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Abstract 

Fluid animation has always been one of the most interesting and challenging projects. 

Fluid simulation based on physical methods can get vivid result. With its unparallel 

advantage of simulating incompressible fluid, vortex method is one of the most efficient 

methods. This paper mainly introduces the classification of vortex methods, draws a 

conclusion of previous study of vortex methods and makes a comparison between them. 
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1. Introduction 

In recent years, physically-based fluid animation has been an interesting project. 

Bridson [1] made a comprehensive introduction about fluid animation simulation methods 

in his book. Grid-based and particle-based methods can make vivid fluid effect, but 

tremendous computational complexity makes fluid real-time simulation extremely 

difficult. In order to obtain real-time display, grid resolution is reduced or computational 

complexity is diminished, which gives rise to substantial loss of fluid detail. Thus the 

adding noise method is put forward to make up for the missing fluid detail, which can 

improve the visual effect and simulate rich whirlpool and turbulent flow to some extent. 

However, the random quality of noise method does not correspond with fluid mechanics. 

Therefore, it is not easy to simulate vivid whirlpool and turbulent flow effect. 

Vortex movement is a common but the most important fluid way of movement. It has 

always been one of the most challenging projects in the field of fluid mechanics, 

engineering application and fluid animation. Vortex N-S equation can control fluid 

movement, but due to its non-lineal property, data solution is used to gain approximate 

solution under most circumstances. Vortex method has its appealing advantage in 

computational efficiency and visual effect. Since Angelidis [2] used vortex method to 

simulate smoke for the first time, vortex-based fluid simulation has gradually become 

popular in animation filed. Even though vortex method is widely-used in fluid mechanics, 

the complexity of its theory and the limit of its application hinder the development of 

vortex-based fluid simulation. At present, vortex method is commonly-used to simulate 

incompressible fluid phenomenon. For a long time, researchers have tried to apply vortex 

method to compressible fluid, but few made convincing result. This paper mainly 

introduces certain vortex methods that are used to simulate fluid, makes comparison 

between them and draws a conclusion about previous vortex method study. 

 

2. Mathematical Expression of Vortex Method 

Given a velocity ( , ) ( , , )u x t u v w  in three-dimensional space, angular velocity   in 

this velocity can be expressed in the following form 

                                                           
*
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Vorticity is twice the amount of angular velocity, that is  

 ( , ) 2 ( , ) ( , )x t x t u x t       (2) 

At present there is only one equation, the famous Navier-Stokes, which can express 

all kinds of fluid. The Euler equation of Navier-Stokes is the following: 

  
2u p

u u u f
t




 
      


 (3) 

 0u    (4) 

Among which, ( , , )u u v w represents velocity, p stands for pressure,  for velocity, f 

for exterior force (such as buoyancy, gravity, vortex restraining force etc.). The method of 

calculating vortex restraining force is the solution of rotation in velocity field: u    , 

the method of calculating vortex normal is | | / | | ||N     . 

Use the two sides of equation to get rotation then reach the vortex method controlling 

equation: 

  
2

( )u u f
t
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among which, ( )u    is vortex advection term, ( )u   is the stretching and transforming 

of vortex. Using Lagrangian way of expression is as follows:  

 2
( )

D
u f

D t


           (6) 

 

2.1. Biot-Savart's Law 

In the vortex-based fluid simulation, the updating of velocity field is realized through 

vortex function, that is, the same point might be influenced by one or more vortex, the 

closer vortex is, the greater the influence. Biot-Savart’s Law is used to calculate the 

impact that vortex has on the velocity of each point. Biot-Savart’s Law is originally used 

to get the solution of magnetic field strength, here it is used to approximate fluid velocity, 

according to (2), velocity is solved from vorticity as follows: 

 3
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   (7) 

among which, r represents the distance that the present particle is to vortex center. 

Equation (7) can get the velocity of each point in vorticity field approximately. 

 

2.2. Helmholtz Velocity Decomposing Theorem 

Helmholtz velocity decomposing theorem implies that a vector field can be resolved 

into the sum of a gradient vector field and a solenoidal vector field. That is 

 u A       (8) 

among which,   is irrotational gradient field, A  is divergence-free solenoidal vector 

field, A is as follows: 

 31 ' ( ')
( ) '

4 '

u r
A r d r

r r

 



  (9) 

If u represents velocity, then ' ( ')u r  indicates Vorticity  . For any  , there 

is ( ) 0    , therefore, from the two sides of equation (8) can get: 

 2
( ) ( )A A A             (10) 
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Vortex-based fluid simulation has the following advantages: For one, the description of 

vorticity field is more vivid than velocity field, especially in complex or fast-changing 

field. For another, vortex is mainly concentrated on the object surface and bubble wake, 

so vorticity field is more efficient than velocity field. Finally, since using vortex method 

to calculate translational item does not need to use the grid to discrete, there is no data 

dissipation in calculation. 

 

3. Classification of Vortex Method 
 

3.1. Vortex Restriction Method 

For incompressible fluid, traditional method often has data dissipation disadvantage. If 

grid resolution is not high enough, details of simulated fluid will be lost, such as swirl and 

tumbling effects. In order to solve this problem, Fedkiw [3] put forward vortex restriction 

method [3], which can retrieve lost details of simulated fluid. The fundamental idea of 

vortex restriction method is adding a diffusion term in momentum equation, as illustrated 

in: (11) 

  
2u p

u u u f s
t

 


 
       


 (11) 

Among which, s indicates restriction item,  is control parameter. s consists of two 

parts, one is the vector pointing to vortex centre and the other is a scalar.  

Vortex restriction method can amplify the effect of blurred fluid and create vivid 

simulation. However, this kind of method can only amplify existing vortex without 

adding any new vortex, in other words, if detailed effect is obscure, there is nothing 

vortex restriction can do about restoration and amplification. Meanwhile, vortex 

restriction method also brings a new issue--energy dissipation, which makes the whole 

simulation process dissatisfy the law of conservation of energy. The intensity of vortex 

restriction  needs to be set, if value of  is too small, fluid details cannot be on full 

display. If value of  is too large, simulation result won’t be real, as illustrated in 

reference [4]. So He [5] improved traditional vortex restriction method and put forward 

self-adaptive vortex restriction method, which is about the changing of vortex restriction 

intensity according to spiral degree instead of being set by a human being.  

Vortex restriction method can make up the detail loss caused by data dissipation, 

however, this method can only amplify the existing vortex without adding new vortex, 

and therefore it is at wit’s end to simulate such fluid phenomenon with swirl and tumbling 

effects as explosion and torrent. Because the simulation process will lose tremendous 

fluid details, using vortex restriction method cannot retrieve all the lost details, it can only 

amplify part of them. Another way to add new detail is to add noise in simulated fluid, 

though it can create rich swirling effect, the visual effect is not real due to its violation of 

fluid dynamics theory. 

 

3.2. Vortex Particle Method 

In order to offset the shortcomings of vortex restriction method and noise method, Sell 

[4] introduced vortex particle method. Vortex particle method is a comprehensive 

approach, which can be applied to Lagrangian particle and Euler grid, so it compensates 

the imperfection of pure Euler and pure Lagrangian method. Vortex particle method suits 

best to the simulation of incompressible fluid with rich swirl and tumbling effect. 

However, if the Lagrangian particle method is used to calculate velocity field, then 

particle velocity field needs to be recreated, huge amount of calculation is needed as well. 

Therefore, Sell used grid-based method to calculate particle velocity field to avoid the 

large amount of calculation, and used vortex restriction to realize trivial fluid detail. 

Vortex restriction method that Sell used requires the setting of vortex confinement factor, 

a factor that is too small or too big will influence the vividness of simulation. At the same 
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time, if the diameter of vortex particle is too big, the vortex restriction factor choosing 

might be wrong which will result in infidelity. In order to solve this problem, He [6] put 

forward self-adaptive vortex particle method, which is about the automatic match in the 

influenced area with the particle velocity. If the velocity is zero, then delete the particle. 

This way vividness of simulation is enhanced, amount of calculation is reduced 

tremendously as well. Mullen [7] introduced a whole Euler method that is completely 

independent of time and space resolution, which solved grid-based data dissipation and 

could calculate particle velocity on a rough grid without undermining visual quality of 

fluid simulation. 

 

   

Figure 1. Fedkiw Simulated 
Smoke 

Figure 2. Sheng Feng He Self-adaptive 
Simulated Smoke 

Particle-based methods have one common characteristic, that is, the more the particle, 

the less the simulation speed. So Park [8] used part of the vortex as fundamental element, 

used this element to describe the whole fluid movement. Though concentrating on 

calculating part of the vortex, calculation is simpler. The complexity of calculation is only 

0 (N log N). Kim [9] introduced path control method, used set path to lead particle 

movement. However, these two methods cannot calculate the exact interaction between 

vortex and movement pattern of the particle. Thus the visual quality is affected. Another 

way to speed up simulation velocity is the hardware acceleration, such as GPU [10]. 

Vortex particle method is often based on Kolmogorov theory, so it suits the simulation 

of gaseous fluid like smoke instead of liquid fluid. Jang [11] introduced display separation 

method to replace Kolmogorov theory, which simulates water with turbulence effect. 

Coquerelle [12] combined vortex-based method with planar set method and the immersed 

boundary method to simulate the interaction between two liquid and rigid body. Using 

Vortex method to simulate two-way flow has incomparable advantage, especially the 

interaction between liquid and rigid body. Vortex method can easily simulate surface on 

rigid body and swirl in wake flow. Lee [13] used vortex particle method to simulate 

bubble in water from bottom to surface. 

Vortex particle method can simulate vivid fluid phenomenon, such as smoke, 

explosion, torrent etc. However, there is no fluid simulation that suits everything; for 

certain fluid phenomenon such as small smoke, vortex particle is relatively lame. 
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Figure 3. Selle Simulated Water Figure 4. Selle Simulated Smog 

3.3. Vortex Filament Method 

From naked eyes, some fluid phenomena in nature are complicated without any rules, 

others can be observed with regularity beneath their complex appearance, such as 

cigarette smoke and tobacco. For the latter, vortex particle based method might find it 

hard to simulate smooth tobacco and cigarette smoke. So Angelidis [2] introduced vortex 

filament method to simulate the above-mentioned smog. Vortex filament method can be 

treated as the improvement of vortex particle method. It is different from vortex particle 

method in that the particle of vortex filament is interrelated to one another, which reduces 

large amount of repeated calculation for regridation or mesh refinement. Since the 

position of particle at any time must be marked, adding a new particle to two adjacent 

particles is very convenient. Each vortex line is a vorticity field concentrated on a curve. 

This vorticity field is either closed or extends to infinity along tangent of the curve. The 

size of it is vortex throughput of the intersecting surface of the ends of closed curve. We 

can treat vortex particle collection as a tubular structure whole. Vortex particle can ensure 

the non divergence quality of velocity field, but not the non divergence quality of 

vorticity field. Vortex filament can do the both. What’s more, vortex filament is a very 

convenient structure, which flows with fluid without division, fusion or disappearance. 

Since circulation amount won’t be changed, we only need to follow the shape of vortex 

filament, which reduces the amount of calculation as well.  

The main parts of vortex are vortex filament and vortex circulation, which Angelidis 

mainly simulated of smog. Velocity is the calculation of vortex filament, which is 

approximated by Biot-Savart law. However, this can only simulate some characteristics of 

smog, such as vortex filament and vortex circulation, instead of a holistic view of smog 

particle movement. Therefore, Angelidis [14] added harmonic analysis and main 

component analysis to define fluid flow, which achieved good visual effect and made 

calculation amount increase with the number of particle.  

In order to get more vivid fluid effect, fluid mechanics equation is required to describe 

fluid particle movement, which undoubtedly boosts calculation amount. So Weißmann 

[15-16] and Pinkall [17] used polygon to approximate vortex circulation. In vortex 

filament based fluid simulation, fluid movement is driven by vortex filament, which is 

similar to lagrangian method, the difference of which only lies in the object of 

calculation-vortex filament instead of a single particle. Any single vortex filament can 

influence velocity field in space, the solution of velocity needs huge amount of 

calculation. So Barnat [18] introduced a structure made of many vortex filaments and 

defined a new connection standard, which joins the adjacent vortex filament rings and 

made them a whole. Thus the amount of calculation brought by the influence that vortex 

filament has on other position has been reduced. 

In order to speed up calculation, rendering method needs to be refined. One way is the 

use of GPU, which requires specific hardware condition. The other way is to minimize the 

number of vortex filament [18-19] without impairing visual effect or realize LOD 

animation [2] through one level vortex filament structure. 
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Even though vortex filament method can simulate vivid fluid phenomenon with good 

expansion quality, computational efficiency of it still needs to be improved. Particle 

movement in smog is driven by vortex filament, that is, it is affected by many vortex 

filaments at the same point. The more the vortex filament is, the larger the amount of 

calculation is.  

 

4. Comparison between Different Vortex Methods 

The biggest advantage that vortex-based simulation has is the simulation of 

incompressible fluid with vivid turbulence, swirl and tumbling effect. Table 1 illustrates 

some differences between the three methods. From Table 1 we can see, vortex restriction 

method can simulate rich details, but it can only amplify existing vortex instead of adding 

new ones, thus it can only get obscure result when fluid details lose too many. Vortex 

particle method and vortex filament method can both get more vivid fluid effect. Vortex 

particle can ensure the non-divergence of velocity field but not the vortex field. However, 

vortex filament method can do both. Vortex filament is a convenient structure, filament 

can move with fluid without division, fusion or disappearance. The circulation of vortex 

won’t be changed, so we only need to follow the shape of vortex filament. 

Table 1. Comparison between Different Vortex Methods 

 Fundamental Principle 
whether can 

add new detail 

power source that 

drives fluid unit 

movement 

the part that requires 

the largest amount of 

calculation  

Vortex 

Restrictio

n Method 

retrieve detail loss caused 

by data dissipation and 

amplify these details 

No, can only 

amplify 

existing detail 

energy of particle 

itself 
uncertain 

Vortex 

Particle 

Method 

2

( ) ( )
t

u u

f

  



     

    

 

Yes Vortex 

calculate the impact 

that vortex has on 

velocity in space area 

Vortex 

Filament 

Method 

2

( ) ( )
t

u u

f

  



     

    

 

Yes Vortex Filament 

calculate the impact 

that vortex filament 

has on velocity in 

space area 

 

5. Research Tendency and Future Direction 
 

5.1. Efficient Space Division Method 

In vortex-based fluid simulation, the power that drives fluid unit movement is vortex or 

vortex filament, etc. So the updating of velocity field in space is through calculating the 

interaction of vortex or vortex filament between velocity fields. That is to say, any 

position in velocity field might be affected by vortices or vortex filament. For any 

position, if we calculate the interaction of all the vortices to it, the complexity of 

calculation is 0 (N2). When the number of vortex or vortex filament is too big, the amount 

of calculation is enormous. Treating all the vortices as a whole might be one solution, 

however, it will reduce the precision of calculation, and thus the visual effect is 

undermined. In order to reduce the amount of calculation, we can use certain grid, such as 

octree grid [20] etc. 

 

5.2. Using Hardware to Accelerate 

Physics-based fluid simulation requires large amount of calculation. Luckily we can 

use certain excellent graphics hardware to realize parallel computing, such as GPU. With 
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the development of computer hardware, a majority of or even all the calculation can be 

handled by GPU. Vortex-based fluid simulation can also use GPU to accelerate. 

Rossinelli [10] used GPU to deal with the part of regridation and got precise real-time 

simulation of vortex effect. Vortex-based fluid simulation has its incomparable advantage 

of simulating the combination of fluid and rigid body with rich swirling effect. Since its 

calculation space is open, the management of boundary condition is more complicated. So 

we can consider using GPU to deal with the boundary condition, as in reference [20]. 

 

5.3. Mixed Methods 

Traditional physics-based fluid simulation finds it hard to simulate rich turbulence and 

swirl effect. To combine vortex method with other ways, as an auxiliary method to add 

fluid details, is a solution, such as the combination of SPH method with vortex method 

[21], which can make up for the weaknesses of both sides and add rich fluid details as 

well. 

 

5.4. Model Degradation 

Theoretically, physics-based fluid simulation can simulate the exact fluid phenomenon 

in nature. However, due to the complexity of fluid movement and restriction of computer 

hardware, we can only get an approximate effect. The degradation of fluid model can 

obviously reduce the amount of calculation. Treuille [22] first used a precise non real-

time solution to generate a series of fluid model with high precision, used simulation 

result as basic function of low dimensional subspace, then solved fluid control equation in 

low dimensional subspace. That is, to project a high dimensional question to low 

dimensional subspace and solve it in low dimensional subspace. 

 

6. Conclusions 

This paper introduces the basic concept and classification of vortex method, draws a 

conclusion about previous studies and makes comparison between them. This paper aims 

to give a reference about vortex method, usher beginners into the latest development 

without wasting time on huge amounts of literature. 

When it comes to the simulation of incompressible fluid phenomenon, Vortex-based 

method has its incomparable advantages such as computational accuracy, complicated 

boundary condition, and direct simulation of Navier-Stokes method, which can simulate 

rich fluid detail with high computational efficiency. However, present vortex method 

mainly works for incompressible fluid phenomenon, gaseous fluid like smog, which 

cannot be applied widely. This is because the arithmetic is mainly based on Kolmogorov 

theory, which does not suit the simulation of liquid fluid vortices. In the field of fluid 

mechanics, vortex method for compressible fluid is still at research stage. At present, the 

only vortex method that can be used for incompressible fluid is expansion vortex method, 

but this method has not been applied in the field of computer graphics. In future we hope 

to make full use of vortex method, using it to the simulation of various fluid phenomena.  

 

 

Figure 5. Weißmann Vortex Filament based Smog 
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