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Abstract

To solve the automorphism group of a graph is a fundamental problem in graph theory.
Moreover, it usually is an essential process for graph isomorphism testing. At present,
because existing algorithms ordinarily cannot efficiently compute the automorphism group of
a graph, ones cannot entirely resolve the graph isomorphism problem. To calculate the
automorphism group of a weighted graph, first, briefly review the history of automorphism.
Second, introduce the concept of eigenvalue partition. Third, using algebraic methods,
examine not only the relationships between the diagonal form of an adjacency matrix and its
eigenvalues and eigenvectors, but also the relationships between its eigenvalues and
eigenvectors and the automorphism group. Furthermore, prove Theorem 2 to 8. In addition,
propose Conjecture 1 and three open problems. By these theorems, present a novel method to
resolve the automorphism group of a weighted graph. If a graph has no duplicate eigenvalues
and Conjecture 1 is true, it can determine the automorphism group of a weighted graph in
polynomial time by the method. Although this method has certain limitations and needs
improvements, it is theoretically a necessary complement to solve the automorphism group.
Finally, it shows the close relationships that exist between an orthogonal matrix and a
permutation matrix, also an orthogonal matrix and an automorphism.

Keywords: Automorphism group, Eigenvalue partition, Adjacency matrix, Eigenvalue,
Eigenvector

1. Introduction

1.1. The Automorphism Group of a Graph

To determine whether or not two directed or undirected weighted graphs are isomorphic is
a fundamental problem in graph theory. Currently, the main problem encountered in the
isomorphism study is: When testing isomorphism of graphs, ones sometimes come across
some graphs whose structure is so terribly complicated that it contains a large number of
automorphisms [1-6]. However, to compute all automorphisms is a difficult task that has
exponential time complexity. Through long-term research, ones already know that computing
all automorphisms also belongs to the NP class. Similar to graph isomorphism testing, until
now, ones do not know whether there is a polynomial algorithm and whether it is a
NP—complete problem [7] such that the efficiency of the algorithms is low. [8] provided the
upper bound of the rank of the automorphism group for a simple graph. Nagoya and Toda[9]
realized that the time complexities, finding the orbit of even if a node in an automorphism
group and finding a non-trivial automorphism group, are exactly the same. Furthermore,
Nagoya and Toda [10] examined the time complexity to compute an automorphism group. In
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many situations, there may exist many complex automorphisms such that to determine
whether two graphs are isomorphic would become difficult.

Although the existences of automorphisms bring about an impediment to research
isomorphism problem, it also highlights the importance to research automorphism. Thus, it
follows that in order fully to resolve the isomorphism problem, must first carefully examine
the automorphism problem.

Automorphism essentially reflects the symmetry properties of a graph. In the early stage of
the study, because people were not aware of the symmetrical structure that the graph may
contain, or even if realized, also failed to attract enough attention, coupled with the
automorphism and the isomorphism problem are the equally difficult problems, leading to the
algorithms cannot efficiently solve the automorphism group[11, 12] and running time was
long. Finally, the algorithms cannot deal with the graphs with no more than thousands of
nodes, or even no more than one hundred.

Finding the automorphism and the symmetric structure of a graph have many practical
applications. Turcat and Verdillon[13] used the automorphism to reduce the test cases that
people use testing integrated circuit design. [14] used an automorphism algorithm to calculate
the maximum symmetric set that a circuit implies. In order to calculate the fastest mixing
Markov chain of a graph, [15] also exploited the potential symmetry of agraph. In addition to,
ones can use spring algorithms to display symmetric properties of graphs. Eades and Lin[16]
provided comprehensive theoretical evidence that many spring algorithms can show graph
symmetry. [17] proposed a new algorithm to determine the symmetric structure that a large,
sparse graph may contain. Recently, [18] developed a novel approach to canonical labeling
where symmetries can be found first and then used to speed up the canonical labeling
algorithms. Much open-source software, such as Nauty[1, 2, 4], Bliss[19, 20] and Saucy3[17,
18, 21, 22], this aspect of performance is particularly remarkable. As well, Nauty, bliss, and
Saucy3 all explored more deeply the nature of the automorphism.

Perhaps Nauty is the most popular and practical tools for looking an automorphism group
and canonical forms of a graph. It has almost become the industry standard used to calculate
the canonical label, as well as the automorphism group. Much general-purpose mathematics
software has adopted it. Nauty iteratively refines partitioning nodes until place the nodes that
have the same properties into an automorphism orbit. Accompanied partition refinement
becomes more and smaller. Finally, it will automatically create the canonical label. As a
result, only to ascertain whether the canonical label of two graphs are the same, it can decide
whether they are isomorphic. Nauty is more effective than Ullmann[11] algorithm. At the
same time, Nauty also is one of the earliest software tools that can calculate the canonical
label of a graph.

If encountering a sparse graph, the performances of Bliss and Saucy3 are better than
Nauty. They also all can compute the canonical form of a graph. For graph automorphism, the
current Saucy3 is optimal. In a few seconds, Saucy3 can find the symmetric structure as a
graph with millions of nodes.

T.Miyazaki[23] analyzed the algorithm of Nauty how to calculate the canonical forms of a
graph and estimates the time complexity of Nauty to calculate the automorphism group.
T.Miyazaki found that when faced with a series Miyazaki graph, Nauty also requires the
exponential time calculating. Tener and Deo[24] made improvements for solving the
problem. To fix the glitch of Nauty, Traces[25] used the strategy of breadth-first search to
find the automorphism group and the Canonical Labeling. When detecting an automorphism,
Traces adopted the algorithm of Schreier-Sims[26], which integrated the software program
developed by Leon[27].

Given a finite group X, many articles theoretically have discussed whether there is a graph
G whose automorphism group Aut (¢) is isomorphic to the [X. Frucht theorem[28] is a
famous theorem in algebraic graph theory, which indicates that given a finite group A, there

must exist an undirected graph ¢ whose automorphism group Aut (&) is isomorphic to the
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X . Babai[29] extended Frucht theorem to the digraph and showed that given a finite group X,
there must exist a digraph ¢ whose automorphism group Aut (&) is isomorphous to the X.
Finally, Babai[30] offered a supplementation of Frucht theorem. Aszl o Babai[31] carefully
considered not only isomorphism, yet automorphism group, but also reconstruction of a
graph.

Often there are many symmetric structures in a regular graph. Spielman[32] presented a
way to test two strongly regular graph whether isomorphic each other. In order to find out the
automorphism group of a graph, [33] discussed the relationship between the automorphism
partitioning of all nodes of a graph and the automorphism group. Moreover, based on the
automorphism partitioning of the nodes, they constructed an algorithm for computing the
automorphism group. Recently, Presa[34] introduced the concept of orbit partition to
calculate the automorphism group.

Many literatures, including Godsil[35], Siemons [36], and Bohanec and Perdih [37] also
examined the automorphism group. A.Torgasevep[38] researched the automorphism group of
an infinite graph. [39] provided a method for computing the rank of the automorphism group
of a graph.

To calculate the automorphism group of a graph, experts in this field used a variety of
methods. The problem of detecting the automorphism group of a graph ¢ can be converted
into the problem of computing the maximum clique (MC) of the association graph of the
graph G . Jain and Wysotzki[40] used the neural network approach to solve automorphism
partitioning. At the same time, they introduced the concept of the association group. Thus,
they changed the problem, seeking the automorphism group, into finding the maximum clique
(MC) of the association graph. Buch and Jijnger[41] started from the concept of the branches
and the cut to study symmetry of a graph and provided a detailed description of an
automorphism algorithm. Gilani and Faghani[42] considered the automorphism group of a
weighted graph. Manjunath and Sharma[43] transformed one graph into a simplex, and by
means of the simplex studied the isomorphism problem. As a result, they drew the conclusion
that two graphs are isomorphic if and only if the two simplex congruent under isometric map.
Finally, they represented an exponential time algorithm to compute the automorphisms of a
graph.

Babai[44] also examined the close connection between an automorphism and the spectra of
a graph. Teranishi[45] studied the algebraic relationship between the automorphism group
and the adjacency matrix and derives the lower bound of the order of the automorphism
group. Subsequently, Teranishi[46] also demonstrated the relationship between an
automorphism and the eigenvalues. Ruecker G and Ruecker C[47] used the method of matrix-
power to explore symmetry of a graph.

[48] proposed the concept of cellular algebra to study the isomorphism problem, and came
to the conclusion that the time interval needed between determining two graphs whether
isomorphism and finding the orbits of the automorphism group of a graph is polynomial.

[49] provided a function that can calculate the upper bound for the automorphism group of
a graph of rank n and diameter @ . Further they represented the corresponding graph that can
capture the upper bound. [50] discussed the relationship between the automorphism group of
a graph and the automorphism group of the vertex—deleted subgraphs, yet the edge—deleted
subgraphs. The computation of the automorphism group exponential grows as the rank of a
graph increases.

1.2. The Problems in the Automorphism Research

To solve an automorphism group of a graph that contains certain symmetric structure,
many algorithms assign all nodes with certain common attributes into a same orbit. Finally, so
divides all nodes of a graph into a number of different orbits of the automorphism group.

When partitioning the nodes into their respective orbits, a critical step usually is to
examine the attributes of all nodes in the 4 neighborhood of a node. The 4 neighborhood of
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a node comprises all nodes, each of which to the distance of the node is < 4 . Another critical
step usually is to compare the attributes of all nodes in the 4 neighborhood of two nodes. If
all relevant attributes of the & neighborhoods of two nodes are identical, then ones put the
two nodes into a same orbit. In view of this, when placing a node into an orbit, ones often
have to take advantage of the local properties of the node.

[51] showed that if the multiplicities of eigenvalues of a given graph are bounded by a
constant, then the generators of the automorphism group of the graph can be computed in
polynomial time. Although they provided the corresponding proof for their claims, they did
not detail how to implement their method. Their ideas are less consistent with the result
showed by the examples 1 and 2. Based on current knowledge, it also is unknown whether
there exists an algorithm that can use the eigenvalue partition to compute the automorphism
group of a weighted graph.

In special circumstances, because the structure of a graph can be extraordinarily
complicated, it cannot be completed that one only relies on the understanding of all local
properties of a node to want to divide the node into which class. As a result, when ones
partition nodes, it may not be enough only to compare relevant attributes of the 4
neighborhoods of two nodes. Ones had to expand the scope of the search from the &
neighborhood to the 4 + 1 neighborhood. Occasionally, ones need to compare relevant
attributes of all nodes of the graph. Accordingly, ones need to understand global properties of
the graph. Therefore, better understand global properties of a graph is crucial. In this regard,
ones must make further efforts. In the future, how well we use both local and global
properties. Furthermore, how effectively we achieve balance between both is the way that
makes the automorphism research breakthrough. Taken together, currently the automorphism
studies exist following problems:

1. The orbit partition of the automorphism group often fails.

2. Partition usually stays at the theoretical level. At present, such methods have not reached
a satisfactory level. Accordingly, ones still lack an effective method.

3. Until now, how to take full advantage of the eigenvalues and eigenvectors of a graph
studying the automorphism group has not yet attracted the attention of many experts.

4. The complexity of solving the automorphism group of a graph is equal to the complexity
of solving the isomorphic of the graphs.

5. On special occasions, to partition all nodes of a graph into their respective orbits of the
automorphism group, ones need to understand and grasp both the local and the global
property of the graph. Furthermore, when partitioning, ones need to take advantage of the
both flexibly. Ones are not doing enough in this regard.

1.3. The Contribution of the Article

The contributions of this paper are that

1. Survey the brief history of the automorphism and point out the current problems.

2. Introduce the concept of the eigenvalue partition of a graph and employ it to calculate
the automorphism group.

3. For the first time, we derive Equations 4 and 8. Furthermore, taking advantage of
Equations 4, we propose a novel way in which we make use of eigenvalues and eigenvectors
to calculate the automorphism group.

4. Prove Theorem 2 to 8.

5. Provide two examples 1 and 2 to show how to apply our method in practice.

6. Present Conjecture 1.

7. Propose three open problems.

The rest of this article is organized as follows:

In the next section 2, we establish some basic terminology and notation. In the section 3,
we describe the basic principles. In the section 4, we offer twos examples for using
eigenvalue partition to determine the automorphism Group. In the section 5, we analyze the
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time complexity of the method. In the section 6, we propose three open problems. Finally, in
the section 7, we show the summary and conclusion.

2. Terminology and Notation

This paper focus on developing a technique that can solve the automorphism of undirected
weighted graphs with neither loops nor multiple edges. An undirected weighted graph
consists of a set of vertices, a set of edges, and a set of weight values. For a weighted graph

G =W, EG),e)), let V(G), E(G), and #(G) denote the set of vertices of G, the
set of edges of G, and the set of weight values of edges, respectively. An edge
(u, v) € E(G) connects two vertices v € ¢ and v € G. Each w(u, v) € W(G) is the

weight values of the edge (u, v). In the following text, when simultaneously involving two
graphs, we always assume that their degree sequences are the same except specified.

Definition 1. Let ¢ = (V(&), EG), W(G)) and H = WV(H), EH), W(H)) be two
undirected weighted graphs with n nodes. If there exists a bijection function
f: V(&) — V(H) such that V(u,v) € £(¢) and w(u,v) € W(G) if and only if
(), fv)) e E(H)andw(£(u), £(v)) € W(H). Thus, we say £ is an isomorphic map
of ¢ — H . Furthermore, we say the graph ¢ and # to be isomorphic, denoted
by ¢ = A .Anisomorphic map 7 of ¢ onto itself is said to be an automorphism of ¢ .

Definition 2. A n x n permutation matrix is a square matrix whose every row and column
contains precisely a single 1 with 0s everywhere else.

A permutation ¥ € Sym(V) is a V(G) — V(H) map, which is clearly a bijection.

Vu e V(G), we describe the image of u under the y with (). We describe the u’s image
of the composite under the y,, 7, € Sym(V) with 3, o y,() = y,(y,(@)).

The set of all automorphisms of ¢ is denoted by Aut(() . It is verified that Aut(¢) forms a
group under functional composition, which is called the automorphism group[52] of ¢ .
Obviously, Aut(¢) is a subgroup within the symmetry group Sym(V), Aut(() =

{7‘7/ e Sym(V) N\ y(6) = G}.

Theorem 1. Let ¢ = (V(G), EG),W(G)) and H = V(H), EH),W(H)) be two
undirected weighted graphs with 2 nodes. Moreover, have|E (6)| = [E(#7)].M(6) and M(#7)
are their adjacency matrices, respectively. Thus, ¢ and /# are isomorphic if and only if there
exists a permutation matrix P such that PM(G)P" = M(H) [53].

Corollary 1. Let ¢ = (V/(G), E(G), W(G)) be an undirected weighted graph with 2
nodes whose adjacency matrix isM(G). Thus, ¢ exists an automorphism map if and only if
there exists a permutation matrix P such that PM(G)P' = M(6).

If a graph ¢ has an automorphism map y , by Corollary 1 there exists a permutation matrix
P to satisfy EquationPM(G)P' = M((). Conversely, if a graph ¢ has a permutation matrix
P to satisfy the equation PM(G)P' = M((), one can construct an automorphism map
y corresponding to the permutation matrix P. Clearly, there exists a one-to-one
correspondence between an automorphism map y and a permutation matrix P of a graph.

Therefore, we do not strictly distinguish both in this article.
Definition 3. Let ¢ = (V(¢), E(G), W(G)) be an undirected weighted graph with n

nodes whose adjacency matrix is M(G) . Suppose that M(G) has 4 distinct
eigenvalues 7, 7,,---1, . All the n eigenvalues of M(G) are A, A4, -, A
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with A, € {n,,n,,---,nt} fori =1, 2, ---, n. The algebraic multiplicities[54] of the
eigenvalues are «,(7,), a,(,), ---, «a,(), respectively. We classify all the distinct
eigenvalues into three categories as follows:

1. Ifp, = 0, we partition it into the class 0 and call each of the class eigenvalues an
eigenvalue of 0 type.

2. 1If ‘nj‘ =,
simultaneously. Accordingly, we call each of the class eigenvalues an eigenvalue of 1 type.

3. We let the remaining eigenvalues belong to the class 2 and call each of the class
eigenvalues an eigenvalue of 2 type.

Assuming that 7 = {r,, 7,,---, 7 }is a partition of all eigenvalues of the graph G that
satisfies the above conditions, then we call the 7 an eigenvalues partition of the &', denoted by
7(G,).

fori # j,1,7 =1, 2,---, n, we let 7, and 7, belong to the class 1

3. Basic Principle

Let ¢ = (V (&), E(), W(G)) be an undirected weighted graph with 7 nodes whose
adjacency matrix isM((?) . Because the matrix M(&) is symmetric, it has 7 real eigenvalues.
We work out the 7 real eigenvalues and use A, A,, ---, A to represent them respectively.
Furthermore, we compute the eigenvector X. corresponding to the eigenvalue A. and use
X,, X,,---, X, to represent them respectively.

Theorem 2. Let ¢ = (V'(&), E(G), W(G)) be an undirected weighted graph with 72 nodes
whose adjacency matrix is M(G) . All the n eigenvalues of M(G) are A, A, -+, A,
respectively. X,, X,, ---, X, are eigenvectors corresponding to 4, 4,, ---, A respectively.

If the graph ¢ has an automorphism mapping » and P is the permutation matrix
corresponding to the », then there must exist an orthogonal matrix @ = X'PX to satisfy
EquationsQA — AQ = 0, whereX = (X, X,, = * *, X,),and

4,000

A=|0%
.0
0---04,

PROOF. From linear algebra, we know that X,, X,,---, X are mutually orthogonal

vectors satisfying the equationszXf = 0for7 = 7,7, =1, 2,---,n anXm.Xf =1

for/ = 1, 2,---, n. Furthermore, we can decompose the M(¢) as follows:

M) = XAX, (1)
where the matrix X = (Xl, X, Xn) is the orthogonal matrix satisfying the equation
XX' = X'X = I (unit matrix). By Corollary 1, it follows that ¢ exists an automorphism
mapping if and only if ¢ exists a permutation matrix P to satisfy PM(G)P' = M(G). By

substituting (1) into PM(G)P" = M(&) we obtain

PM(G)P" = XA X,

PXAXP' = XAX.

X'PX A = AX'PX
X'PX)A = AX'PX).
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Let @ = X'PX. BecauseQQ" = X'PXX'PX)" = X'PXX'P'X = I, the matrix Q also is
an orthogonal matrix. Therefore, QA = AQ. QA — AQ = 0.0

Theorem 3. Let ¢ = (V'(&), E(G), W(G)) be an undirected weighted graph with
nodes whose adjacency matrix is M(¢) . All the neigenvalues of M(G)are A, A,, -+, A,
respectively. X, X,, ---, X, are eigenvectors correspondingto 4,, A,, ---, A, respectively.

If the graph ¢ has an automorphism mapping y and P is the permutation matrix

corresponding to the ¥, then there must exist an orthogonal matrix @ = X'PX such that

QA" — A'Q = 0 where X = (X, X,,---, X) forallz e V (set of natural numbers), and

2,000
A=
.0
0---04,
PROOF. This proof is quite similar to the proof of Theorem 2. We can decompose the
M(G) as follows:

M(G) =X A XT, (2)

where the matrix X = (X,, X,, ---, X, ) is the orthogonal matrix satisfying the equation

XX' = X'X = I (unit matrix). By Corollary 1, we know that ¢ exists an automorphism

mapping if and only if G exists a permutation matrix P to satisfy PM(G)P' = M(¢) . By
substituting (2) intoPM(G)P" = M(¢) , we obtain

(PM(&)P")" = M(6)".

t

PM(G)P" e --- ¢ PM(G)P' = M(G).
PM(&)'P" = M(6)".

PXAX)P' = XAX)"
: ;
PXAX ... e XAX)P' = XAX o..- e XAX.
PX AX'P" = X AX".
X'PX A' = AX'PX.
Let @ = X'PX. Because QQ' = X"PXX'PX)" = X'PXX'P'X = I, the matrix Q also

is an orthogonal matrix. Therefore, Q A* = A'Q, QA" — A'Q = 0.0
By Theorem 2, Let

XXy,

Q=" | =0Q,Q,-.Q)
Xn,l'“Xn,n

where Q,,Q,,:--,Q,, are column vectors with 72 elements, respectively.

wex, JAH000T [2000T,

1,n . . . . s 1,n

| OA S 0AR  20.@)
X}]l...Xnn : .. ..0 : .. ..0 X}]l-..XH}]
: 71004 0---04 : :
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Expanding (3), we obtain

Axyy ApXy g A Xy, Axyy Xy Axy,
Xy Ay Xy Ao Xy | | Xy A Xy Ao Xy | 0.

...... " ).(n’l An'/;,;] ’2
(/11 B 21>X1,1 u*z B ﬂ’l)Xl,Z'“(ﬂ“n B ﬂ’l)Xl,n
(A = A)xy (A = )k, (A = B)x,, | 0.

//l’an,l A'ZXn,Q.“j’ X '“ﬂ’an,n

n“*n,n

(4)

(2’1 B /ln>Xn,1(ﬂ’2 N )“n)Xn,Z".(ﬂ’n B Z“n)Xn,n
Where (1, — A,)x,, = 0 for 7 = 1,2,---, n. Change the appearance of (4) and
express it in the following form:

_ )
where AY =0,
(A4 - 20 - e
: ()j,n —/11 0
0 A4 -240
_ o -. 0 .-
A= 04 - 4,0
0 0
04, - 4,
: 0 0
|0 04, — 4|

Y = [Xl,l Kot Xy p Xg 1 Xoott

n
'X2,n“ 'Xn,] Xn,2“ 'Xn,n] *

By analyzing (5), we can conclude that
1.Wheni = j,1, j =12, ---, n,

(@) if (1, — 1) # 0, tomake the AY = 0, then x, ; = 0.

(b) Otherwise, if (4, — A,) = 0, to make the AY = 0, then x, ;can take any value.
Hence we let x, . = 1.

2. When7 = j, 1,7 =1, 2,--,n, if(1, = 1) =0, to make the AY = 0, then
x,; ;can take any value. Hence we letx, , = 1.

Theorem 4. Let ¢ = (V(G), £(G), W(G)) be an undirected weighted graph with n
nodes whose adjacency matrix is M(G) . Suppose that M(G) has 4 distinct
eigenvalues 77, 1y, -++, 7, All  the n  eigenvalues of M)
are A, A, -, A with A, e {n,n,---,nt for 7 =1,2--,n The algebraic
multiplicities of the eigenvalues are o, (,), &,(17,) , - -
have

1. A, —A #0for 7,7 efl, 2, n}, in Formula 3, then the elements of Q

, a,(n,), respectively. Thus, we

must satisfy x, , = 0.
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k
2. In Formula 3, Q has at least n° —Z“ozA(ns)2 zero entries and at most

s=1

k
> a,(n7,)* non-zero entries.

s=1

PROOF. 1. For all 7, 7 € {l, 2,---, n} , if A, — A, # O, from (4) it follows that
(4, =4 x,, = Oifandonlyif x, . = 0.

2. From (5), it can be seen that in the matrix A, when 7, 7 = 12,---, n ,
thenA, — A, = 0 if and only if 1, and A, belong to the same an eigenvalue 7, whose
algebraic multiplicity is «,(n,) withs = 1,2, ---, k. Therefore, in the diagonal of the
matrix A, the total number of entries which satisfy condition A, — A4, =0

k
equals Y a,(n,)".

s=1

In the diagonal of the matrix A, because there is a total of »” entries, there is a total of
k k
Y a,(n,)” zero entries and a total of n° — > «a,(n,)’ non-zero entries. Therefore,
s=1

S s=1

k
solving (5) exactly, we can conclude that Q has at least n* — z a, (775)2 zero entries and

s=1

k
at most Z o A(ns)z non-zero entries. O Furthermore, by Theorem 3, the equation

s=1

QA" — A'Q = Oholds.
/1‘1 000 /111 000
. 02 i | _|0x
ceex : 0 D0 | x
()...o,yn 0...(),11 ’

Expanding (6), we obtain

ﬂ’in,l %Xl,z"'j';Xl,n ﬂitXl,l ﬂ’in,Z .HZ’ZIXl,n

/l’[lXZ,l %Xzz'”ﬁanz,n - A“LzXz,l %Xz,z"'/thz,n =0. (D

ﬂ’an,lﬂ’;Xn,Z".ﬂ’;Xn,n ﬂ’;Xn,lﬂ’;Xn,Z.”ﬂ;Xn,n
By simplifying and merging (7), we have

(= Ax, (B = 20y, (2, = 2x,,

8
B = By, By = K)o — B | _ o ©

A = A)x,, (A — x4, = 4)x,,
Where (1; — A;)x,, = 0 for 7 = 1,2,---, n. Change the appearance of (8) and
express it in the following form:

AY = 0, ©)
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where
0

0

A =20

0
04 -4 0

0 A -A

0

0

0x

0

- 10

0

0

04 - 40

0

0

0% - 4|

Y = [X1,1 Kot Xy p Xo 1 Xgom o Xy o X1 KXot 'Xn,n]f-

By analyzing (9), we can conclude that
1. Whens # j,1,7 =1, 2,---, n,

(a) if (A, — A # 0, to make the AY = O,then x, , = 0..

(b) Otherwise, if (1, — A;) = 0, to make the AY = 0, then x, , can take any value.
Hence we let x, . = 1.

2. When7 = j, 7,7 =1, 2,---,n, if (A, — 1)) =0, to make the AY = 0, then
x,; -can take any value. Hence we letx . . = 1.

Theorem 5. Let ¢ = (V(G), E£(G), W(G)) be an undirected weighted graph with n
nodes whose adjacency matrix is M(G) . Suppose that M(G) has & distinct
eigenvalues 77, 77,, -+, 77, All  the n  eigenvalues of  M(G)
are A, A, -+ A, with A € {n,n, -, n!t 7 =1 2--,n The algebraic
multiplicities of the eigenvalues are «,(17,), ,(n,), ---, (1), respectively. Thus, we
have

LIEA, — A, #0fori, j efl, 2,---, n}, in Formula 3, then the elements of Q must

satisfy x, , = 0.

for

k
2. In Formula 3, Q has at least n° —Z“ozA(ns)2 zero entries and at most

s=1

k
Y. a,(n,)” non-zero entries.

s=1

PROOF. 1. If X, — A, # 0 for 7,7 € {l, 2,---, n} , from (8) it follows that
(A, — A x,, = Oifandonlyif x, . = 0 with7, j € {12, ---, n}.

2. From (9), it can be seen that in the matrix A, when 7, 7 =1, 2,---,n,
then X, — A, = 0 if and only if 1, and A, belong to the same an eigenvalue 7_whose
algebraic multiplicity is « ,(n,) withs =1, 2,---, k. Therefore, in the diagonal of the

matrix A, the total number of entries which satisfy condition /13. -2, =0 equal

k
oY a,n,)’.
s=1
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In the diagonal of the matrix A, because there is a total of n® entries, there is a total of

k k
> a,(n,)* zero entries and a total of 2° — " a,(17,)* non-zero entries,

s=1 s=1

k
Therefore, solving (9) exactly, we can conclude that @ has at least n° — > a,(7,)’

k
zero entries and at most Z a,(n.)? non-zero entries. o
s=1
In the following, we will examine that whentz — +oo, how (8) change accordingly.
Meanwhile, we also will examine how the entries of the matrix Q change accordingly in the
limit process. To achieve this purpose, from (8), we take the limitz — +oo. It follows that
1im(X - A)x 11m(/12 A)x - lljglo(ﬁi - A)x,,

t—>+o

Lim (A Tﬂ”z)Xz,l 11m(ﬂQ A) Xy hm(’fn A, = 0. (10)

t—>+o

lim(A - /”L;)anhm(iz E)x,- hm(f : X)x,

L —>+0 _
From (10), it can be seenthat when7 = 7 and7, j = 1, 2, ---, n,
lim(Z, — A;)x,; = 0. By carefully analyzing them, we can conclude that

t—>+0

1.If ‘/1‘],‘ < |4;| < 1,thenlim(A, - 2;) = 0.Thus x, ,can take any value.

7
t—>+o

200|421 > 2] v[a] 2 1> |2 ] then 1im(2, - Z) = 0. Thusx, , = 0.
3.If1 < ‘/11}‘ < ‘ij‘,then

t

lim(X, - 2;) = lim 2,1 - 1) = lim A, o 1im(l - j ) = .

t—>+o0 t—>+o0 t—>+o0 t—>+o

Thusx, ; = 0. J /
4.1F1 < \/1 \
t t
11m(/1t — /f) = 1lim /It(— -1 = lim A, e 1lim(=£ - 1) = 0.
t -+ t—+0 t—>+0 t—>+o0 jf
Thusx = 0. A

From the above discussion, we have the following Theorem 6.
Theorem 6. Let ¢ = (V(G), E(G), W(G)) be an undirected weighted graph with n

nodes whose adjacency matrix is M(G) . Suppose that M(G¢) has & distinct
eigenvalues 7, 7,, .-+, 17, . All the n eigenvalues of M(G) are A, A, ---, A, with
A, e {n,n,---,ptfor i =1, 2,---, n. The algebraic multiplicities of the eigenvalues
area,(n,), a0, (n,), -+, a,(n,), respectively. If 7 = j andz, j =1, 2,---, nn, for the
entries of the matrix Q that satisfy Equations 8, it follows that

1. If ‘/lj‘ < |4;| < 1,then x, ;can take any value.

2.1f ‘lj‘ >1> ‘ﬂj‘ v ‘/11.‘ > 1> ‘ij‘,then x;,, =0.
3.If1 < |4,| < ‘A.‘,then x,, = 0.
a.1f1 < |2 < = 0.

Copyright © 2016 SERSC 207



International Journal of Hybrid Information Technology
Vol. 9, No.6 (2016)

By Theorem 2 and 3, it follows that @ = X'PX andP = XQX'. If one has acquired the
matrices Q and X, which all eigenvectors of the ¢ form, by means them, one can compute a
permutation matrix P and an automorphism accordingly.

Below we will discuss what graph, as well as the algebraic multiplicities of which graph

k
satisfy what conditions, can make n° — Z a,(n.)” reach the minimum or the maximum

s=1
values. Let y, = a,(n )for s =1, 2,---, k and let
(11)

k

k
£, vy y) =0t =Y a,n) =0 => yl
s=1 s=1

k

k
(D(Yp ng"‘y}/n) = Za/l(ns) - 1= Z.ys -1,
s=1 s=1
For a known graph, the 4 most be a constant. The function f(yl, Vo ~--,yk) is a

multivariate function with variables y,, y,,---, v, . As we all know that a graph must satisfy

the requirement P

¢(y11 .V21""./Vk) = Z.ys - 1,
s=1

Furthermore, we can construct the function:
F(yl) .yza"').yk) = f(.yp .l{/z;""yk):' /1(0()/1) .yZ""a.yk))

=n" =Yy + 20y, - n),
s=1 s=1

We wuse Lagrange multiplier method to calculate the extremum of the
function f(yl, Vor oty yk). We know that to let £ achieve its extremum, the function

£y, ¥y -+, ¥,) must meet the following conditions:

or =2y, +A=0s=12 -,k
0y, ;
oF 4
— = —n =0.
YRR IEE
Namely:
(12)
y,=A2, s=12,---k (13)
[
>y, —n=0.
s=1
By substituting (12) into (13), we obtain
k
Z_; (A/2) - nﬂ:_ognu/z) k = n, (14)
By substituting (14) into (12), we have k
B ) (15)
:_yS:]-) 27"') )
Vs %
By substituting (15) into (11), we have
(16)

k
f(}’p .yg)"')y”) = H2 _Z(g)z = H2 _(g)zk = Hz(l_l/k>’
s=1
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From (16), it is easy to see that for a graph &, accompanying with the increase in the

k
number of distinct eigenvalues, the maximum of n - Z yZ equals n*(1 = 1/ k), which
s=1
is a monotonically decreasing function with respect to the & . By a series of the above
derivation steps, we obtain the following Theorem 7:

Theorem 7. Let ¢ = (V(G), E(G), W(G)) be an undirected weighted graph with n
nodes whose adjacency matrix is M(G) . Suppose that M(G) has 4 distinct

eigenvalues 7, 77,, -+, 7,. All the n eigenvalues of M(G) are A, A, -+, A with
A e {n,ny, -, ntfori =1, 2,---, n. The algebraic multiplicities of the eigenvalues
are a,(n,), a,n,), -+, a,n,), respectively. Thus, we have

1. For a known graph G , the k is a constant. Fors = 1, 2,---, k, if y_ = n/ k, then

k
the function 2° — " » gets the maximum value n°(1 — 1/ k). Thus, the orthogonal
s=1
matrix Q has at least n°(1 — 1 / k) zero entries and at most n° / k non-zero entries.
2. For different graph G , if & = 1(G only has a n multiple eigenvalue), the orthogonal

matrix Q satisfying condition @ = X'PX has at most n> non-zero entries. If & = n (G has

1 distinct eigenvalues), the orthogonal matrix Q satisfying condition @ = X'PX has at least

n* — n zero entries and at most » non-zero entries.

From previous studies, it can be seen that the key issue finding the automorphisms of a

graph G is how to solve the permutation matrixP . BecauseP = XQX', computing P in turn
depends on how to solve the orthogonal matrix Q . Suppose that M(¢) has 4 distinct

eigenvalues 7, 7,, -+, 1, . All the n eigenvalues of M(G) are A, A,---, A with
A e {n,ny, -, ntfori =1, 2,---, n. The algebraic multiplicities of the eigenvalues

area,(n,), a,(n,), -+, a,(13,) , respectively.
Now we show that when establishing (4), how we skillfully arrange the n
eigenvalues 4, A,, ---, A, of the graph G in the diagonal of the matrix such that the

orthogonal matrix Q produced has a simpler structure and is more suitable for the subsequent
processing.
When constructing (4), without loss of generality, we can assume that the algebraic

multiplicities of the 4 distinct eigenvalues satisfy «,(n,) < «,(n,) < -+ < «,(53,) .

Accordingly, let the 4 distinct eigenvalues be arranged in ascending order 7,, 77,, -*+, 7,
according to the size of the algebraic multiplicities. If the sizes of two algebraic multiplicities
are the same, except the eigenvalues whose algebraic multiplicity is 1, let the eigenvalues be
arranged in descending order. For all eigenvalues whose algebraic multiplicity is 1, let them
specially be arranged as follows: First of all, if there is a O-type single eigenvalue, let it be
arranged in the front. Second, if there are 1-type eigenvalues, let them be arranged in
descending order according to the size of the absolute value of the eigenvalues. Next, if there
are 2-type eigenvalues, let them be arranged in descending order according to the size of the
eigenvalues. In the following sections, when encountering any a graph, we assume that the

sequence arranged in accordance with the above requirements is4,, A,, ---, 4, .
A key advantage of such an arrangement is that it makes (4) closer near the bottom of the
main diagonal have more zero entries and ultimately makes the orthogonal matrix Q a

following block diagonal matrix:
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B, 0.0
OB.--- 0

Q= L) (17)
00-B,

/
where the B_ is a square matrix of rank r, with s =1, 2,---, 7 and Z r, = n.
s=1
We know that if an orthogonal matrix Q is a block diagonal matrix as (17), then each

/
square block matrix B, of rank r, (s =1, 2, ---, ];Z r, = n) is an orthogonal matrix.

s=1
We call the block diagonal orthogonal matrix Q constructed by (17) the standard block
orthogonal matrix. By the preceding discussion, we establish the following Theorem 8.

Theorem 8. Let ¢ = (V(G), E(G), W(G)) be an undirected weighted graph with n
nodes whose adjacency matrix is M(G) . Suppose that M(G) has & distinct
eigenvalues 7,, 77,, -+, 77 . All the n eigenvalues of M(G) are A, A, ---, A with
A, € n,n, -, ntfori =1, 2, ---, n. The algebraic multiplicities of the eigenvalues
are a,(n,), a,(n,), -+, ¢, () , respectively. If the graph G exists an automorphism
map 7 , then there must exist a standard block orthogonal matrix Q expressed by (17)

corresponding to the y . Moreover, have Q A" — A'Q = 0 fort € V.

By solving (8), if we have calculated all elements of the matrix Q including all zero
entries, by Theorem 8 we can obtain the standard block orthogonal matrix Q . Furthermore, we
can express the Q as the following form:

B,0---0
Q= | 0B 0
608,
y, =), 7, = (1, 2),
7, = (4 5), y, =8,
7, = (1, 2) (4, 5), 7 =028,
y, = (4,57 8), 7, =1,24 578,
7, =361 8)@Q7), 7o =660 728,
7, =361, 82 7 5), 7, =061 178 5),
7y =G0 7 808 NME), 7, =061060(02(18QT74H5)
7, =060 218Q2 1), 76 = 3,6 (7, 8) (18 (217,
(a) Agraph G (b) Aut(G) of the graph

Figure 1. A Graph G and Its Automorphism Group
where B, with s =1, 2,---, / are r, -order orthogonal matrices. When building the

matrixQ, if there exist the 0 or 1-type eigenvalues whose algebraic multiplicity is 1, by (17)
there must exist a block diagonal orthogonal matrix in the upper left corner of the matrixQ .
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We denote it by the orthogonal matrix B, whose diagonal entries correspond to the 0 or 1-type

eigenvalues. Because the algebraic multiplicities of the 0 or 1-type eigenvalue all is 1, we
have

y, O --- O 1 O --- O (18)
O vy, --- O o +£1 --- O

B, =| . Do S Do :
(@) o -.-. yr1 (@) (@) o

Similar to the B, , when building the matrix Q, if there are the 2-type eigenvalues whose
algebraic multiplicity is 1, then there must exist a block diagonal orthogonal matrix below the
B, in the upper left corner of the matrix Q . We denote it by the orthogonal matrix B, whose

diagonal entries correspond to the 2-type eigenvalues. Because the algebraic multiplicities of
the eigenvalue all is 1, we have

2,0---0 +10---0
B - 0z,-01 | 0+1-0 (19)
2 = e - . ce

002 | |0 0-x1

Conjecture 1. Let ¢ = (V(¢), E(G), W(G)) be an undirected weighted graph with n
nodes whose adjacency matrix is M(G) . Suppose that M(G) has & distinct eigenvalues
N My o+ M . All the n eigenvalues of M(G) are A, 4,, -+, A, with A, € {n,n,,
-, nJ fori =1, 2,---, n. The algebraic multiplicities of the eigenvalues are a,(17,),
a,m,), -, a,n,), respectively.

By Formulas @ = X'PX andP = XQX', to compute the permutation matrix P , we have

1. IntheB,from (18),have y, =1, —1whenz =1, 2,---, 1;.

2. IntheB,from (19), have z, = 1 whenz =1, 2,---, ;.

4. For Example Using Eigenvalue Partition

In this section, we will offer two examples that use the eigenvalue partition way to solve
all automorphisms of a graph. However, by means of them, we represent the entire process
for computing the automorphisms group. First of all, we give an example that use Theorem 2
and Theorem 3 to seek automorphisms.

Example 1. Use the algebraic method to solve the automorphism group of the graph ¢ in
Figure. 1(a). (01100000 |

Solution 1. The adjacency matrix of the graph in Figure.1(a) is: 10100000
11011100

00100100
(@) = 00100100

00111011
00000101

The characteristic polynomial of M(&7) is as follows: 00000110
x® —11x° —8x° + 27x" + 28x° —9x* — 12x = 0 (20)

First of all, we compute the characteristic polynomial 20. Furthermore, we compute the
eigenvalues and the eigenvectors. Next, based on the aforementioned method, let the 8
distinct eigenvalues be arranged in ascending order according to the size of the algebraic

multiplicities. Next, in the eigenvalues whose algebraic multiplicity is 1, let A, = 0 be the
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O-type eigenvalues. Let A, = 1.7321 and A, = — 1. 7321 be the 1-type eigenvalues.

LetA, =3.1774, 4. =0.6784, and A, = — 1. 8558 be 2-type eigenvalues. Next, in
the eigenvalues whose algebraic multiplicity is 2, letA, = — 1 and A; = — 1 be the 2-type
eigenvalues. Finally, we arrange all eigenvalues and eigenvectors of the graph as follows:
A4, =0, X=(00007071—07071000)T
A, = 1.7321, X, = (0. 4440, 0. 4440, 0. 3251, 0, 0, —0. 3251, —0. 4440, 0. 4440)"
A, = - 1.7321, Xf = (-0. 2299, -0. 2299, 0. 6280, 0, 0, -0. 6280, 0. 2299, 0. 2299)"
A, =3.1774, X = (-0. 2408, -0. 2408, -0. 5244, -0. 3301, -0. 3301, -0. 5244, —0. 2408, 0. 2408)"
A = 0.6784, X = (-0. 4081, -0. 4081, 0. 1312, 0. 3870, 0. 3870, 0. 1312, 0. 4081, -0. 4081)"
A, = —1.8558, X, = (0.1596, 0. 1596, -0. 4558, 0. 4912, 0. 4912, 0. 4558, 0. 1596, 0. 1596)"
A =-1 )(—(00000007071—07071)T
A =1 X8 = (0.7071,-0. 7071, 0,0, 0,0, 0, 0)"
It is obviously that only the algebraic multiplicities of eigenvalue —1 is 2, and the

remaining eigenvalue all are 1. By (4), we have

(4, - ﬁ’l)Xl,l (4, - %)Xl,z"
Vi ﬂz)leuﬂz B /Lz)Xzz”

(4 - AB)XSI(% Z’B)XBZ'

A= Wxy, (A = Ax, (4 = ), (4
(4 - Z”Z)XZ,I (4, - /12))(2,2 Vi ﬂﬂz)Xz,:s 4
4 - /ls)Xs,l (4, - ﬂ’j)X‘j.Z (4 - is)Xa,s 4
(4 - j“4)"’4,1(@ - /14)"’4,2(13 B /14))(4.3(/14
4 - ﬂs)Xs,l (4, - ﬂE)XB,Z (4, - ﬂs)Xa,a 4
4 - /16))(6,1 (4, - /lﬁ)Xs,z (4, - /16))(6,3 (4,
4 - /17))(7,1 (4, - /17))(7,2 (4 - ﬂ'/)Xm 4
7(/11 - ﬂ%)Xm 4, - j%)Xs,z (4 - ﬂ’s)X&z (4
[ ox, 1.732x, -1.732x, 3.
- 1.732x,, 0x,, = 3.464x,, 1.
1.732x,, 3.464x,, 0x; 4 4.

- 3.177x,, - 1. 445x,, — 4.910x,
—0.6784x;, 1.054x;, —2.410x,, 2.
1.856x;, 3.588x;, 0.1237x;, 5.
X 2.732x,, — 0.7321x, ;4.
Xg, 2.732x5, = 0.7321x4,4.

(A - 21)X1,8
(% - ﬂZ)XZB - 0. (21)
(/18 2’8 )Xy g
= A)x, (B = Axs (g = Axe (A = A)x; (B - /11))(1,8_
= )X Ay = 2)%,5 (B = A)x,5 (A = A)x, 7 (A = A)xy
= )X, Ay = x5 (s = A)xy 6 (A = A)xy; (A = Adxyg
= A)x,, Ay = 2)x,5(hs — A0x,6( = A)x,, (A = A%, -0
= A)x5, (A = A5)xs5 (B = A)x55 (A = A5)xs 7 (A = ) .
= A)Xeu (A5 = A)xes (A = A)xs (A = A)xg (A = Ag)xeg
= A)x0, U = A)x15 (B = A)xy s (A = A)xe; (A = A)xg
- /18>X8,4 (% - ﬂ%))"8,5(/16 - %)Xs,s(% - ﬂ%)Xmu‘s - ﬂ%)X&s?
177x,, 0.6784x,, — 1.856x,, — lx,; - lx, |
445x,,- 1. 054x,,; — 3. 588x,, — 2. 732x,,~ 2. 132x,4
910x,, 2.410x,, — 0.1237x,, 0. 7321x,,; 0.7321x,,
Ox,, —2.499x,;-5.033x,, — 4. 177x,,— 4. 177x,5 | _ 0
19x;,  Oxgy = 2.5834x;, — 1.678x,,~ 1. 678x4 o
033x,, 2.534x,; (0 0.8558x,; 0.8558x;
177x,, 1.678x,; — 0.8558x;, Ox,, 0x; 4
177xg, 1.678x,; — 0.8558x,,  Oxg, Oxgg

Equations 22 represented by the matrix is equal to the following Equations 23. In fact, we
do not need accurately to calculate the each of elements of the matrix Equations 22. However,
based on the eigenvalues and their algebraic multiplicity, we can quickly get the following
matrix Equations 23. The reason we describe in detail these intermediate steps of computation
is to help people understand the principles of the paper.

X1 0,5 Xo5 Xpy Xy

X3
X1
K51
Xg,1
K71

Xg1

Xy 0x55 Xo, Xg5

Xy2
X5
Xg,2
X7

Xg2

Ox,, x,, X, X,

X

X

X,

X
X,

X5 X16

X2,6

X356
430X, X

X

4,5 4,6

X556

4,7

x4 0x55 X

5,3 5,7

63 Xoa Xo5 0Xgg Xo7
73

8,3

6,8

Xy X5 Xpp 017,00,

Xga4 Xg5 Xgg 0X8,70X8,8_

(23)

Obviously, to make the two sides of (23) be equal, all the diagonal entries, x g,

and x, ; can take any value. Moreover, the remaining entries must all be 0.
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Because the elements x, ; with 7 = 1, 2,---,8 compose the orthogonal matrixQ , the

orthogonal matrix @ must be the following form:

[x, 0 0 0 0
0x,0 00
0 0x,0 0
0 0x,0
0 0 x5, 0
0 0 0ux,0 0
0 0 0 0 xp;x75
0 0 0 0 x4,x44

Because x;, = 1, x,, = %I for 1, 2, 3, 4, 5, 6. Thus, the form of the Q must
be as follows: _ :

O O O O

- 0. (24)

S O O O O
S O O O O

N, © © OO
Il

Ju—
(@] OOOO|+OO
—
(] OOO|+OOO
—
[eNeoNeNoNoRo)

0
0
0
0
0
0 (25)

—_

X774X78

OOOOOO|+O

OOO|+C>OOO
—

OO|+OOOOO

7,
X577 Xg5 |

Furthermore, to construct the orthogonal matrixQ , the B must are a block orthogonal

matrix, where B = {X” X”‘] Let the orthogonal matrix B be as follows:
Xg7X38,8
. _ 101 . _ 1 0-1 . _ |10 . _|-10
w:8 =[] @:8, =] ©:B8 - 01} (1) : B, = O_J,
. _ |10 . _|—-10 . _|1 01 ) _|0-1
©):8, =1 J(es) B, =[O @:B, =] 10}@) B, = |0 }
By the matrix B, with7 =1, 2, ---, 8, we can correspondingly obtain the orthogonal
matrix Q, with 7 =1, 2, ---, 16 as follows:
01000000 0100000 0
010000 0 O 010000 0 O
00100000 0010000 0
001000 0 O 001000 0 O
_ 100010000 _ 10001000 0
Q = ) _ 10001000 0 | Q, = »n _ (000100 00
00001000 Q, = ) 0000100 0 | Q, = )
000010 0 O 000010 0 0
00000100 0000010 0
000001 0 O 000001 0 O
00000001 0000000- 1
L . 1000000 0 — 1] L . | 000000 0 1|
[~ 10000000 | a 1 _ i
0 1000000 0 10000 0 0 - 1000000 0 - 100000 0 0
0 0100000 0 01000 0 0 0 100000 0 0 10000 0 0
0 0010000 0 00100 0 0 0 010000 0 0 01000 0 0
Q;, = Q. = 0 001000 0 _ | 00010000
0 0001000 © 710000100 00 =| 051000 I % =] 000010 0 0
0 0000100 0 00001 0 O 0 000010 0 0 00001 0 O
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0 -1 0 00000 0-1000000 0 -10 00000 0 0-10000 O
0 0 — 100000 0 0-100000 0 0 - 10000 0 Q,=|0 001000 0
Q. = 0 0 0 10000 Q. = 0 0 010000} 10 0 010000 2710000100 0 [
0 0 000100 0 0 000100 0 0 000100 0 0 00000-1
0 0 000010 0 0 000001 0 0 00000-1 0 0 0000-10 |
L 0 0 000001 | L 0 0 0000-10] 1 0 0 000010 |
10 0 00000 10 000000 10 000000 10 00000 O
0-1 0 00000 0-10 0000 O 0-1000000 0-100000 O
0 0 - 100000 0 0 — 10000 O 00-100000 00-10000 0O
Q. = 00 0 10000 Q. = 00 010000 | — 00 OIOOOO,Q _ 100 01000 0
13 00 001000 H 00 001000 [ ' 00 00100016 00 00100 O |
00 000100 00 000100 00 000100 00 00010 O
00 000001 00 00000-1 00 000001 00 00000 -1
00 000010 100 000010 | 100 0 000-10] 00 0000-10

By the previously computed eigenvectors, we express the corresponding matrix as follows:

X = [X1X2X3X4X5X6X7X8] =

0 0.4440 - 0.2299 - 0. 2408 - 0. 4081 0. 1596 0 0.7071
0 0.4440 - 0.2299 - 0.2408 - 0. 4081 0. 1596 0 -0.7071
0 0.3251 0.6280 - 0.5244 0.1312 - 0.4558 0 0
0.7071 0 0 - 0.3301 0.3870 0.4912 0 0
-0.7071 0 0 - 0.3301 0.3870 0.4912 0 0
0 —-0.3251 - 0.6280 - 0.5244 0.1312 - 0.4558 0 0
0 —0.4440 0.2299 - 0.2408 - 0.4081 0.1596 0.7071 0
0 —0.4440 0.2299 - 0.2408 - 0.4081 0.1596 - 0.7071 0 |

Replacing the matrix Q of P = XQX by Q, with 7 = 1, 2,---,16 , respectively, we
obtainP, = XQX' = I. The corresponding automorphism map is: y, = (1).

01000000 01000000 10000000
10000000 10000000 01000000
00100000 00100000 00100000
v _ 00010000 r _ 00010000 r _ 100010000
P = XQX" = 190001000 | P2 = XX = | 00001000 [ P+ = X9X" = | 50001000 |
00000100 00000100 00000100
00000001 00000010 00000001
100000010 | 00000001 00000010 |

The automorphism maps corresponding to P,, P, and P, are y, = (1, 2) (7, 8),
7, = (1, 2),andy, = (7, 8), respectively.

10000000 | 01000000 | 01000000 |

01000000 10000000 10000000

00100000 00100000 00100000

B r 100001000 |p _ 1 100001000 3 1 100001000

P = X&X" =1 00010000 7 = X% = 00010000 | T = XX = [ 00010000
00000100 00000100 00000100
00000010 00000001 00000010

100000001 | 100000010 100000001 |
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The automorphism maps corresponding to P, P, and P,arey, = (4, 5), , = (I, 2)
(4, 5) (7, 8), and y, = (I, 2) (4, 5), respectively.

P, = XQX'

10000000

01000000
00100000
00001000
00010000
00000100
00000001

100000010 |

P, = XQX'

00000010 |

00000001
00000100
00001000
00010000
00100000
10000000
01000000 |

Py = XQIOXT

00000001
00000010
00000100
00001000
00010000 [
00100000
10000000 |
101000000 |

The automorphism maps corresponding to P, P,, and P arey, = (4, 5) (7, 8),
}/12 = (3’ 6) (]-’ 7) (2’ 8) (4’ 5), and 7/13 = (37 6) (77 8) (1’ 8) (27 7) (47 5),

respectively.

P11 = XQMXT =

00000010
00000001
00000100
00001000

00100000
01000000
| 10000000 |

00010000 |

P12 = XQ12XT =

00000001
00000010
00000100
00001000
00010000
00100000
01000000

| 10000000

. P13 = XQISXT =

00000010
00000001
00000100
00010000
00001000 |
00100000
10000000

01000000 |

The automorphism maps corresponding to P,,, P,,, and P arey,, = (3, 6) (1, 2)
L8 D45,y =03602-8E D45, ady, =66 07 &8,

respectively.

00000010 (00000001 ] (00000001 ]

88888?85 00000010 00000010

00000100 00000100

P _ X0 X' - |00010000(p _ yo yr _ | 00010000 100010000
= AR = 100001000 [ Bs = XX =1 00001000 [ Fie = XX =1 00001000 |
00100000 00100000 00100000

01000000 10000000 01000000

| 10000000 01000000 | | 10000000

The automorphism maps corresponding to P,,, P, and P, are 7,. = (3, 6) (1,

1L 8@ D,y =G 6) (7 81 8 (2, 7), and y, = 3, 6) (1, 8) (2, 7),

respectively.

2) |

Finally, we list all automorphisms of the graph ¢ in Figure.1(a) into Figure.1(b).

Example 2. Use the algebraic method to solve the automorphism group of the weighted

graph G in Figure. 2(a).

Solution 2. The adjacency matrix of the graph in Figure. 2(a) is:

M(G) =

Copyright © 2016 SERSC

[0 5000 0012
5 02010100 0
0 2020 000

002000
01000010
0100010 O
0O 0000 8
120000 O

o woo
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The characteristic polynomial of M(¢) is as follows:
26
x® = 566x° — 2000x° + 74605x* + 298000x° — 1852728x* — 1160000x + 5856400 = 0. (26)

First of all, we compute the characteristic polynomial 26. Next, compute the eigenvalues
and the eigenvectors. Based on the aforementioned method, we let 4 = 21.9641 ,
A, =12.1667 , A, =3.3194 , A, =1.8699 , A =-1.9455 , A, =-9.0727 ,
A, =—13.6836 , and A, = - 14.6182 be 2-type eigenvalues. Finally, we arrange all
eigenvalues and eigenvectors of the graph ¢ as follows:

@ 2
2 10
5 A@X 10
10 y = ).
12 15
&g
5
(a) A graph G (b) Aut(®)

Figure 2. A Graph G and Its Automorphism Group

A = 21.9641, X, = (0.2183, 0.5390, 0. 0495, 0. 0045, 0. 5017, 0. 5630, 0. 2449, 0. 1750)"

A, = 12.1667, X, = (-0. 6296, 0. 1094, 0. 0185, 0. 0030, 0. 2497, 0. 1944, —0. 1532, 0. 6839)"
A, = 3.3194, X, = (0.2957, 0. 3324, 0. 3144, 0. 1895, 0. 1742, —0. 2746, —0. 7472, —0. 0567)"
A, = 1.8699, X, = (-0.1214, -0. 0856, 0. 6354, 0. 6796, —0. 1415, 0. 0591, 0. 2976, 0. 0167)"
A, = —1.9455, X, = (-0.0375, 0. 0380, 0. 6888, —0. 7081, —0. 1098, ~0. 0167, 0. 0937, —0. 0098)"
A = —9.0727, X, = (0.2651, 0. 4889, -0. 1133, 0. 0250, —0. 6958, 0. 1424, 0. 0972, -0. 4041)"

A, = —13.6836, X, = (0.2075, 0. 4891, 0. 0730, -0. 0107, -0. 1678, 0. 7187, —0. 4082, -0. 0328)"
Ay = — 14.6182, X, = (-0. 5824, 0. 3162, -0. 0441, 0. 0060, —0. 3334, 0. 1711, -0. 2912, 0. 5777)"

It can be seen that all the algebraic multiplicities of eigenvalue is 1. By (4), we have

(4 - /11))(1,1 (4, - ﬂ“l)Xl,z"'u@ - A)Xw
(2'1 - '}‘2))(2,1(/12 - ﬂz)Xz,Q"‘(ﬂx - ‘AZ)XZ,R = 0. (27)

u’l - 'ﬁ@)X&l(;tZ _@)st(ﬂx - h@)X&s
By substituting all eigenvalues into (27) and simplifying, we have

0x, X1, X153 X, X5 X1 X7 Xig
X1 0X2,2 KXoz Koy Xop Xog Xo7 Aoy (28)

X3 X3 0X3,3 X34 X35 X3 X37 X3g

Xy Xyp X5 0X 4 Xy5 Xyg X0 Xy -0
X5 Xso Xsg X5, OXgo X506 X57 Xsg
Xy Xeo Xes3 Xea Xes5 0Xeg Xe7 Xeg

Xoy Xpg Xgg KXoy Xps X6 0X70 Xpg

Xg1 Xgo Xg3 Xg4 Xg5 Xgg Xg7 0X8,8_

8,1
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Because the elements x. - with 7 = 1, 2,---,8 compose the orthogonal matrixQ , the
orthogonal matrix @ must be the following form:

0
0
0
0
0 | =0 (29)
0
0

Because the Q is orthogonal, have Xfl = 1. Asaresult, x,, = £l for 7 = 1, 2, 3,
4, 5, 6, 7, 8. Thus, the form of the @ must be as follows:

+10 0000 0 0

0£10 00 0 0 0

0 0£10 00 0 0

100 0+10 00 0]_ 30
“=10000+1000]| " (30)

0000 0+10 0

00000010

000000 O0%1

By the previously computed eigenvectors, we express the corresponding matrix as follows:
X = [X1X2X3X4X5X6X7X8] =

.2183-0.6296 0.2957 —-0.1214 -0.0375 0.2651 0.2075 — 0. 5824
.5390 0.1094 0.3324 - 0.0856 0.0380 0.4889 - 0.4891 0.3162
.0495 0.0185 0.3144 0.6354 0.6888 - 0.1133 0.0730 - 0.0441
.0045 0.0030 0.1895 0.6796 - 0.7081 0.0250 — 0.0107 0. 0060
.5017 0.2497 0.1742 - 0.1415- 0. 1098 - 0. 6958 0. 1678 — 0. 3334 |
. 5630 0.1944 - 0.2746 0.0591 - 0.0167 0.1424 0.7187 0.1711
. 2449- 0. 1532 - 0. 7472 0.2976 0.0937 0.0972- 0.4082 - 0. 2912
.1750- 0. 6839 — 0. 0567 0.0167 - 0.0098- 0.4041- 0.0328 0.5777 |

SO ODDODODOOO

Finally, by FormulaP = XQX', we obtain the permutation matrix P corresponding to the
Q as follows: P, = XQX' = 1.
This shows that the graph G only has a trivial automorphism y = (1) . We list the

automorphism group into Figure. 2(b). m

5. Complexity Analysis

In this section, we analyze the time complexity of the method.

The time complexity of computing eigenvalues and eigenvectors is O(n°) [55].
Furthermore, Shroff’s algorithm[56] can be implemented using n*/4 processors, taking
0(nlog® n) time for random matrices. The time complexity of two 2 x 1 matrix

multiplication usually isO(x”). If use the method of the paper, in the best case, a graph of
order n has n distinct eigenvalues. After we have sorted all eigenvalues into three
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categories, by Formula P = XQX' and Conjecture 1, we know that the operations for
computing the automorphism group need only 0 or 1-type eigenvalues, which lead to the
corresponding elements of the matrix Q only be 1 or —1. Meanwhile, the elements of the
matrix Q corresponding to 2-type eigenvalues only are 1. When a graph has no duplicate
eigenvalues, the matrix Q has a few elements involved in computing. As a result, the number

of the matrix Q involved in XQX' is less. Thus, there rarely are the elements in the the

automorphism group of the graph. Therefore, the total time complexity is O(z*). In the best
case, the method can calculate the automorphism group in polynomial time. However, in the
worst case, its time complexity is high. Reducing the time complexity is the future work.

6. Three Open Problems

In previous studying, we assume that a graph has no duplicate eigenvalues. Meanwhile, we
already discuss how to calculate the automorphism group of a graph. However, this is not
enough. In general occasions, a graph has many duplicate eigenvalues. In light of this, we ask
the following questions:

1. How do ones use (4) to solve the corresponding elements of the orthogonal matrix Q
and form an orthogonal matrix Q to solve the permutation matrix P by

FormulaP = XQX'?
2. How do ones compute each square block matrix B, of order r, in (17) where

1
s=12--,1 anerS =n?
s=1
3. How do ones use (8) to compute the corresponding element in the orthogonal matrix Q ?

7. Conclusions

In summary, we have obtained the following conclusions: Both from the theoretical and a
practical point of view, the way is a novel method for solving the automorphisms of a
weighted graph. When faced with a graph that has no duplicate eigenvalues, if Conjecture 1 is
true, it can look for all automorphisms of a graph in polynomial time. Otherwise, this method
has certain limitations and needs be improved. However, it has both theoretical and practical
usefulness. In future studies, we will explore how to improve it.
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