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Abstract 

Carbon nanotubes (CNTs) are being used extensively as reinforcing materials in 

polymer matrix composites because of their high strength, stiffness and resilience, as well 

as superior mechanical, electrical and thermal properties. Incorporating CNTs in 

polymer matrix composites can potentially enhance the strength and stiffness of 

composites significantly. In this paper, the effective elastic properties of nanocomposites 

(CNTs/Epoxy) at different volume fractions of CNTs and multiscale composites 

(Glass/CNTs/Epoxy) at 5% volume fraction of CNTs are evaluated using finite element 

method (FEM). 3-D finite element models using square representative volume element 

(RVE) incorporating necessary boundary conditions are developed. For validity the 

obtained results are compared with that of classical theories of equivalent material 

properties. Good agreement between them has been observed. Further the effect of CNT-

integration in fiber-reinforced composites (three-phase) is also studied. 
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1. Introduction 

Carbon nanotubes (CNTs), discovered first by Sumio Iijima [1], have attracted 

researcher‟s great attention due to their exceptional mechanical, chemical, thermal, 

electrical and even biological properties. Computational approach based on the computer 

modeling and simulations can play a significant role in the development of CNT based 

composites. Eventhough experimental based research can ideally be used to determine the 

elastic properties of nanocomposites and multiscale composites, the experimental 

synthesis and characterization require the use of sophisticated processing methods and 

testing equipment, which are expensive.  On the other hand, computational modeling of 

nanocomposites and multiscale composites can be very effective and easily attainable. 

With the ever increasing power of the computer hardware and simulation software, many 

of the simulation tasks can now be done on a computer.   

The main issues or difficulties in simulations are the proper selection of mathematical 

models for the problems considered. Meaningful computer simulations are very much 

dependent on the exactness of the mathematical models for the materials under 

investigation. For the case of continuum mechanics models in the study of mechanical 

properties of various materials, the most commonly used numerical method is the finite 

element method, which has a potential to play an important role in the modeling and 

simulations of  nanocomposites and other materials. 

Although CNTs embedded in a matrix have modeled and analyzed extensively and 

successfully using molecular dynamics [2-5] and continuum mechanics models [6-12]. 

But, limited research has been done on multiscale composites [13-16]. In the present 

study the elastic properties of nanocomposites and multiscale composites are evaluated 

using finite element method and the results are compared with those of classical theories 

of equivalent mechanical properties. 
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2. Methodology 

For the evaluation of mechanical properties of multiscale composites using theoretical 

simulation, two step procedure is adopted. Fiber micromechanics model and the       

Halpin - Tsai model [17] are used for multiscale composites and nanocomposites 

respectively. In the fiber micromechanics, two sets of material properties are needed: the 

mechanical properties of the fiber and matrix. Nanocomposites properties obtained by 

using the Halpin-Tsai model (H-Tsai) are used as matrix properties in the fiber 

micromechanics to make the system multiscale, i.e., nanoscale of the CNTs and 

microscale of the fibers. The numerical characterization of nanocomposites and multiscale 

composites is performed using finite element method. 

The following assumptions are made for the nano and multiscale composite 

simulations 

• CNT-matrix bonding is perfect and CNT dispersion in the matrix is uniform  

• Each CNT possesses same aspect ratio and mechanical properties 

• All CNTs are straight tubes  

• No voids in the matrix  

• Fiber-matrix bonding is assumed to be perfect. 

 

3. Modeling of Nanocomposites 
 

3.1. Classical Theories of Equivalent Mechanical Properties 

3.11. Rule of Mixtures for Unidirectional Continuous Long CNT: A unidirectional 

composite may be modeled by assuming reinforcing material to be uniform in diameter 

and properties, continuous and parallel throughout the composite. The RVE of this 

composite is shown in figure 1. It is assumed that perfect bonding exists between the 

fibers and the matrix. 

 

 

Figure 1. RVE Model of a Matrix with a Continuous Long CNT [14]  

The effective longitudinal modulus (EL) of CNT reinforced composite is calculated by 

the equation  

                      mmcntcntL VEVEE                                                                                         (1)                           

Where Ecnt and Em are respectively the Young‟s modulus of CNT and matrix, Vcnt and 

Vm are the volume fractions of CNT and matrix respectively. 

Poisson‟s ratio )V1(V cntmcntcntLT                                                                          (2) 

Where νcnt  and νm are respectively the Poisson‟s ratio‟s of CNT and matrix. 
 

3.12. Halpin-Tsai Model for Short CNT Reinforced Composite: When the reinforcing 

materials are discontinuous short CNTs, aligned in a polymer matrix as shown in Figure 

2, the effective elastic properties can be determined by using Halpin-Tsai model 
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Figure 2. RVE Model of a Matrix with a Discontinuous Short CNT [14] 

Halpin-Tsai equations for evaluating the longitudinal modulus (EL) and transverse 

modulus (ET) are  
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When the reinforcing materials are discontinuous short CNTs, randomly oriented in a 

matrix, Halpin and Tsai proposed the equations to estimate the effective Young‟s   

modulus (Eem), Shear modulus (Gem) and Poisson‟s ratio (νem) of the composite which is 

treated as an isotropic medium, i.e. 
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3.2. Homogenization Method 

A composite is usually composed of fibers and matrix with different properties and 

will demonstrate non-uniform response when even subjected to a uniform loading in a 

micromechanical view.  But, in classical composite theory the composite is modeled as a 

homogeneous orthotropic medium with definite effective moduli that describe the average 

material properties of the composite. One of the most powerful tools to speed up the 

modeling process, both the composite discretization and the computer simulation of 

composites in real conditions, is the homogenization method. 

In the homogenization method, an RVE shown in Figure 3 is chosen by assuming that 

the reinforcing material is in a periodic arrangement and it is assumed that the average 

properties of a RVE is equal to the average properties of the particular composite. 

The average stresses and strains in an RVE are defined by 

                               dV
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Where the indices i and j denote the global three-dimensional coordinate directions      

                                                      

 

Figure 3. Periodic Microstructure and an RVE of a Composite 

In the present approach, the theory of equivalent homogeneous material proposed by 

Sun and Vaidya (1996) as a basis to compute the effective moduli of the nanocomposites.  

The total strain energy U stored in the volume V of the effective medium is given by 

              V
2

1
U ijij                                                                                                  (8) 

With the appropriate boundary conditions applied to the RVE model, finite element 

method can be used to provide the required numerical results by which the effective 

elastic properties can be calculated by using Hooke‟s law and strain energy equations as 

given in equation (9). 
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                                                                                                   (9) 

Where U is the total energy calculated for the different loading conditions, „ε‟ is axial 

strain and „γ‟ is the shear strain 

 

3.3 Numerical Simulation of Nanocomposites 

To evaluate the effective elastic properties of CNT based nanocomposites, an RVE of 

square cross section for a single-walled carbon nanotube (SWNT) reinforced in a matrix 

material as shown in Figure 4 is considered. It is assumed that there is a perfect bonding 

between CNT and matrix. 

 

 

Figure 4. Square RVE for a SWNT in a Matrix Material (Cutout View) 
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Taking advantage of symmetry of the model, only a quarter model of the composite is 

sufficient enough to simulate and analyze. In the numerical simulation process, SOLID95 

element is used to establish a 3D finite element model of the RVE.  

The material properties and dimensions taken for the analysis are:  

Carbon Nanotube (CNT)  

The type of CNT used in all the cases throughout this research work is the single 

walled armchair (9, 9) type [14]   

Outer diameter dcnt = 1.22 nm    

 Effective thickness tcnt = 0.34 nm 

 Length Lcnt = 50 nm  

Young‟s modulus Ecnt = 1000 nN/nm
2
 

Poisson‟s ratio νcnt = 0.3 

Epoxy Resin Matrix [18] 

Side length of RVEs = variable  

Length Lm = 100 nm 

Young‟s modulus Em = 3.5 nN/nm
2
    

Poisson‟s ratio νm = 0.3 

The elastic properties of the epoxy matrix and CNT are considered as isotropic.  

The effective elastic properties of CNT based polymer composites are evaluated from 

the total strain energy acquired, which can be obtained by the finite element analysis 

applying necessary boundary conditions and loading. The results obtained by finite 

element analysis are given in Table 1. 

 
Table 1. Effective Elastic Properties of the Nanocomposite at Different 

Volume Fraction of CNTs 

 

CNT volume 

fraction ( % ) 

 

 

 

Aligned CNT/Epoxy 
Randomly distributed 

CNT/Epoxy 

 

 

 

 

 

 

EL/ Em 

FEM 

EL/ Em 

Analytical 

ET/ Em 

FEM 

ET/ Em 

Analytical 

Eem/ Em 

H-Tsai 

Gem/ Gm 

H-Tsai 

νem/ νm 

H-Tsai 

1.0 1.583 1.632 1.029 1.064 1.237 1.183 1.196 

2.0 1.740 1.783 1.060 1.104 1.315 1.255 1.206 

3.0 1.817 1.835 1.091 1.135 1.363 1.300 1.210 

4.0 1.868 1.901 1.123 1.176 1.402 1.336 1.213 

5.0 1.902 1.937 1.157 1.209 1.436 1.370 1.216 

 

From the results given in Table 1, it is observed that the longitudinal modulus increases 

as CNT volume fraction increases. This is evident from the fact that the modulus of CNT 

is 1 TPa, which is about 286 times that of for the matrix and also tensile properties are 

fiber dominant properties.  

It can also be noted that, with the addition of 1% CNT in a matrix, the effective 

modulus in the longitudinal direction of the homogeneous matrix increases by about 59% 

and 24% in case of aligned and randomly oriented CNTs respectively. Effective modulus 

increases as the percentage of CNT volume increases. In case of aligned and randomly 

oriented CNT composites, at 5% CNT volume fraction the increase in axial modulus is 
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about 90% and 44%  respectively and the increase in shear modulus is about 37% in case 

of randomly oriented CNT composites. 

 

4. Modeling and Simulation of Multiscale Composites 

Since all the components of this composite are in quite different scale (glass fiber is in 

microscale and CNTs are in nanoscale) to form a multi-scale problem, it is complex to 

construct a suitable RVE model. Instead of modeling this CNTs/Glass fiber/Polymer 

system directly, combining the polymer and the CNTs into an equivalent homogeneous 

matrix by the homogenization process and then constructing the RVE model of this 

homogeneous matrix and glass fiber to perform the subsequent analysis procedure. 

The material elastic properties and dimensions taken for the analysis are given below: 

Equivalent matrix:      
Young‟s modulus Eem = Variable   

Poisson‟s ratio   νem = Variable 

Length Lem= 100 μm  

Side length sem= Variable  

              Volume fraction of matrix Vm = Variable 

Glass Fiber [18]:    
               Young‟s modulus Ef  = 70 GPa    

                Poisson‟s ratio νf  = 0.2    

                Length of fiber Lf  = 100µm  

                Diameter df  = 20 μm    

                Volume fraction of fiber Vf  = Variable  

To evaluate the effective elastic properties of multiscale composites, a square RVE for 

a glass fiber reinforced in a homogeneous matrix material is considered. Due to the 

symmetry of the model, only quarter model of the multiscale composite as shown in 

figure 5 is sufficient enough to simulate and analyze.  

 

 

Figure 5. A Quadrant of Square RVE for Multiscale Composite 

In the numerical simulation process, SOLID95 element having three degrees of 

freedom per node: translations along x, y and z directions, is used to establish a 3D finite 

element model of the RVE. A 3-D quarter model of the RVE using different mesh 

densities has been developed and the convergence study is carried out in order to 

determine an appropriate mesh density. The finite element model which is having 74664 
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elements and 107000 nodes producing converging results shown in Figure 6 is used for 

this study.  

 

 

Figure 6. Meshed Model of a Quadrant of Square RVE for a Multiscale 
Composite 

5. Results and Discussion 

The effective elastic properties of multiscale composites are evaluated by adding CNTs 

at 5% volume fraction into the glass fiber composite (glass fiber volume fraction varying 

between 10% and 70% in steps of 10%). The results obtained by finite element simulation 

are presented in Figures 7-10. 

 

 

Figure 7. Effect of Glass Fiber Volume Fraction on Longitudinal Modulus at 
5% CNT Volume Fraction 
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Figure 8. Variation of Transverse Modulus with Glass Fiber Volume Fraction 
at 5% CNT Volume Fraction 

 

Figure 9. Effect of Glass Fiber Volume Fraction on Shear Modulus at 5% 
CNT Volume Fraction 
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Figure 10. Variation of Poisson’s Ratio with Glass Fiber Volume Fraction at 
5% CNT Volume Fraction 

Effective elastic properties such as longitudinal modulus, transverse modulus, shear 

modulus and Poisson‟s ratio with respect to glass fiber volume fraction are evaluated for 

5% volume fraction of CNTs. The numerical results are compared with the analytical 

results and observed that the maximum deviation between these results is within 4%, 

which indicates that there is a good agreement between the two.  

Figure 7 show the variation of effective longitudinal modulus of multiscale composites 

with respect to fiber volume fraction for different volume fractions of CNTs. From the 

plot it can be noted that, reinforcing effect of adding CNTs into glass fiber composite, the 

effective longitudinal modulus increases as the CNT volume fraction increases. It is also 

observed that at 10% fiber volume fraction and at 5% volume fraction of CNTs, the 

increase in longitudinal modulus is about 13.7%. But the percentage increase in effective 

longitudinal modulus decreases as the volume fraction of fiber increases. At 5% CNT 

volume fraction and 70% fiber volume fraction the increase in longitudinal modulus is 

only 1%. In depth study reveals that the reduction in percentage increase in longitudinal 

modulus is due to less number of CNTs available as the percentage of fiber volume 

fraction increases.  

The variation of effective transverse elastic modulus with fiber volume fraction for 5% 

volume fraction of CNTs is shown in figure 8. From the plot it can be noted that there is a 

significant increase in transverse modulus due to the reinforcement of CNTs into glass 

fiber composites. It is also observed that at 10% fiber volume and 5% CNT volume 

fractions, the effective transverse modulus of multiscale composite increases by about 

42% than the conventional composite. But the percentage increase in transverse modulus 

decreases as the volume fraction of fiber increases. In depth observations reveal that, the 

decrease is due to less number CNTs available as the fiber volume fraction increases. At 

5% CNT volume fraction and 70% fiber volume fraction the increase in transverse 

modulus is about 27%. 

Figure 9 show the variation of effective shear modulus with fiber volume fraction for 

CNT volume fraction 5%. From the plot it can be observed that due to the reinforcement 

of CNTs in glass fiber composites, there is a significant increase in shear modulus. At 
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10% fiber volume and 5% CNT volume fraction, the effective shear modulus of 

multiscale composite increases by about 43% than the conventional composite. But the 

percentage increase in effective modulus decreases as the fiber volume fraction increases 

and this is due to less number CNTs available as the fiber volume increases. At 70% fiber 

volume fraction and 5% CNT volume fraction the effective transverse modulus increases 

by about 32%. 

The variation of Poisson‟s ratio with fiber volume fraction for volume fraction of 

CNTs 5% is shown in figure 10. The Poisson‟s ratio mainly depends on the transverse and 

longitudinal strains. However longitudinal strain is fiber dominant property, obviously 

there is a significant decrease in Poisson‟s ratio by increasing fiber volume fraction.  

From the results it can be noted that by adding CNTs, the increase in effective 

longitudinal modulus of multiscale composites is not as good as in the nanocomposites. 

This is due to tensile properties of multiscale composites are fiber-dominant properties. 

Therefore longitudinal elastic modulus depends highly on the fiber volume fraction, not 

on the CNT volume fraction. However, there is a significant increase in effective 

transverse modulus as well as effective shear modulus of multiscale composites due to 

CNTs reinforcement, which shows that the CNTs have best reinforcement effect in the 

transverse direction. 

 

6. Conclusions 

In the present work, effective elastic properties of nanocomposites at different volume 

fraction of CNTs varying from 1 to 5% and multiscale composites at 5% volume fraction 

of CNTs are evaluated. It is observed that low volume fraction (1 to 5%) of CNTs results 

in large increase in effective elastic properties of nanocomposites. 

The reinforcing effect of adding CNTs into glass fiber composites (multiscale 

composites), the increase in effective longitudinal elastic modulus is not that much 

significant. However, the effective transverse elastic modulus and shear modulus have 

been found increasing significantly.  

The results clearly indicate that incorporating CNTs in polymer matrix composites can 

potentially enhance the mechanical properties of composites significantly. 
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