figure 6.

8. Conclusion

As a core problem of the graph theory, the path problem is very important in theory
and practice. The shortest path problem is the most classic issue. But both of the shortest
and longest path problems are only special path problems, and there are many extended
problems of them in practice, such as the problem of searching path with required length,
and so on. Comparing with the shortest path problem and the longest path problem, these
path problems under general sense can be applied more widely, but they are also more
difficult. Especially in current and future circumstances, problems in practice will have
much larger scale and be much more complex. The path problem is also no exception,
when its scale is very large and the structure of a graph is very complex, it is difficult to
resolve effectively by using any algorithm, let alone those NP-hard problems. Thence the
main bottlenecks of solving the path problem effectively in practice are the large-scale,
high degree of difficulty and the resulting huge computation.

For overcoming the bottlenecks, we apply the idea of simplification to shrink scale of
problems under the precondition of not affecting final results, which can greatly reduce
the corresponding computation of using any algorithm to solve the problem. Aiming at
the path problem with required length in connected graph, the process of “first
simplifying and then solving” is used in this paper to solve the problem effectively, that
is, design a simple algorithm to simplify the problem and further design simple an
polynomial algorithm to search the k™ shortest or longest paths in a connected graph.

For designing simple algorithms to simplify and solve the path problem conveniently,
the shortest path models and the longest path models are first founded in this paper. On
one hand, simplification for the path problem with required length in connected graph is
actually to remove unnecessary paths. Although the unnecessary paths is much more than
the required paths, removing the former is much easier than searching the latter by using
the path models which are founded in this paper, thence the path problem can be
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simplified by using a very simple algorithm. On the other hand, for searching the path
with required length in connected graph, the complex relationships between paths in the
graph can be represented by using simple parameters of the path models, thence if
substituting paths and their lengths by these parameters, the paths with required lengths
can be found by using a simple algorithm to search the k™ shortest or longest paths.

Acknowledgments

The authors would like to acknowledge the Natural Science Foundation of Jiangxi
Provincial Department of Science and Technology in China (No. 20151BAB211015), and
the Humanities and Social Science Foundation for Universities affiliated of Jiangxi in
China (No. GL1591). The authors are grateful to the anonymous referee for a careful
scrutiny of details and for comments that helped improve this paper.

References

[1] T.H. Cormen, C. E. Leiserson, R. L. Rivest and C. Stein, “Introduction to Algorithms (3rd Edition)”,
The MIT Press, Cambridge, (2009).

[2] X. M. Li, J. X. Qi and Z. X. Su, “Free float theorem and algorithm of seeking the k-th order critical
path”, Journal of Management Science in China, vol. 12, no. 2, (2009), pp. 98-104.

[3] J. X.Qi, L. H. Zhang and X. M. Li, “Properties and Applications of Time floats in Network Planning
Management”, Science Press, Inc., Beijing, (2009).

[4] Z. X.Su, J. X. Qi, and H. Y. Wei, “Solving the kth shortest path problem in directional connected
graphs without loops”, Journal of Systems & Management.

[5] K. I. Kawarabayashi and Y. Kobayashi, “A linear time algorithm for the induced disjoint paths problem
in planar graphs”, Journal of Computer and System Sciences, vol. 78, no. 2, (2012), pp. 670-680.

[6] M. A. Bolivar, L. Lozano and A. L. Medaglia, “Acceleration strategies for the weight constrained
shortest path problem with replenishment”, Optimization Letters, vol. 8, no. 8, (2014), pp. 2155-2172.

[7]1 S. Mokarami and S. Mehdi Hashemi, “Constrained shortest path with uncertain transit times”, Journal of
Global Optimization, vol. 63, no. 1, (2015), pp. 149-163.

[8] J. Fiala, M. Kaminski, B. Lidicky and D. Paulusma, “The k-in-a-path problem for claw-free graphs”,
Algorithmica, vol. 62, no. 1-2, (2012), pp. 499-519.

[91 H. L. Bodlaender, B. M. P. Jansen and S. Kratsch, “Kernel bounds for path and cycle problems”,
Theoretical Computer Science, vol. 511, (2013), pp. 117-136.

[10] B. L. Fox, “Calculating kth shortest paths”, INFOR—Canad. J. Operational Res. and Information
Processing, vol. 11, (1973), pp. 66-70.

[11] B. L. Fox, “More on kth shortest path”, Communications of ACM, vol. 18, no. 5, (1975), pp. 279-279.

[12] B. L. Fox, “K-th shortest paths and applications to probabilistic networks”, Operations Research, vol.
23, (1975), pp. B263.

[13] B. Andrés and K. Péter, “Determining the kth shortest path by the matrix method”, Szigma---Mat.-
Kdzgazdaségi Folyoirat, vol. 10, no. 1-2, (1977), pp. 61-67.

[14] 1. Lari, F. Ricca and A. Scozzari, “Comparing different metaheuristic approaches for the median path
problem with bounded length™, European Journal of Operational Research, vol. 190, no. 3, (2008), pp.
587- 597.

[15] S. K. Kim, “Linear-time algorithm for the length-constrained heaviest path problem in a tree with
uniform edge lengths”, IEICE Transactions on Information and Systems, vol. E96-D(3), (2013), pp.
498-501.

[16] B.Y.Wu, “A simpler and more efficient algorithm for the next-to-shortest path problem”, Algorithmica,
vol. 65, (2013), pp 467-479.

[17] L. Wang, “Research on an improved quantum particle swarm optimization and its application”,
International Journal of Multimedia and Ubiquitous Engineering, vol. 11, no. 2, (2016), pp. 121-131.

[18] D. X. Feng, “Research on track and field training system based on network technology”, International
Journal of Multimedia and Ubiquitous Engineering, vol. 11, no. 1, (2016), pp. 407-416.

[19] Y. Lirov, “K-th shortest collision-free path planning”, Applied Mathematics Letters, vol. 1 no. 1, (1988),
pp. 61-64.

[20] M. Hiroshi, “A new kth-shortest path algorithm”, IEICE Trans. Inf. & Syst., vol. E76-D(3), (1993), pp.
388-389.

[21] Y. L. Chen and W. Tang, “Finding the Kth shortest path in a time-scheduling network”, Naval Research
Logistics, vol. 52, (2005), pp. 93-102.

[22] J. Li, S. F. Liu, Y. Y. Ren, Y. B. Jia and H. Y. Shang, “An improved Bellman algorithm for the kth
shortest path problem”, Mathematics in Practice and Theory, vol. 36, no. 1, (2006), pp. 215-219.

[23] S. Gao, F. Liu and Y. Y. Duan, “A Kth shortest path algorithm implemented with bi-directional search”,

66 Copyright © 2017 SERSC



International Journal of Multimedia and Ubiquitous Engineering
Vol.12, No.2 (2017)

Geomatics and Information Science of Wuhan University, vol. 33, no. 4, (2008), pp. 418-421.

M. M. B. Pascoal and A. Sedeno-Noda, “Enumerating k best paths in length order in DAGs”, European
Journal of Operational Research, vol. 221, no. 2, (2012), 308-316.

M. Jiang, Y. K. Chen, Y. C. Zhang, L. Chen, N. Zhang, T. Huang, Y. D. Cai and X. Y. Kong,
“Identification of hepatocellular carcinoma related genes with k-th shortest paths in a protein-protein
interaction network”, Molecular BioSystems, vol. 9, no. 11, (2013), pp. 2720-2728.

G. S. Liu, Z. Qiu, H. Qu and L. P. Ji, “Computing k shortest paths using modified pulse-coupled neural
network™, Neurocomputing, vol. 149, no. Part C, (2015), pp. 1162-1176.

S. N. Antonio and A. R. Sergio, “An enhanced K-SP algorithm with pruning strategies to solve the
constrained shortest path problem”, Applied Mathematics and Computation, vol. 265, (2015), pp. 602-
618.

Z. X. Su, J. X. Qiand H. Y. Wei, “Simplifying the path problem with desired bounded lengths in acyclic
networks”, Journal of Systems Science and Systems Engineering, vol. 24, no. 4, (2015), pp. 500-519.

Authors

Zhi-xiong Su, is a lecturer at Nanchang Institute of Technology,
China. Dr. Zhi-xiong Su received his bachelor's degree in industrial
engineering from Tianjin University in 2005. H received his master's
degree and PH.D. degrees in Technical Economic and Management
Science from North China Electric Power University in 2008 and
2014, respectively. Since 2014, he has been an lecturer, in Nanchang
Institute of Technology, China. His research interests include
network planning technology, project scheduling, optimization, and
software algorithm design. Dr. Su is a member of Chinese Society of
Optimization, Overall Planning and Economical Mathematics and
Operations Research Society of China.

Han-ying Wei, is a lecturer at Nanchang Institute of Technology,
and an economist at Jiangxi Nuclear Power Corporation, China. M.A.
Han-ying Wei received his bachelor's degree and master's degree in
Technical Economic and Management Science from North China
Electric Power University in 2007 and 2010, respectively. She joined
Jiangxi Nuclear Power Corporation in 2010, and left the corporation
and joined Nanchang Institute of Technology in 2014. Her research
interests include Management Science, project scheduling, software
algorithm design, and Finance.

Xue-min Yu, is a college student in the School of Government,
Beijing Normal University, China. Her research interests include
Mathematics Modeling and software algorithm design.

Copyright © 2017 SERSC 67



International Journal of Multimedia and Ubiquitous Engineering
Vol.12, No.2 (2017)

68 Copyright © 2017 SERSC



