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Abstract 

With the fast advances of sensing technologies in the past decade, a significant amount 

of discrete point data has been obtained. Some of these points are of poor quality because 

of measurement uncertainty at the geometric discontinuity of mechanical parts. In this 

paper, a particle swarm algorithm is developed for optimally-constrained multiple-line 

fitting of discrete data points. It contains two important technical components: a) 

constrained least-squares fitting of multiple lines, b) particle swarm search for optimal 

corner/edge points. The algorithm is applied to two-dimensional and three-dimensional 

cases. Numerical experiments indicate the effectiveness and high accuracy of the 

proposed approach, compared to the conventional method. It can be used for the accurate 

determination of sharp edges or corners based on discrete data points measured in 

high-precision inspection and manufacturing.  
 

Keywords: geometric discontinuity, particle swarm algorithm, sharp feature 
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1. Introduction 

With the fast development of laser scanning technology, reverse engineering of 

mechanical parts/components produced a vast amount of discrete data for the digital 

models of the measured parts/components. These loosely-connected point clouds lack 

structural information about physical objects. Moreover, a limited number of laser rays 

likely miss the exact location of corner or edge points. This leads to a significant amount 

of data errors around the sharp features, as in Figure 1. 

 
 

 
 

(a) convex discontinuity (b) concave discontinuity 

Figure 1. Data Abnormality at Geometric Discontinuity 

It is therefore a meaningful research how to handle such a kind of data abnormality at 

geometric discontinuity. A number of studies have been conducted to preserve sharp 

features during a mesh smoothing process.  One technique was anisotropic diffusion that 

was used in height fields[1], triangle meshes[2-6], level set surfaces[7], surface and 

function[8], surface reconstruction[9-11]; and the other method was bilateral filtering[12, 

13], which was extended to a trilateral filter[14]. Recently, several new methods were 

proposed for the denoising at geometric discontinuity [15-22]. The aforementioned 
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methods were designed primarily for entertainment industry where geometric tolerance 

and small gap between piecewise fitting are not a concern. In essence, smoothing is an 

iterative process in which the sharp features are inevitably altered to a certain extent, 

causing unacceptable numerical errors in the field of high-precision manufacturing and 

industrial inspection. Yet, some other approaches[16] did not change data points at the 

geometric discontinuity, meaning no data rectification at all.  

Particle Swarm Optimization (PSO) is an evolutionary computation technique 

discovered through the simulation of a simplified social model[23]. It has been 

successfully applied in many optimization tasks[24-28]. In PSO, each individual (i.e., 

particle) utilizes two kinds of information in its evolutionary process. The first type is the 

particles’ own experience; the particles have memory and always keep track of their 

previous best position. The other is intelligence of the whole swarm: each particle adjusts 

itself towards the global best position[29]. Note that the quality of initial particles can 

affect the speed of optimization. Normally, the size of initial population and its 

corresponding positions are randomly generated. In this paper a specially-designed 

particle swarm algorithm is proposed to solve optimally-constrained line-line fitting. In 

our approach, the quality of initial particles is improved by estimating the most potential 

solution space because a corner point always has its specific characteristic.  

This paper is organized as follows. Section 2 provides some details about constrained 

line-line fitting. In Section 3, the proposed particle swarm optimization is applied to 

search for the optimal corner point. Experimental results are described in the following 

part, Section 4. Finally, Section 5 provides some conclusions of this study. 

 

2. Constrained Least-squares Fitting of Multiple Lines 

The problem of traditional piece-wise regression of measurement data at G
0
 

discontinuity is the generation of gaps at the location of discontinuity, as illustrated in 

Figure 2. The gap in this figure is enlarged for the purpose of clarity. In the case of 

high-precision digital manufacturing, an opening of several hundreds of micrometers 

would be problematic. To avoid artificial G
0
 discontinuity caused by piece-wise numerical 

fitting, constrained fitting has to be conducted. However, the location of corner points or 

edge points is not known before the fitting. Thus, the first important step for a constrained 

fitting is to determine the location of discontinuity.   
 

 

 

 

 

 

 

 

 

Figure 2. Opening of Two Regression Line Segments at the Location of    
Discontinuity 

 

2.1. Two-Dimension Case 

In general, the location of corner or edge points should be located in a high-curvature 

region. The curvature can be computed by a numerical estimate [16] based on principal 

component analysis. The drawback of principal component analysis is its high 

computational cost. In the cases of two-dimensional and three-dimensional lines, a simple 

line propagation scheme can be designed as follows. The basic idea is to start from one 

end point (point A in Figure 3) and to propagate along one direction of a line. The 
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propagation continues until the tangent direction is significantly changed (point C in 

Figure 3). Similarly, a new round of propagation begins with another end point (point B in 

Figure 3) and terminates at point D. Points C and D define an approximate region for the 

corner point where two lines are supposed to meet.    

 

Figure 3. An Approximate Search Space for Corner Location Determined By 
Line Propagation 

In this paper, the exact location of the corner point is searched by a specially-designed 

particle swarm algorithm. Its details are given in section 3 for both two and three 

dimensional cases. As a reference of fair comparison, one approach (Scheme 1) is 

designed to select the best data point as the corner for constrained fitting. This best data 

point is the point with the minimum fitting error among all the data points within the 

approximate search space.  

In our case, the corner point has to be constrained on the two intersecting lines that 

meet at this point, as shown in Figure 4. Note that these two intersecting lines are not the 

same as the lines fitted piecewise by the least squares. The former represents 

globally-fitted multiple lines, while the latter refers to two locally-fitted lines. The 

piecewise (i.e., local) fitting means that one line is fitted by the first part of data point on 

the left, and the other line is produced from the second part of data points on the right, as 

in Figure 4.  In this paper, the slopes of globally-fitted multiple lines are chosen to be the 

same as the slopes of the locally-fitted lines, respectively. In Figure 4, the slopes of L1 and 

L3 are respectively the same as those of L2 and L4.  

 

 

Figure 4.Globally-Fitted Lines and Piece-Wise Fitted Lines.  
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2.2. Three-dimension Case 

We apply a special line-fitting method for three-dimensional cases based on the 

formulas in
 [30]

. A symmetric form of line equation in three dimensions is given as: 

Z
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X

xx 000 






.                                       (1) 

where x0, y0, z0 represent the coordinates of the point passed by the line. ZYX ,, are 

direction numbers of the line. Then, we have its parametric equation: 
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In the above equation, ),,( iii zyx refers to the i-th discrete data point. The 

differentiation of the above two terms with respect to dcba ,,,  leads to: 
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which are further arranged to  
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Equation (5) is then rewritten to a matrix form [30]: 

FYBFFFX,AFF
TT  ,                                    (6) 

where  
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Since 
T

FF,Y,X, are given, the unknown coefficients in A and B can be easily 

determined by solving the linear equations in Eq. (6).  

 Any 3D line can then be represented by a parametric equation:  
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where t is the parameter that has the same range as z. If one line is perpendicular to the 

z axis, a rotation of related discrete data points about x or y axis needs to be performed 

before using Eq. (8). After the determination of the corner point, another reverse rotation 

is conducted.  
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3. Particle Swarm Optimization for Exact Location of Corner 

In our PSO system, each particle is treated as a point in 

two-dimensional/three-dimensional space. For instance, the k-th position of the i-th 

particle is represented as ),( kk

k

i yxq   for two dimension and ),,( kkk

k

i zyxq   for 

three dimension. They are updated in the same way by the following equations: 

)()( 2211

1 k
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k

ii

k

i

k
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,                       (9) 
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k
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Where Ni ,...,2,1 and N is the size of initial population (i.e., the number of data 

points within the approximate corner region). k is the iteration number of particle swarm 

optimization. w  is the inertia weight, and is set to 0.6 in this paper. 21  and cc  are two 

positive constants, and called the cognitive and social parameters, respectively; both of 

them are 2 in this study. 21  and rr  are random numbers that are uniformly distributed 

within a range [0,0.2]; since our search space is reduced after the high-quality 

initialization, we provide a smaller range instead of traditional [0,1]. 

The item )(11

k

ii qprc   in Eq. (9) represents that each individual has its memory 

and tracks its own travelling experience; ip is the best previous position of the i-th 

particle. The item )(22

k

ig qprc   means that the PSO system shares the same goal 

of the whole particle set, and each particle adjusts its position towards the best particle 

among the k-th population; gp is the position of the globally-best individual. The 

definition of fitness is discussed in the next section.  

Figure 5 shows the description of velocity and position updates of a particle in a 

two-dimensional search space 
[29]

. Eq. (9) is used to calculate the i-th particle’s new 

velocity 
1k

iv at each iteration. (
k

iv is computed in the previous iteration when k is greater 

than 1, and is generated randomly within range [0, 0.2] when k is equal to 1.) Eq. (10) 

provides the new position of the i-th particle 
1k

iq  by adding its new velocity 
1k

iv  to its 

current position
k

iq . Note that 
1

iq  is determined by the propagation mentioned in section 

2. 

 

k

iv

1k

iv

k

iq

1k

iq
ip

gp

Inertia:black vector

Memory:green vector

Cooperation:red vector

 

Figure 5. Description of Velocity and Position Updates In A PSO System 

 

3.1. Two-dimension Fitness 

For every candidate corner, its fitness can be evaluated by least-squares fitting errors. 

In our algorithm, the fitting error is determined by the shortest distance between every 

discrete data point and the fitted line. If the fitting-line equation is 0 CByAx , the 
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error is given by  

22 BA

CByAx
d

ii

i




 ,                                              (11) 

where ),( ii yx is the i-th discrete data point.  

Fitness function, ),( yxf , is defined by the sum of those distances: 
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3.2. Three-dimension Fitness 

In a way similar to the two-dimensional cases, the sum of the shortest distance between 

every discrete data point and the fitted line is used to evaluate the fitness of each 

candidate corner. As in Figure 6, the distance between a data point and a spatial line is: 
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where 


v is a direction vector of the fitted line, and defined by )1,,( ca  on the basis of 

Eq. (8). iM is the i-th discrete data point, and 0M is a corner candidate point that must be 

on the fitted line. 



v0M
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Figure 6. The Distance between a Data Point and a Spatial Line 

In this paper, a fitness function, ),,( zyxf , is defined as: 





n

i

idzyxf
1

/1),,( .                                                 (14) 

 

4. Experimental Results and Discussion 

In this section, some experimental data and figures are computed and presented by 

using Matlab software. The proposed algorithm was validated in various test cases with 

different parameters. Noisy discrete data points were generated by using a random 

number generator on the basis of perturbation from the specified line segments.  

First, a comparison was made between the results of Scheme 1 (best data point as 

constrained corner) and Scheme 2 (particle swarm search for optimal constrained point). 

Figure 6 demonstrates their different fitting errors with the same set of discrete data 

points. The error of the former is 24.94, while the error of the latter is 18.96. The 

coordinate values of their constrained corner are )93.9,80.9( and )28.10,89.9(  

respectively. 
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(a) best data point as constrained corner    (b) particle swarm search for constrained corner  

Figure 6. Comparison of Fitting Results between Scheme 1 and Scheme 2 

In 3-D cases, the fitting error of the conventional approach (i.e., Scheme 1) was 48.31 

and the fitting error of proposed particle swarm optimization is 34.44 as shown in Figure 

7. 

 

Discrete data point

L1( No constrained corner )

Particle swarm search and 

constrained corner

L2( No constrained corner )

 

Figure 7. Particle Swarm Search of Constrained Corner 

The convergence of particle swarm search for two-dimensional and three-dimensional 

cases is illustrated in Figures 8 and 9, respectively. In the two-dimension case, there is a 

clear increase and obvious optimization at the first 10 iterations. After that, there is a tiny 

improvement until almost no change occurs or even a reduction appears at iteration 20. 
For position search in three dimensional spaces, there is an obvious improvement during 

the first 5 iterations and a slight improvement in the next 5 iterations in Figure 9. After 

that, almost no change occurs. Similar convergence patterns were observed for all the two 

and three-dimensional cases. 

 

 

Figure 8. Convergence of Two-Dimensional Case 
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Figure 9. Convergence of In Three-Dimensional Case 

Figure 10 illustrates the results of comparison between PSO search and genetic search. 

In both two-dimensional and three-dimensional cases, the fitting errors are in a very close 

range. This indicates that both search schemes achieve a similar fitting error in the context 

of this study. The average fitting errors for PSO and GA are 17.39 and 17.54 in Figure 

10(a), while the errors are 33.23 and 33.8 respectively for PSO and GA in Figure 10(b). 

The proposed PSO search performances less computation time than that of genetic search. 

 

 

 

 
(a) two-dimensional case (b) three-dimensional case 

Figure 10. Comparison between Particle Swarm Search and Genetic Search 

 

5. Conclusions 

In this paper, we focus on an accurate data rectification method for discrete points at 

geometric discontinuity. An improved PSO algorithm for optimally-constrained circle 

fitting is developed. Two-dimensional and three-dimensional cases are both considered in 

this study. A simple data line-fitting propagation method is designed for the quality 

improvement of initialized particles. The optimal corner point is constructed by this 

improved PSO approach. A comparison between PSO search and genetic algorithm is 

made with the same discrete data points and same iterations. The experimental results 

indicate that our improved PSO search method is a better way to locate exactly a 

constrained point at geometric discontinuity. The following conclusions can be drawn:  

(1) The conventional approach (Scheme 1) does not produce an optimal corner point, 

even though the best data point is chosen within a potential corner space. The proposed 

PSO algorithm (Scheme 2) can find a much better location of constrained corner with less 
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fitting error both in two-dimension and three-dimension cases.  

(2) The convergence of our proposed PSO (Scheme 2) is reasonable. In this paper, the 

maximum number of iterations is set to be 20 for two dimensions. For three-dimensional 

cases, the maximum number of iterations is 10. 

(3) Both genetic search and PSO approach generate a similar fitting error in the context 

of this study. The proposed PSO performances better than genetic in less computation 

time.  
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