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Abstract

This essay proposes a method of BP neural network constrained optimization based on
previous studies. The optimization method based on the BP neural network, takes the,
minimum output of a neural network as an example, gives the general mat g@ﬁl
models, derives and gives the partial derivatives of BP network's output to i t%ses
the Sigmoid Function as the transmission function in the article. On the previéQs’studies
basis, the basic ideas, algorithms and related models are,_given, based nstrained
optimization issues of BP neural network. We can adj input va f BP neural

network to obtain the minimum or maximum outp by usi IS method. This
optimization method links the optimization andg of rks together and
expands the application of the BP neural network."A#fast, in this,eSsay, the optimization
method is applied in an example. Q .\6
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1. Preface

A neural network model Bq&wtelligenf:@rocessing and mapping model that is

conducted by imitating the.human ne . In the field of intelligent control, the
neural network model i @ researc . [1, 2]Although individual neuron or simple
structure networks hdveNimited fugctionality, the network system with many
neurons can reali erfu ns.

BP neura n@o k is cal back-propagation neural network. It is the most
widely apl theqn network field. The back-propagation neural network
algorithm ‘ded is t network training course consists of the forward-
propagation cours deviation back-propagation course. [3] Through signal

forward—prop% nd deviation back-propagation, the weight of each network
h

layer is adju any scholars have conducted the research network structure
problem a$ been shown that a 3-layer BP neural network has the ability of
simulati itrarily complex nonlinear mapping, provided the numbers of implied

are enough. [4-7] Strong fitting ability is the advantage of BP neural

layer ﬁ
% act, sometimes many people not only care about the matching effect of the
n

al network, but are also concerned about how to adjust the input value to obtain
the maximum or minimum value. As a matter of fact, this issue is an optimized issue
of the BP neural network, and the studies of optimization are rare. [8-10]

Although there are some researches on optimization of BP neural network, the
studies are focused on the parameters of BP neural network optimization, such as
rate of learning, initial weights, the structure of networks, or choice of a better result
according to the relations of BP neural network’s input and output.**** These
researches are not the real optimization studies but a kind of simulation that selects
a more optimal solution from the results. Therefore, the study of the real
optimization method has important theoretical significance and application value.
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In the essay, we do further research on the basis of the previous research. A
method of constrained optimization is proposed. That is based on the neural network
fitting; we can adjust the input values to obtain the maximum or minimum output.
Therefore, the fitting and optimization of BP neural network are linked together in
this way. The optimization method expands the application of BP neural network.
At last, the method is applied in an example in this essay because of its
effectiveness.

2. The BP Neural Network’s Structure and Algorithm

2.1. The BP Neural Network’s Structure

In practical application, we always use 3- layer BP neural network, as shown in Figure
1.

Fig% ~The &L%r BP Network
2.2. The BP NeuraJ @@s Al ?l&
The basic algo \ oug Neural Network is that the training course consists

of signal forwérdspropagatiom£ourse and deviation back-propagation course. In
forward-pr n phag€pthe input signals enter from the input layer, go through
implied Iad be 7 then enter the output layer."™ Signals will go back to the
back-propagation p he real output of output layer are not accordant with expected
output. Back-pro phase is the stage that export errors are transferred back from
output layer to@d layer, step by step, until to the input layer. The deviations will be
shared by everyMayer and unit. Unit weights are adjusted according to the deviation
signals. Tfetwo phases are carried out repeatedly and the weights adjusted repeatedly.
The .@n weights’ adjustment is the training phase of the neural network. The two

e executed repeatedly until the deviation of output is decreased to an appropriate
%0 reaching the certain learning times. *¢*"]

The signal forward-propagation process: The signals input from the input layer,
then go through implied layers, and output signals are produced on the output side. When
the output signals can accord with the requirement of a given output, the calculation is
over; If the output value can not meet the demands of a given value, the export signals
will be passed to the counterpropagation phase.

The process of the forward-propagation is as follow:
Assuming that, there are g +1 inputs of import layer, and any input signal express asi .

There are p+1neurons in implied layer, and any neuron express as j; In export layer,
there are o neurons and any neuron express ask . The weights of import layer to implied
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layer are expressed as Vi (i =0..,0]j=12,.., p), Vo is the threshold of implied
layer; The implied layer to export layer weights are expressed as
ujk(j =0,.,p k=1 2,.., o), U, is the threshold value of export layer. Assuming
that, net, (j= 1, 2,...p is the import signals of implied layer; The implied layer to
export layer weights are expressed as Y G=12..,p), net, (k =1 2,.., 0)is the
import of the output layer , z,, (k =1, 2,..., 0) is the output of the export layer.
Assuming that, the training sample set isX = [X,, X,,.... X,,..., X, ], corresponding to

any training sample is X, = [X,,, X;1, X5 l,r=12..,n,andx,= —1. Real

0 X rq
outputs are z, = [z,,, 2,5, 2, » and expected outputs ared, = [d,,, d,,,..., d, ] . If
m is the number of iterations, the weight is the function of m. and the real output is also. |
The training sample network input is X, , the signal forward-propagation Nf
work signal is: ;v

net. _Zv” ; 0 p OQ\% @0 (D

y;= (”et) f(ZV., i) 1=120p (2)

(3

: "o
z, = f(net, )= f(jZ_;ujQ— : ,---,0«\6 (4)

The first k neurogs@ ignal o tmtput layer is,

N

m)= —Z,.(m

The err@rgy of, K is efk (m)/ 2, The total error of all the output layer

neurons is E(m): @

E(m\)égi(m) (5)

V\@ (m) <e (e is calculating expected accuracy), Calculation is over. Otherwise,
propagation calculation begins.

The error back-propagation process: The network error is the difference between
the real output and expected output value. Then the error signals spread forward step by
step. This is the error back-propagation process. The network's weight values are
corrected by the error feedback in the back-propagation phase. The real output gradually
close to the expected output by adjusting the weights.

The related types of error back-propagation are:
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AU, () =7 ;E_((”r;)) (6)
Uy (m+1)=u, (m)+Au, (m) (7
Av“(m):—ns\li((nr;)) (8)
v; (m+1) =v; (m)+Ay, (m) (9

In these formulas, 7 is called the rate of learning, it is usually a constant we ha ive.e

While the new weight values are calculated, the forward-propagation pr?&
begin.

3. The Method of Constrained Optimization $ @

3.1. Mathematical Types Q
Because minF (X ) =max[-F(X)], the p maX|m \{be changed to the

problem of minimum. In order to |Ilustrate Iem c%\ ently, for an example, we
want to seek the maximum of network o ssuml the function of input and
output relationship is F (X ), the con are .h (X)=0, then the
mathematical types of BP neur I rk const optlmlzatlon problem can be

expressed as follows:

_ @ \.
maxZ_maxE(Q (10)
{h (X) '9\\ 1 *

o

In the formulas, s Xpyeeny xq) is the input vector, the BP neural network output

(11

valueisZ. a,b guation and inequation numbers in constraint conditions.
Because the“eqtality constraints can be eliminated through elimination method, the
mathemah'@pes of the constrained optimization problem can also be expressed as

foIIowsO
2 O maxZ = maxF (X) (13)

S't' gJ(X)ZO j=112!“'|b (14)
In the formulas, X is the input. X =(x1, ) xq_a)T.

3.2. The Basic Ideas

We select or generate a initial point that is feasible randomly, express as X (0), then
calculate the gradient of X (0). The point X (0)is the optimal solution if the gradient of
X (O) is 0. If the gradient of this point is not 0, we will add a step length, called rate of
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learning, and create a new point along the gradient direction of X (0) point, express

as X (1). If X (1)does not meet the constraint condition, the step length will be halved,

and create a new point again, if the new point still do not meet the constraint condition,
halved the step length, until meet the constraint conditions. Then check whether the step

length is O, if it is zero, X (0) is the optimal solution, calculation is over; If the step
length is not 0, and the new point is superior to X (O) then create the new point, express
as X (0), iteration is completed, and then, begin the next iteration calculation from the
new point. If the step length is not 0, and the new point is not superior to X (0) continue
to reduce the step length, until the new point is superior to X(O), or the terminal
conditions is met. If the new point was better than that of X (0), then created the new

point X (0), iteration is completed, and then starting from the new point, the ne |te tign'
calculation began.
If X (1) satisfy the constraint conditions, and X (1) is better than that @f , then

increase the step length, to create a new point, if the n «pﬁt still e constralnt
conditions, and is better than the last point, continue toa\e ste gth, until the
new point is not better than the last point or do t the onst condition, then
create the last calculated point as X(O), compl n iterati Iculatlon and then

starting from this point, the next iteration calcyfadon begin.
If X (1) satisfy the constraint condiUor@ X (1) wag ot better than X (0), then

halved the step length, created a new |f th oint do not meet the constraint
condition, then continue to halve th Iengt& il ‘meet the constraint conditions. If

the new point satisfy the co t@ onditions, “out still not better than X (0), then
continue to halve the step %& until th %/ point is superior to X (0) or meet the
terminal condition. If t W poin erior to X (0), then create the new point
as X (0). Iteration,is o@pleted, agmen from the point, the next iteration calculation will

begin. \\
Contlnu alctate, until meet the terminal conditions (that is, the step length or the
gradient i |s

3.3. Calculation of :l Derivative
Because of t@ient function of F(X) is,
oF oF
X —_— e, — 1
g@&‘ )= o) (15)

, If we obtained the partial derivative of function F(X), we could obtain the

gradient of F(X). The following is the derivation process of output to input partial
derivative in the BP neural network.

Generally, the transmission function is sigmoid function, that is,

(16)

f(x)=1+1_

Now take the transmission function as a single polarity sigmoid function, the partial
derivative of output to input is derived.
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Due to the derivative of f (x)is,

f(x)=f(X)[L-f(X)] (17
oz, 0z, Zp:anetk_ Y, _8netj
ox,  onet ({3 dy; onet; 0x (18)
(k=12,...,0;i=12,...,q;,j=12,...,p)
0Z,

=7 01-Z
6netk k( k) (19)
onet, 4 )
&y, ?“‘{/
, _
onet;

y;d-y;) . 0 (21)
NS

So,
%=Zk(1—2k)i ”ik'Vu"yi(1@P R @ (23)
ox, ,-_o[ K 5&

Order, @, = oz, =Z 4= ?Q‘\% (24)
N

anet,
O'kzzp: onety Qanet.
- %\ % % (25)
2@"%'3’6 ]
=0
a2, O
So,—=(@ (26)
OX;

34.Th hod of Constrained Optimization

@sed, we give or generate an initial point X (0) randomly, and it is feasible. Then
X (m) as the feasible point of the first m iteration, then gradient of X (m) can be
get. That means:

z)
8X X=X (m)

me[0,1,2,L ] (27)

If X (m) satisfy the terminating condition, then:
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oz
Ha_x‘x_X(m) =0 me[0,12L ] (28)
In the formula,
oz oZ ’
a_x‘x:X(m) 15 a_X‘X:X(m) s module.

So, the optimal solution is
X"=X(m) (29)

The corresponding Z”~ is the optimal solution.
If it do not meet the formula (28), then order:

8Z (m) \/
AX(m) = lax( m) 0(%
X (M+1) = X (m) + AX (m) Q/ (31)

In the formula, A is the step length factor, and \>/
R e\

If X(m-+1) do not meet the constraint condlg en ord
X(m+1)<:X(m)+aX(m¢]0 (32)

In the formula, & is contraction co @\ﬂ ar§$®<l, in general, = 0.5.
stralnt condition, then order:

If the new point X (m +& mee
a<=0.5a (33)

According to for , calculate t|| the X (m + 1)constraint is satisfied. And

then determine wl\
Q (34)
If it meet formu&[hen order:

X'= X(m+ (35)

In the formuia, *X * is the best solution, the corresponding Z* is the required best
solution.

Ifj not meet the formula (34), then decided whether X (m + 1)is better than that
), that is, whether it meets the formula:

F(X(m+1)>F(X(m)) (36)

If it meets formula (36), starting from point X (m + 1), the next iteration calculation

will begin; If X (m + 1) does not meet the formula (36), then according to formula (33)
, continue to reduce the value of &, until it meets formula (34) or formula (36).

If X (m + 1) meets the constraint conditions and is superior to X (m), then order

A&=24 (37
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X(m) <= X (m+1) (38)
Then we calculate again according to the formula (30) with formula (31), and get a new
point X(m + 1) . If the new values of X(m + 1) does not meet the constraint
conditions or does not meet the formula (36), the value of X (m + 1) takes the value
of X (m). Then starting from point X (m + 1), the next iteration calculation will begin.
If the new values of X(m + 1) meets the constraint conditions and meets the

formula(36), then put the value of X (m + 1) to X (m) according to formula(38), and
continue to increase the step length according to formula(37), then calculate again
according to formula(30) and formula(31), until the values of X (m + 1) does not meet

the constraint conditions or not better than that of the X (m), then the v
X(m + 1) take the value of X(m). Then starting from point X (m + )%ext
iteration calculation began.

4
If X (m + 1) satisfy the constraint conditions but is nbi;s}rior to%, halved the
step length according to the formula(33), and theg ate agai cording to the

formula(32), create a new point X (m + 1).If th¢ pointw 1) does not meet
the constraint condition, halved the step length intil meet the,conStraint conditions. If the
new point X (m + 1)meets the constraing-conditions, | not better than X (m),

then continue to reduce the value ac for (3 ), and then calculate again

according to the formula (32), and %a ne , SO go ahead, until you got

the new point X m + 1 t t tter th at of X or meet the terminal
nﬁ&m

condition. If the new poi +1) ter than that of X(m), starting from
point X(m + 1 the ne@ratlon c ti nW|II begin.

Continue to ca U@ntll theﬂ%t meets the terminal conditions (that is, the gradient
or step length 0)

4. The E le C&ion
The following co% ed optimization problem:

n'nnF()@ - XX, + X2 - 3, - 1.5,

% X, +X, <30
O

4x, +x, <90 (45)
@ X, X, 20
In the problem, the theoretical results

is: minF (X) = minF (1.875,1.125) =-4.8125. Function fitting is used base on BP
neural network, and the network output minimum calculated after fitting.

First, change the objective function of the formula (45) into a maximum, that is:

nex F(9 = mir{ -F(9)] (46)
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X; selects 1 point every 1.5 unit in the interval [0, 22. 5] , a total of 16 points, X, selects 1
point every 1.2 unit in the interval [0, 30], a total of 16 points, removed the points that did
not meet the constraint condition, a total of 157 points, and then calculated the
corresponding value of F(X) according to objective function of the type(45) ,and using
BP neural network for function fitting, the network structure is 2-10-1, when meet the
given fitting precision e = 1 x 10°®, from import to hidden layer, v matrix expresses as
the weights, from hidden to export layer , u matrix expresses as the weights. In hidden
layer, x, expresses as the thresholds matrix. In output layer, y, is the threshold matrix.

Vl,l V2,l _ -
-1.6321 4.3337
V12 V22
S 1.3042 -2.3441
V1,3 V2,3
0.6377 -1.1747 .
Via Vaa 0.0666 0.4171 \/
y _|Vis Vas|_|0.3307 0.7328 O s
V., V,,| |-0.6434 -0.1003 .
v, v, 0.1741 -1.6626 \
0.3430 1.0162 Q \/
Vl,B V2,8
-0.0703 -0.4206 O \/
Vl,9 V2,9 \
|-0.0722 -0.4423]
Vi Yoo Q ’\6

O
u= |:u1.1 u2,1 u3,l u4,1 u5.1 u6,1 u7,1 u8.1 u9,1 U@ . @
2.5565 —0.1062 —1.5305 1.2466&. 04 s& (48)
| -1.6470 1.2567 1.2641 —13%6 .9443

*

XU :[XO,I XU,Z XU,3 XO,A XG,S X0,7 XO,B XU, Q\
_[ —4.1706 0.0862 0.6721 0& 9385 (49)
=l 12111 0.2;)76 0 4&
Y, =3.1455 Q\\ Q (50)
The avelative& 0.055114%. Then we calculate minF (X )according to the
h

optimization metho?& e essay. Whene = 0, choosing ten different initial points,
the results are de&Q ted in the Table. And F is the optimal results average in Table 2.

Table 2. Results of F(x)Values

5 6 7 8 9 10

SEN
Num L )}~ 3 4
0 6 9 12 15 18 21 24 27

0 4 6 8 10 12 14 16 18
1 3.7512 | 3.7512 | 3.7512 | 3.7512 | 3.7512 | 3.7512 | 3.7512 3.7512 | 3.7512 | 3.7512

X3 2.2537 | 2.2537 | 2.2537 | 2.2537 | 2.2537 | 2.2537 | 2.2537 2.2537 | 2.2537 | 2.2537
minF | -4.810 | -4.810 @ -4.810 -4.810 -4.810 @ -4.810  -4810 -4.810 | -4.810 | -4.810
F -4.810

[S RSN N S

™
—
—
—
—
—
—
—
—
—
—

The Table 2 shows that the optimized results are stable, the optimized results come
near to the theoretical optimized results, the relative average error of x, is 0.022%, the
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average relative error of x, is 0.1644%. The BP neural network optimization method

come near to the optimized result of theoretically, the fractional error (including fitting
error) is 0.0517%, thus, the precision of the optimization method is high-precision.

5. Conclusion

(1) The essay puts forward a constrained optimization method of BP neural
network based on the previous studies.

(2) We can adjust the network input values to obtain the minimum or maximum
output value by using this method. Therefore, the optimization method expands the
application of the BP network because the method links the optimization and fitting
of BP network together.

(3) This essay proposes a method of constrained optimization BP neural network
based on previous studies. The method is based on the BP neural network, takes th
minimum output of neural network as an example, gives the general mat

models, and derives and gives the BP network's partial derivatives put to
input. The constrained optimization issue is discussed. ,The Sigmpi ction is
used as the transmission function in the article. basw t sic ideas,
algorithms and related models are given, that ed on constrained

optimization issues of BP neural network.

(4)The method is an effective optimizati@thod W the example of
calculation. 9
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