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A semi-varying coefficient model, a type of semi-par
earch, including

model and the varying coefficient model offers a go
important tool for exploring the dynamic pattern y a
economics, finance and biomedical research. per p%@( a new estimation
method for semi-varying coefficient models based on the_roughness penalized spline
approach. Asymptotic properties of their ors a % obtained. The penalized
spline estimation method is applied @conom mple using a semi-varying
coefficient model. é
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1. Introduction

In recent ye n by ﬁ%spread of computer technology and its many
sophisticated apphi ul data-analytic modelling techniques have been
proposed t rd|t|on etrlc models. For the classic linear model

6 ZXa +e (1)

adequate theg e been derlved and widely applied. However such linear models
always have a@s of strict assumptions, which sometimes cannot be completely
satisfied 4p (practice. Under this circumstance, nonparametric models offer a suitable
alternati ause they require relatively fewer model assumptions and offer greater
esti fficiency. However, the “curse of dimensionality' problem is a hindrance to

I nonparametric models and can sharply increase estimation variance. To
%nvent this problem, statisticians have imposed an additional structure in regression
function. Examples include additive models, partially linear models, and varying
coefficient models.

Among the above nonparametric or semi-parametric models, the varying coefficient
model is encountered in many context and has been successfully applied to multi-
dimensional nonparametric regression, and generalized linear models. The varying
coefficient model is defined as follows(Hastie and Tibshriani (1993))

Y=Y X, U)+e @
i1

ISSN: 1738-9968 IJHIT
Copyright © 2016 SERSC



International Journal of Hybrid Information Technology
Vol. 9, No.12 (2016)

where Y is a response variable, X and U are covariates that depend onU . Because of
the generality of function a(u), the model bias can be reduced significantly. Thus, the
model has attracted considerable attention (Fan and Zhang (1999); Chiang et al. (2001);
Zhang (2010)).

In practice, a question often arises as to whether a covariate affects a response or
wether a coefficient is varying (Fan and Zhang (2000)). For example, in the frame work

of a cross-section production function, ¢, and ¢ denote a firm's liquid capital and fixed

capital, respectively, and U represents the firm's research and development (R\&D)
expenditure. It is well known that the level of U will affect the marginal productivity of

the fixed capital, but not that of the liquid capital. Hence, C; may have a varying

coefficient & (U) , but ¢, will not. This gives rise to a semi-varying coefficient model,

which is defined by the linear model as follows: .

Y:J-Z;Zjaj(U)-i_kZ::Xkﬁk_'_g ?M)

This model consists of two parts: a linear part, wl |ch invol constant
coefficient g (k=1---,q) , and a nonparametric part h mv@he varying
coefficient; (U)(j =1---, p). The former part can be.sffisiently indgrperated with prior

@ model* W]ptlons Hence, the
t

semi-varying coefficient model is more flexible than"joth the par ric linear model and
varying coefficient model. Moreover, the se ying € @lent model can efficiently
avoid the ‘curse of dimensionality' problem K

There are a sequential of literature estiga procedure for the semi-varying
coefficient model. Fan and Huan 2) sugl using the kernel-based profile
likelihood approach to esti partially%ing coefficient model. Ahamad,
Leelahanon and Li (2005) op s gener ries estimation method, and their results
can be extended to a condition terosk ieity error case in a straightforward manner,
but with no asymptotic, mality . "Motivated by two practical problems: the
relationship of human to a% fon and weather condition, and the transmission

mechanism of e ics, Xia g and Tong (2004) proposed a new estimating
procedure for dona ear model, which can be used to simultaneously
estimate thg”Pagawpetric ang=ponparametric functions of the same model at their optimal

In addltlon to abo dJokal linear approximate method, the spline approach offers an
thod for varying coefficient functions in model (3). Hastie and
e a spline estimating method for the varying coefficients model
and prowded a proved algorithm for deriving estimators. For multivariable survival
models varying coefficients, Kauermann (2005) considered penalized spline
smoothi hazard regression. Chiang Rice and Wu(2001) applied a kind of smoothing
spli ating method to a special varying coefficients model, with a repeatedly
dependent variable. There are many studies on the use of the spline method to

ate varying coefficient models, but the application of the spline of to semi-varying
coefficient models has receive less attention, especially for asymptotic properties. Li, Xue
and Lian(2011) used a B-spline to derive estimators for the semi-varying coefficient
model with a diverging number of components.

In fact, compared with the local linear method, spline method place more emphasis on
‘globe approximation' because there are more overlaps among basis functions as their
degree increases. The present paper proposes a new estimation procedure for semi-
varying coefficient models based on the roughness penalized spline approach proposed by
Green and Sileverman (1994), in which varying coefficient functions are estimated in
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piecewise, and both the varying and fixed coefficients are estimated simultaneously in a
single step. Moreover, asymptotic properties of their estimators are obtained.

The rest of paper is organized as follows. In Section 2, we present the semi-varying
coefficient model and provide some notations to simplify the model in a matrix form. In
Section 3, the estimation of parameters by the roughness penalized spline approach as
well as their numeric characters and asymptotic properties is presented. In Section 4, we
present an application of our proposed approach to economic analysis. The sketched
proofs of theorems in Section 3 are given in the Appendix.

2. The Semi-varying Coefficient Model

Suppose that (Yi,Zy, =1 Zip, X+ %, ), (i=1---,n) denote a random sample from

model (3), where Y, is response variable, and (Zy,=* 2, X5, %qsU;) are covarlate
variables. Then, the seml—varylng coefficient model (3) can be rewritten as

Zz.,a u )+Zxkﬂk+e<n 0? "
Let Xy :(X1k"”1 nk) (k:lr""Q)’ Z; —dlag(le, o nl)&% ), @ " )
d

X =(x,"++,%,) and the varying coefficients «;( ,a, an
aU)=(U)",---,a,(U)")". Correspondingly, (ﬁl, denotes the fixed

coefficients and &=(g,--¢,)" denotes the@or vecxor nce, model (4) can be
rewritten in the matrix form as follows:

Y=Za(u$s +g\@ (5)
Without losing generality, we s ppose aNIhe variables {u;} are distinct from

each other at an interval [ % U°%)" be the vector of ascending ordered
values of {u;}, and correspon ingly: =(a1(U°)T e, (U")")" . Let N be the
incidence matrix ma we have a(U)=NaU°). When Z =ZN ,
model (5) can be r\ nas %
U)+Xp+e (6)

In this p @ S ma%i@wing assumptions:

(A1)The Vafying coffficient function «;()(j=1---,p) are defined in the function
space W (a,b) ={f + absolutely  continuous; @ e *(a,b)} .

(A2) Let enoting the distance between two knots u and u}, , i.e.

h =u’, Wki=1---,n-1) and h=max{h,--h_} 6 h=min{h,--h_} there exist a
constan®>0, such that h/h, <M,
The deterministic design points u, €[0,1],i=1---,n assume that there exist a
ution function Q with corresponding positive continuous design density function
d(x) such that, with Q, the empirical distribution of ul, U

sup|Q, (u)-Qu)| = o(—

uef0,1]
(A4) The error vector € is white noise
g~ (0,0°1) (7
i.e. E(6)=0 and Cov(¢) =01, where 0 is a nx1 vector and | is a NxN identity
matrix.
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3. Estimation of Parameters

For given sample value u,,---,u, , suppose that the varying coefficients function
a;()I=L---,p) is a piecewise cubic spline on each of the intervals
©O,u.],(u,u,1,--,(u,,1]. We can then plot the entire function through points
(U, a;(Uy)), -+ (u,, a;(u,)) (Green and Silverman(1994)). However, in model (4), the real

value of «;(U,),---,&;(u,) are unknown and we must first estimated these values.

Following Ni, Zhang and Zhang (2010), we consider the penalized likelihood function as
follows

L@, AY) =Y ~ZalU®) - XA (Y ~ZaU%) - X )+ 3 [a(s)ds (@

Note that (8) has two parts: the first term on the right hand side is used to confrgl the*
degree of model fitting and the second term is used to control the degree of s SS
for the nonparametric function &;(), where ¢ is a non-negative smooth meter.

For the cubic spline function under the assumption (A1), we 8anerewri gral term
of (8) in the matrix form as follows (from equation (2. 3) i n and erman (1994))

ja.(s) ds=a,U°) Koa.Q
where K, is the smoothing matrix with respect riable u%, -,u’), which will

be demonstrated in Lemma oting Q(Klr'n o), Where
K, =K, =--=K,=K;, model (8) has t @xfor oWs:

L(aU®),8Y)=(Y - Za(U° % Xﬂ)+§a(U )" Ka(U®) (10)

Minimizing L(a(U°),3Y), n estab following theorems (their proof is

sketched in the Appendix).

Theorem 1. The penal likeliho tor of coefficients for model (6) is

§ 24507700 (-1 an
AXTX)XT(1=SQ, )Y

,,,n) and 0., denotes the nx(j—Dn zero matrix,

S=72(2'QZFeK)™ & =1-P =1-X(X"X)"X".
Remark: U:d& sumption (A1l--A4) and nh® — 0, it follows from (A.39) that the

estimator B i IS consistent with a parametric estimator, i.e.
B—(XTX)XTY.
@ns that the asymptotic estimation of g only depends on fixed coefficients X

s whether X iscorrelatedto Z .
%W that we have obtained the estimated points (u,,«;(u,)),---,(u,,«;j(u,)), We can use
them to estimate the entire function «;(-), Green and Siverman(1994) report that for any
ue[0,1]
ai(u)=Mu)a;u’) (12)
where M(u)=N(u)+LJ(u) and L=(0,,,Q"'R"0,,)", R and Q are defined in
Lemmal. The vector N(u) = (N, (u),---,N, (u)) satisfies
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ey k=1
hl {u <u<uy }
u.,—u u-—-u
Nk (U) = kT]_ (U <u<uy ) + h « {ug<u<u,}? 2<ksn-1,
k k-1
u,—-u _
hml I{u,,,1<u<un}’ k= n,

and in the same manner, the vector J(u) = (J,(u),---,J, (u)) satisfies
u-u,

(U - ul)(uz - U)(l+

) {uy<u<u,}?

U—u, u-—u,,

<S

‘Jk (U) = (U - uk)(uk+1 - U)(1+ ) {u, <u<uy ) - (U - uk—l)(1+
k k-1

(u_un—l)(u U)(1+ h u)l{u 1 <u<u,} %

The local asymptotic property of «;(-) can be denved@e theo % llows.
Theorem 2. Under the assumptions (Al--A4) and or any fixed

) {ug g <u<uy }

ue(u,u,,],i=1---,n=1, we have \/
£, 0) Rt ph?)\ (13
a® W Q
where b;(u) =- 3 B, ( is the 3r rnoulll polynomial, which
is inductively defined as follows s%
B,(X) = J' |B Z+b (14)

where b, _—|j j ; 1%zdx l@ Bernoulli number (see Barrow and
Smith(1978)).
Theorem 3. U o&ame axg ptions in Theorem2, for any u [0,1]

O i(u)- ( b; () S N@OD) 15

where b;(u) is d s in Theorem 2.
rems 2 and 3 to construct pointwise confidence intervals for the

We now app,
varying coefficiggt function «;(u).

Theo . Under the assumptions (A1-A4), for any ue[0,1], the 100(1-a)%
asy onfidence interval for a;(u) is
l
@ [al(u & h k) uk<U<Uk1] Za/ZVar(aJ(u)) (16)
' Kk

where z,,, is the (1—0t/2) th normal percentile and function B,(-) is defined in
Theorem 2, (Cj,, ++,Cj(rpy) =Wax; (U°), where W is derived from (A.33)

Theorem 5. Under the assumption (Al--A4) and when h—0 and Nn—o |
a1(U°),---,ap(U°) defined in (12) satisfy
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k* n’h®
ZAMSE(a,(U )) =o(= Z—;(gk“—lh) )+0( 1, +Z(§ ey

CO
where a1 (U°),---,ap(U°) are defined in (14), and |, and ¢, are constants that
depends on the distribution of U°.

Theorem 6. The fixed coefficient estimators in (10) have the expectation and
covariance matrix as follows:

E(B)=B+(XTX)" X" (1 -5Q,)Za(U’)
Cov() = a*(X"X) X7 (1 =SQ, )(I —Q S)X (X" X)™

where S, W; and Q, have the same representation as in Theorem 1.

4. Application Y\/

To introduce the semi-varying coefficient model, in Section 1, we havﬁ?e ted an
example of the cross-section production function. We now retrn to thig’exampgle and use
it to illustrate an application of our proposed estimati oach. IN€thi§ section, we
consider the estimation of a production function f i iNg industry in a
semi-varying coefficient model. The data was dr conomic Census
conducted by the National Statistic Bureau of Chin 008. To uct a macro-analysis
of the production function, we used indices fr@/ery 0] 79) for different industries as
samples. To avoid heterogeneity across mdustr nd to achieve sufficiently

(17)

(18)

large sample sizes, we include ind ctor, ollows: food processing from
agriculture, foods manufacturing, b ng and tobacco manufacturing.
After removing some missing val e sample is 113.

First, we considered the b%‘ param% linear model as follows:

InY =4, + INK+4,InZ+¢ (19)
where Y is the indust utput v |s the liquid capital, K is the fixed capital,
is the R\&D mput LNiS the laboyr in ut and ¢ is error term. All monetary measures

are in hundred m| nmi b abour is measured in ten thousands.
Through the uare the th€ model (18) has the estimated form as follows:
y= 31InW  +0.25188InL  +0.32413InK  -0.05681InZ
xlO’B 9%10™) (0.000148)  (0.007608) (0.093459)
where the numb parenthe5|s are the p- values of the respective coefficients.

Clearly, the vari has the maximum p-value and the null hypothesis (5, =0) cannot
be rejected at a'sighificance level of 0.05. Hence, the linear model (19) is a poor fit with
the the i”% production function. It is likely that the level of R&D expenditure affects
the mar roductivity of the fixed capital and labour inputs, but not that of the liquid
capi&emi-varying coefficients industry production model can be derived as follows
, Leelahanon and Li(2005)):
@ InY =yInW +a,(2) +(2)InL+ ¢, (2) INnK + & (21)
and these parameters can be estimated using the roughness penalized spline approach.
The estimated value of 7 is 0.6651809 and the varying coefficients «,(z), ¢,(z) and
a(z) and their point-wise confidence intervals are plotted in the graphs presented
below:
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Figure 1. (a) £(2), (b) 5 (2), (c) B(2) .
Figure 1(a) shows the plot for «,(z) ; the figure indicates that «,(z) is iear

function of z and that «,(z) has decreases as z increases. Figure 1(b) sho at the
marginal productivity of labour ¢,(z) is also a nonlinea tion of gh ¢, (2)

locally varies with z, it has a general upward trend, an that s with large
R\&D expenditure have higher marginal labour p iivity. Figur shows that the
marginal productivity of the (fixed) capital fluctug ith $ aches a maximum

value at z=2.1. These results are not surprisi pace of the subprime crisis
and the subsequent Chinese government baildgu. ecause unbalance distribution of
bailout capital accross different regions ustrles so of the companies sampled
have sufficient capital but others experj capl |t|es This somewhat affects the
R&D input, and most of the R&D are Improve equipment performance,
rather than to train labor force T urn ma unt for the varying marginal capital

exhibits a general downward trend. can conclude that a higher R&D input can
increase marginal labou ductivit decrease marginal capital productivity. Our
research also shows that the industrigl output value (y) has a positive correlation with the
R\&D input (2). \9

oplied the Ioc li method to this data set. The estimated value of 7 was
he estv@ arying coefficients were similar to those obtained by using

productivity with respect t verthe;e%he marginal capital productivity A (z)

ethod compare the efficiency of the two estimation methods, we
considered the good fit:

@ ne SR _ >y, —g)z
SST > (vi—y)°
The show that the roughness method (R* =0.952385) is marginally superior to

tj | inear method (R? = 0.950503) .

ppendix

Lemma 1. Let A is a positive matrix (A,.,>0) and K, is the smoothing matrix
defined in (9), under the assumption (A2) and h—0, the matrix (A+&K,) K, (£ >0)
has the eigenvalues as follows:

A((A+EK) Ky = m =1---,n,
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where ¢, =c, =0, ¢, =

Y
@ n2) c,(1+o0(), ¢, isa constant depend on the distribution of
U, and 4 (A) denotes the ith eigenvalue of the matrix A which is in ascending order.

Proof: It follows from Green and Silverman (1994) that the smoothing matrix in (9)

satisfy K, =QR™'Q", where

hl + hZ hZ
3 6
h2 hZ + h3
R_| 6 3 |
. h._,
' 6 S
h., hn_2 +h, \/
6 Q
and 0
hl—l
—(h* +h")
Q= h,*

- +h -
Q h 10
Denote R=hR; and Q=h’1Q0, we O
(A1)

It follows from the assum pt ) that% alte of elements both in Q, and R, are
independent each other when

Let ¢ is a eigenvalue @ORO Q0 the corresponding eigenvector, i.e.

. Q o —c.u,,l—J, - (A2)
and O=c¢ =c \s ler and Reinch(1975) indicate that the whole

nvect mes oscillating as their corresponding eigenvalue
985) give the approximate eigenvalues in (A.2) as

=c,=0,c, = (i _n2)4 c,(1+0()),i=3,---,n (A3)

where ¢, is @am that only depends on the distribution of U,.

Let L%ﬁ o IS a invertible matrix, then L>0. Extracting the factor h=* from L
yields O
L=hL, =h?("*A+£K,).

@/en A>0,K, >0 and the Weyl's inequality, we get
M2, (A) 2 4 (L) — €4 (Ky) = W4, (N),i =1,---,n (A4)

Thus, whenh — 0,
A (L) = 4 (Ko) +o(h°) .
These means that there exist an orthogonal matrix P, which satisfies
PTL,P =P (o(h*)A)P + £PTK, P =diag(o(h®),--,0(h%)) + &diag(c,,---,C,) -
Use (A+EK,) 'K, = L;'K, , we have
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PTL'K,P = (P"L,P) *P"K P =diag(—— 2 ,---,— 0

Ec+o(®)’ &, +o(h®)

The proof of Lemma 1 is completed.
Proof of Theorem 1. The differentiation of (10) with respect to «(U°) and S are
oL(ax(U°), 5; Y)
daU°)
oL(ax(U°), 5; Y)
op

Thus, the equation system is set as follows:

{ZTZC{(UO)-F 7' Xp+EKaUY)=2"Y,
XTZaU%)+ X" Xp=X"Y.

Then, we yield ?y
Z'z+ek 7' x a(U ) 7'y 0
X"z XX

Solving this equation, we obtain &
a(U%)=(2 sz+§@ \/
L=(X"X)TX"(I
The proof of Theorem 1 is completed. [] \u

Now we introduce Barrow and Smitht ) resear,
error of spline function on S([0,1]):

inf || f ( s(u’&§o(h3 (A.5)

s(u)e([0,1])
where
b(u) = A@! hi
>
It follows from’(b@at t%ﬂa\ts a s, (U)€S([0,1]) such that
j

u)+b; (u)~s, (u)=o(h?) (A.6)
Proof o@)rem 2 (12) and (A.6), we have
—a;(u) =[E(a; () =s,, (U]+[s,, (u)—a;(u)]

=27 (Y —Za(U°) - X B) + 25K a(U"),

=2X"(Y = Za(U°) - X ).

Its about the approximation

(A7)
=[E(a;(u)-s,, (W]+b;u)+o(h’)
To obtairf (13), it is suffice to show that
O E(aju))—a;U) =[E(a;))-s, (W]+[s,, ) -a;u) AB)

Q =[E(a;(u)) s, (u)]+b;u)+o(h®)
ecause S,, (U) €S([0.1]) , it follows from (11) and (10) that

Eai)-s, (W) =MUW,[Z'QZ +£K)'Z Q,Z)(aU") -5, (U) (A9)
where «(U°) is defined in (6), and Sa(UO)=(S,Z(UO)T,"',S(ZP(UO)T)T ., where

5, U= (s, U)), -8, U)',i=L-p .Note that (A+hB)=A"+hB*AB™+o(h?)
and the definition of matrix K in (A.1), we have

(Z'QZ+£K)'2'Q,Z =h*e K, 'Z2'Q, Z +o(h®) (A10)
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Thus, from (A.1),(A.9) and (A.10), we obtain

-1

E(aiu)-s, (u)=h’¢"M (u)zp: Ko Z,Q4Z,7 +o(h®) (A.12)

where 7 =a(U°)-s, (U°) and K, is the diagonal elements for block diagonal matrix
K, . Suppose that ki and Q; are the (i, j)th elements of KO’1 and Q, respectively, and
Ve =m0 Vi) , We have

B (W) =5, (W) = oY > S iz, QuM, () (A12)

I=1 k=1 t=1
It follows from Zhou and Shen(1978)(see proof of Theorem 2.1) that y, =o(h°).
Substituting 7, and M (u) into (A.12), there is .

E(ers (U))-s,, (U) = o(n”ph’) @A)
The theorem proof is completed from (A 7) and (A.13).[]
Proof of Theorem 3. It follows from (12) that
Var(a; (W) =o’M(U)(Z QZ+¢K) 2 Q, Z(@SH:
=M (U)GM T (u) O
From(A.10), it is easily proven that \/

G= o(h“w K2 ) f@ %) (A.15)

Let Gst denote the (s.1) elements o%
kgz ,tétk‘&\kk =o(n®) (A.16)

Substituting (A.16) and (Amto A obtam

(A.14)

Var( o(nzh ) (A.17)
By Theorem 2 and We ha
- 0 (U) o(n’ph®
' = e =0 (a1
K ar(a, () o
Thus, (15 oIIows
E
Uj (U) (al (U)) d N (0,1) (A19)
«f@ar(a i(u))
From&*ﬁd (12), we have
ai(u)-E(ai) =D ag (A.20)
i=1
%ere (@,-a,) =MUW,(2Z'Q,Z +&K)*Z'Q, . Obviously,
k
> a? =Var(a;j(u)) (A.21)
i=1
To check the requirement of Linderberg-Feller center theorem, it is suffice to verify
max {a?} = o(Var (a;())) (A.22)

Note that(a,,--,a,) = O(h*s ™M U)Ko Z,Qy), then
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a =o(h*E*M(U)Ko Z,Q), 1<t <n (A.23)
where Q, is the tth column of Q, . Thus,

8% = o(h*& M (U)Ko Z,QQ Z, Ko M (u)) (A.24)
Because

M (U)Ko Z,QQIZ,;Ko MT (U) € 4 (MT WM (U) A4 (Z, Ko Z)r(QQT)  (A25)

where 4., (A) denote the max eigenvalue of matrix A, and

r(QQ) =tr(Q'Q) =Q, <1 A4, (M WM () = 4, (M7 ()} <1 (A26)

where Q, denote the (t,t) elements of Q, , we have i

M (U)Ko'Z,QQZ, KoM (U) < 4, (Z, Ko Z,) ?\

ﬂmx(Z,-KSZZ,-)SMaX(Z )ﬂmaxKo) m&@ﬂmKo%
and (A.3), we have
A, (Ko) O(@
Further,
max {a? } o(nh) Qtr(am@ (A27)

Hence (15) follows from (A.27) an erg;| nter theorem.
Proof of Theorem 4. It foIIo Th that the 100(1—a)% asymptotic

confidence for «;(u) +b;(u) is

Considering

Noting that

\\QJ ( @ ') ue (U, U] (A.28)
and 0!(3).1 V:E \@ it is critical to get the estimator of a\” .Obviously, when

h—0,
(2) (2) (2) 2)
u)—a: (U o \U)—a. (U
— Il ( ) j ( I) ~ j ( I) j ( |,1) (A29)
u-u; u-u, h

Thus, WA.Zg) We can use a(jz) (u) and a(jz) (u._,) to estimate a(js) (u,) as

(2

@ a; (u)-a; Wid) i_n.. 01 (A.30)

2o @) )=
nd define a(f) (u)= a(f) (u)=0-. In fact, we can use «;(U°) to estimate

(@ (u,),---a\? (u,,))" from Green and Silverman (1994) (formula (2.4) in this book)
as

(@ (W), WU ) = R*Qa; (U°) (A31)
Denote
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1 -1
h, h,
B= . (A32)
1 -1
and C=(0,,,Q"R™)", it follows from (A.30) and (A.31) that
@ W) e (U ) =BCa;(U%)=Wa;U°) (A33)

We complete the proof.[]

Proof of Theorem 5. Considering the definition of (U°) = (aU®)",---,apU°).)

in Section 2, we have > AMSE(a;(U")) = AMSE(a(U”)) .Let N=Z'Q, Z We
expectation of o(U?) is
E(@U*)=(2'Q,Z +AK)*Z'QE(Y) =( s)s) @
Further, '\

Bias(a(U®)) = (I - (N +§K)1N)a(u°):(:®% K\O) EMa(U®)
and the covariance matrix of o(U°) is Q . \?

Cov(a(U®) = % K)’lN )t
Hence, the average mean squar, &rfor a(U&S tisfy
_E AA o 4
AMSE (a(U?)) = —a(U M \ —tr((N +EK)IN(N +EK)™)  (A34)
Notes that K |s diag atrlx WI'[h K, , i.e. K=diag(K,,---K,) , the

eigenvalues of K YQ
p+k(kg 1(Kp),1=0,---,(n=1),k =1, (A.36)

By LemQand h e have
Cia
6\ M= oo

Supp &ﬁat f,,---, f,, are a series of orthogonalized eigenvectors of M and satisfy
6 Mf; = 4 (M)f;,j=1--np,

@Q there exist a vector 7 = (71.***,7,) , which satisfy

np
aU®) =2 7t
j=1

..,(n_]_)1k :1,..., p.

Hence,

A= ZWZ(M)SC?"Z MD=c P2y

where ¢=max(y;,---, 7). Substituting (A.3) into (A.36), we have

2

) (A.36)
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n-2 Kk 2
aU°)"M™MaU°)<c-p) ( )
=R +Clno(h3) (A-37)

0

Let H =(N +£K)™? and it can be gotten from (A.4) and (A.35) that

6
/11~p+k(H): O(h)3 Z,iZO
(éc.,, +o(h))
when h— 0. For H>0 and N >0, there are some inequalities as follows
Aoy (N)A; (H) 2 4, (NH) > 2, (N)A; (H), j =1,---,np,

(n=1),k=1--,p (A.38)

Thus,

0<tr((N+£K)'N(N +&£K)™) =tr(NH) < ﬂnp(N)ilj(H) A.
Substituting (A.4) and (A.38) into (A.39), there are J ?“
n-2 2 6

0<tr((N +EK)N(N + EK) ™) < p[Io+z o)

4
Ky + no(
where |, is a constant. Using (A. 37) and (A. 39) .
‘I

. n-2 (hﬁ
AMSE (a:(U ))chZ( ) = O+Z%

Lkt + no( ,

§ (A.40)

The proof of Theorem 5 is completed. \O

Proof of Theorem 6 It follows e ults i \remlthat
E(B)=(XTX)*X] (I )E(Y.)@(XTX) XT(1-8Q,)Za(U°).

and
COV(ﬁ)=@<) X" ( ‘QCW(Y Y)(1-QyS)X(XTX)™
(XX (l—soxxl Q)X (XTX)™

The proof is @k&ed Q
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