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Abstract 

This essay proposes a method of BP neural network constrained optimization based on 

previous studies. The optimization method based on the BP neural network, takes the 

minimum output of a neural network as an example, gives the general mathematical 

models, derives and gives the partial derivatives of BP network's output to input, and uses 

the Sigmoid Function as the transmission function in the article. On the previous studies 

basis, the basic ideas, algorithms and related models are given, based on the constrained 

optimization issues of BP neural network. We can adjust the input values of BP neural 

network to obtain the minimum or maximum output value by using this method. This 

optimization method links the optimization and fitting of BP networks together and 

expands the application of the BP neural network. At last, in this essay, the optimization 

method is applied in an example. 
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1. Preface 

A neural network model is an intelligent data processing and mapping model that is 

conducted by imitating the human neural system. In the field of intelligent control, the 

neural network model is a hot research spot. [1, 2]Although individual neuron or simple 

structure networks have limited functionality, the network system with many 

neurons can realize powerful functions. 

BP neural network is called back-propagation neural network. It is the most 

widely applied in the neural network field. The back-propagation neural network 

algorithm idea is that the network training course consists of the forward-

propagation course and deviation back-propagation course. [3] Through signal 

forward-propagation and deviation back-propagation, the weight of each network 

layer is adjusted. Many scholars have conducted the research network structure 

problems. It has been shown that a 3-layer BP neural network has the ability of 

simulating arbitrarily complex nonlinear mapping, provided the numbers of implied 

layer nodes are enough. [4-7] Strong fitting ability is the advantage of BP neural 

network.  

In fact, sometimes many people not only care about the matching effect of the 

neural network, but are also concerned about how to adjust the input value to obtain 

the maximum or minimum value. As a matter of fact, this issue is an optimized issue 

of the BP neural network, and the studies of optimization are rare. [8-10] 

Although there are some researches on optimization of BP neural network, the 

studies are focused on the parameters of BP neural network optimization, such as 

rate of learning, initial weights, the structure of networks, or choice of a better result   

according to the relations of BP neural network’s input and output.
[11-14] 

These 

researches are not the real optimization studies but a kind of simulation that selects 

a more optimal solution from the results. Therefore, the study of the real 

optimization method has important theoretical significance and application value.   
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In the essay, we do further research on the basis of the previous research. A 

method of constrained optimization is proposed. That is based on the neural network 

fitting; we can adjust the input values to obtain the maximum or minimum output. 

Therefore, the fitting and optimization of BP neural network are linked together in 

this way. The optimization method expands the application of BP neural network. 

At last, the method is applied in an example in this essay because of its  

effectiveness. 

 

2. The BP Neural Network’s Structure and Algorithm 
 

2.1. The BP Neural Network’s Structure 

In practical application, we always use 3- layer BP neural network, as shown in Figure 

1. 

Figure 1. The 3-Layer BP Network  

 

2.2. The BP Neural Network’s Algorithm 

The basic algorithm thought of BP Neural Network is that the training course consists 

of signal forward-propagation course and deviation back-propagation course. In 

forward-propagation phase, the input signals enter from the input layer, go through 

implied layers and be treated, then enter the output layer.
[15]

 Signals will go back to the 

back-propagation phase if the real output of output layer are not accordant with expected 

output. Back-propagation phase is the stage that export errors are transferred back from 

output layer to implied layer, step by step, until to the input layer. The deviations will be 

shared by every layer and unit. Unit weights are adjusted according to the deviation 

signals. The two phases are carried out repeatedly and the weights adjusted repeatedly. 

The phase of weights’ adjustment is the training phase of the neural network. The two 

phases are executed repeatedly until the deviation of output is decreased to an appropriate 

level or reaching the certain learning times. 
[16-17] 

(1) The signal forward-propagation process: The signals input from the input layer, 

then go through implied layers, and output signals are produced on the output side. When 

the output signals can accord with the requirement of a given output, the calculation is 

over; If the output value can not meet the demands of a given value, the export signals 

will be passed to the counterpropagation phase. 

The process of the forward-propagation is as follow: 

Assuming that, there are 1q   inputs of import layer, and any input signal express as i . 

There are 1p  neurons in implied layer, and any neuron express as j ; In export layer, 

there are o  neurons and any neuron express as k . The weights of import layer to implied 
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layer are expressed as      0,...,  ;    1,  2,...,  ijv i q j p  , 0 jv is the threshold of implied 

layer; The implied layer to export layer weights are expressed as 

   0,...,  ,    1,  2,...,  jku j p k o  , oku  is the threshold value of export layer. Assuming 

that,  ,  (   1,  2, . . .  ,  )jnet j p  is the import signals of implied layer; The implied layer to 

export layer weights are expressed as ,  (   1,  2,... ,  )jy j p , ,  (   1,  2,... ,  )knet k o is the 

import of the output layer , ,  (   1,  2,... ,  )kz k o  is the output of the export layer. 

Assuming that, the training sample set is  1 2  ,  ,...,  ,...,  r nX X X X X , corresponding to 

any training sample is 0 1 2 ,  , ,[ ] ...,r r r r rqX x x x x ,     1,  2,... ,  r n , and 0  1rx   . Real 

outputs are  1 2 ,  ,...,  
T

r r r roz z z z , and expected outputs are  1 2 ,  ,...,  
T

r r r rod d d d . If 

m  is the number of iterations, the weight is the function of m. and the real output is also. 

The training sample network input is rX , the signal forward-propagation process of 

work signal is: 
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The first k neurons error signal of the output layer is, 

     rk rk rke m d m z m    

The error energy of neuron k is  2 / 2rke m , The total error of all the output layer 

neurons is ( )E m : 

   2

1

1

2

o

rk

k

E m e m


   （5） 

       

When ( )E m e  (e is calculating expected accuracy), Calculation is over. Otherwise, 

the back-propagation calculation begins. 

(2) The error back-propagation process: The network error is the difference between 

the real output and expected output value. Then the error signals spread forward step by 

step. This is the error back-propagation process. The network's weight values are 

corrected by the error feedback in the back-propagation phase. The real output gradually 

close to the expected output by adjusting the weights.  

The related types of error back-propagation are: 
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 （8） 

     1ij ij ijv m v m v m    （9） 

In these formulas,   is called the rate of learning, it is usually a constant we have give. 

While the new weight values are calculated, the forward-propagation process will 

begin. 

 

3. The Method of Constrained Optimization  
 

3.1. Mathematical Types 

Because     minF X max F X    , the problem of maximum can be changed to the 

problem of minimum. In order to illustrate this problem conveniently, for an example, we 

want to seek the maximum of network output. Assuming that, the function of input and 

output relationship is  F X , the constraints are    0, 0ij hg X X  , then the 

mathematical types of  BP neural network constrained optimization problem can be 

expressed as follows: 

 

( )maxZ maxF X  （10） 

( ) 0        1, 2,...,

( ) 0       1, 2, ,

i

j

h X i a

g X j b

 


  L
 （11） 

In the formulas,  1 2,  ,...,  
T

qX x x x is the input vector, the BP neural network output 

value is Z . ,a b are the equation and inequation numbers in constraint conditions. 

Because the equality constraints can be eliminated through elimination method, the 

mathematical types of the constrained optimization problem can also be expressed as 

follows: 

( )maxZ maxF X  （13） 

. .  ( ) 0       1,2, ,js t g X j b   （14） 

In the formulas, X is the input.  1 2  ,  ,...,  a

T

qX x x x  . 

 

3.2. The Basic Ideas 

We select or generate a initial point that is feasible randomly, express as  0X , then 

calculate the gradient of  0X . The point  0X is the optimal solution if the gradient of 

 0X  is 0. If the gradient of this point is not 0, we will add a step length, called rate of 
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learning, and create a new point along the gradient direction of  0X  point, express 

as  1X . If  1X does not meet the constraint condition, the step length will be halved, 

and create a new point again, if the new point still do not meet the constraint condition, 

halved the step length, until meet the constraint conditions. Then check whether the step 

length is 0, if it is zero,  0X  is the optimal solution, calculation is over; If the step 

length is not 0, and the new point is superior to  0X , then create the new point, express 

as  0X , iteration is completed, and then, begin the next iteration calculation from the 

new point. If the step length is not 0, and the new point is not superior to  0X , continue 

to reduce the step length, until the new point is superior to  0X , or the terminal 

conditions is met. If the new point was better than that of  0X , then created the new 

point  0X , iteration is completed, and then starting from the new point, the next iteration 

calculation began. 

If  1X  satisfy the constraint conditions, and  1X  is better than that of  0X , then 

increase the step length, to create a new point, if the new point still meet the constraint 

conditions, and is better than the last point, continue to increase the step length, until the 

new point is not better than the last point or do not meet the constraint condition, then 

create the last calculated point as  0X , completed an iterative calculation, and then 

starting from this point, the next iteration calculation begin. 

If  1X  satisfy the constraint conditions, but  1X  was not better than  0X , then 

halved the step length, created a new point, if the new point do not meet the constraint 

condition, then continue to halve the step length, until meet the constraint conditions. If 

the new point satisfy the constraint conditions, but still not better than  0X , then 

continue to halve the step length, until the new point is superior to  0X  or meet the 

terminal condition. If the new point is superior to  0X , then create the new point 

as  0X . Iteration is completed, and then from the point, the next iteration calculation will 

begin. 

Continue to calculate, until meet the terminal conditions (that is, the step length or the 

gradient is zero). 

 

3.3. Calculation of Partial Derivative 

Because of the gradient function of  F X  is, 

1 2

( ) ( , , , )
n

F F F
gradF X

x x x

  


  
 （15） 

So, if we obtained the partial derivative of function  F X , we could obtain the 

gradient of  F X . The following is the derivation process of output to input partial 

derivative in the BP neural network. 

Generally, the transmission function is sigmoid function, that is, 

1
( )

1 


 x
f x

e
 （16） 

Now take the transmission function as a single polarity sigmoid function, the partial 

derivative of output to input is derived. 
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Due to the derivative of  f x is, 

'( ) ( )[1 ( )] f x f x f x  （17） 

0
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So, 





k
k k

i

Z

x
 （26） 

       

3.4. The Method of Constrained Optimization  

Supposed, we give or generate an initial point )0(X randomly, and it is feasible. Then 

create )m(X  as the feasible point of the first m iteration, then gradient of )m(X  can be 

get.  That means: 

( )       [0,1,2, .]X X m

Z
m

X






L  （27） 

 

If )m(X satisfy the terminating condition, then： 
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( ) 0     [0,1, 2, .]X X m

Z
m

X



 


L  （28） 

In the formula, 

                             
( )X X m

Z

X





 is ( )X X m

Z

X





’s module. 

So, the optimal solution is 

X
*
=X(m)  （29） 

The corresponding
*Z   is the optimal solution. 

If it do not meet the formula (28), then order: 

( )
( )

( )

Z m
X m

X m



 


 （30） 

( 1) ( ) ( )X m X m X m    （31） 

In the formula， is the step length factor, and 0  . 

If  1mX   do not meet the constraint conditions, then order 

( 1) ( ) ( 1)X m X m X m     （32） 

In the formula,  is contraction coefficient, and 0 1  ，in general, 0.5  . 

If the new point     1X m  does not meet the constraint condition, then order: 

0.5   （33） 

According to formula(32), calculate until the     1X m  constraint is satisfied. And 

then determine whether meet the formula 

0   （34） 

If it meets the formula(34), then order: 

X
*
= X(m+1)   （35） 

In the formula, *X  is the best solution, the corresponding *Z  is the required best 

solution. 

If it does not meet the formula (34), then decided whether    1X m  is better than that 

of   X m , that is, whether it meets the formula: 

 ( ( 1)) ( )F X m F X m   （36） 

If it meets formula (36), starting from point     1X m  , the next iteration calculation 

will begin; If     1X m   does not meet the formula (36), then according to formula (33) 

, continue to reduce the value of  , until it meets formula (34) or formula (36). 

If     1X m   meets the constraint conditions and is superior to  mX , then order 

2   （37） 

Onli
ne

 Vers
ion

 O
nly

. 

Boo
k m

ad
e b

y t
his

 fil
e i

s I
LL

EGAL.

http://dict.youdao.com/w/decide/


International Journal of Hybrid Information Technology 

Vol. 9, No.10 (2016) 

 

 

320  Copyright © 2016 SERSC 

 ( ) 1X m X m   （38） 

Then we calculate again according to the formula (30) with formula (31), and get a new 

point      1X m  . If the new values of      1X m   does not meet the constraint 

conditions or does not meet the formula (36), the value of      1X m   takes the value 

of   X m . Then starting from point      1X m  , the next iteration calculation will begin. 

If the new values of      1X m   meets the constraint conditions and meets the 

formula(36), then put the value of      1X m   to   X m  according to formula(38), and 

continue to increase the step length according to formula(37), then calculate again 

according to formula(30) and formula(31), until the values of      1X m   does not meet 

the constraint conditions or not better than that of the   X m , then the value of 

     1X m   take the value of   X m . Then starting from point      1X m   the next 

iteration calculation began. 

If      1X m   satisfy the constraint conditions but is not superior to   X m , halved the 

step length according to the formula(33), and then calculate again according to the 

formula(32), create a new point      1X m  .If the new point      1X m   does not meet 

the constraint condition, halved the step length, until meet the constraint conditions. If  the 

new point      1X m  meets the constraint conditions, but still not better than   X m , 

then continue to reduce the value according to formula(33), and then calculate again 

according to the formula (32), and obtain a new      1X m  , so go ahead, until you got 

the new point      1X m   that is better than that of   X m  or meet the terminal 

condition. If the new point      1X m   is better than that of   X m , starting from 

point      1X m  , the next iteration calculation will begin. 

Continue to calculate, until the point meets the terminal conditions (that is, the gradient 

or step length 0). 

 

4. The Example Calculation 

The following constrained optimization problem: 

     


 


 




2

1 1 2 1 2

1

1

2

2

1

2

2

2

mi n ( X) 2 2 3 1. 5

30

4 90

, 0

F x x x x x x

x x

x x

x x

 

（45） 

In the problem, the theoretical results 

is:      1.875,1.125( ) 4.8125minF X minF   . Function fitting is used base on BP 

neural network, and the network output minimum calculated after fitting. 

First, change the objective function of the formula (45) into a maximum, that is: 

max ( X) [ ( X) ]F mi n F   （46） 
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x1 selects 1 point every 1.5 unit in the interval [ 0, 22. 5] , a total of 16 points, x2 selects 1 

point every 1.2 unit in the interval [ 0, 30] , a total of 16 points, removed the points that did 

not meet the constraint condition, a total of 157 points, and then calculated the 

corresponding value of ( )F X  according to objective function of the type(45) ,and using 

BP neural network for function fitting, the network structure is 2-10-1, when meet the 

given fitting precision   81 10e , from import to hidden layer, v  matrix expresses as 

the weights, from hidden to export layer , u  matrix expresses as the weights. In hidden 

layer, 0x expresses as the thresholds matrix. In output layer, 0y  is the threshold matrix. 

 
 
 
 
 
 
 
 
  
 
 
 
 
 
 
 
 
 

1,1 2,1

1,2 2,2

1,3 2,3

1,4 2,4

1,5 2,5

1,6 2,6

1,7 2,7

1,8 2,8

1,9 2,9

1,10 2,10

- 1. 6321 4. 3337

1. 3042 - 2. 3441

0. 6377 - 1. 1747

0. 0666 0. 4171

0. 3307 0. 7328

- 0. 6434 - 0. 1003

0.

v v

v v

v v

v v

v v
v

v v

v v

v v

v v

v v

 
 
 
 
 
 
 
 
 
 
 
 
 
 
  

1741 - 1. 6626

0. 3430 1. 0162

- 0. 0703 - 0. 4206

- 0. 0722 - 0. 4423

 （47） 

1,1 2,1 3,1 4,1 5,1 6,1 7,1 8,1 9,1 10,1         

 2.5565 0.1062 1.5305 1.2468 2.3204 

1.6470 1.2567 1.2641 1.2612 1.9443

u u u u u u u u u u u

  


 

  

 
 
  

 （48） 

0 0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,9 0,10        

 4.1706 0.0862 0.8575 0.6721 0.1738 0.9385 

1.2111 0.2072 0.6950 1.0896

x x x x x x x x x x x




 

  





  

 
（49） 

0 3.1455y   （50） 

The average relative error is 0.055114%. Then we calculate  minF X according to the 

optimization method from the essay. When  0 , choosing ten different initial points, 

the results are demonstrated in the Table. And F is the optimal results average in Table 2. 

Table 2. Results of  F x Values 

 

 

 

 

 

 

 

The Table 2 shows that the optimized results are stable, the optimized results come 

near to the theoretical optimized results, the relative average error of 1x is 0.022%, the 
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average relative error of  2x  is 0.1644%. The BP neural network optimization method 

come near to the optimized result of theoretically, the fractional error (including fitting 

error) is 0.0517%, thus, the precision of the optimization method is high-precision. 

 

5. Conclusion 

(1) The essay puts forward a constrained optimization method of BP neural 

network based on the previous studies.  

(2) We can adjust the network input values to obtain the minimum or maximum 

output value by using this method. Therefore, the optimization method expands the 

application of the BP network because the method links the optimization and fitting 

of BP network together. 

(3) This essay proposes a method of constrained optimization BP neural network 

based on previous studies. The method is based on the BP neural network, takes the 

minimum output of neural network as an example, gives the general mathematical 

models, and derives and gives the BP network's partial derivatives of output to 

input. The constrained optimization issue is discussed. The Sigmoid Function is 

used as the transmission function in the article. On this basis, the basic ideas, 

algorithms and related models are given, that are based on the constrained 

optimization issues of BP neural network. 

(4)The method is an effective optimization method through the example of 

calculation. 
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