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Abstract

The intent of the paper is to establish the energy relationship on adjacent graphs of
LB-fractal constructed iteratively through an iterated function system containing five
contraction maps. The harmonic matrices on the LB-fractals are obtained through
harmonic extension. The normal derivatives are also found for the same.
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1. Introduction

The analysis on fractals was initiated by Kigami [5] to study heat diffusion and
vibration problems in materials having fractal structures. Strichartz [13] studied the
dynamical aspects of fractals through differential equations. One way to study the
fractals, particularly the class of nested fractals and their physical properties, is to
consider their Laplacian. Thus one of the main aims of analysis in general is construction
of a Laplacian which, in most of the cases, is an operator with specific properties related
to an energy form. Due to non smooth structures of fractals, it was very difficult to define
differential operator on it. The study of diffusion processes on fractals was initiated
independently by Goldstein [3] and Kusuoka [14]. They use probabilistic approach to
define a Brownian motion on fractals. Kigami [5] introduced Laplacian on Sierpinski
Gasket through analytic approach by using Dirichlet forms. Zhang and Feng [17] found
the graph energy on Sierpinski Gasket and interpolation curve. This study was further
enriched by many authors (see, for instance [13], [16] and several references thereof).
Begue et al. [2] studied the Laplacian on the Sierpinski carpet and defined normal
derivatives on the boundary of it. For a detailed study on fractals and their applications,
one may refer Barnsley [1] (see also [6-12], [15] and several references therein). In this
paper, our aim is to construct a line based fractal (LB-fractal) in R® by the method given
in [1] using deterministic algorithm on the IFS. We compute graph energy for the
constructed fractal and find harmonic matrices on the LB-fractal with the help of
harmonic extension on the curve.

2. Preliminaries

First, we start with the basic concepts required for our work.

Throughout the paper, V., is wused for the set of all vertices at m-level lines,
u |V, means; u confineson Vo and 1(V) = { f such that f :V — R}.

Definition 2.1 [13]. Let G be a finite connected graph and u be a real function on its
vertices, then the graph energy E (u) is defined as follows

Eq(u) =3 (u(x)-u(y)’. (1)

X~y
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The associated bilinear form of it is given by E (u,v) = (U (x) = u (VX)) = v(y)).

X~y

Here x~y implies that x and y are the adjacent vertices of the graph.
Definition 2.2 [4]. For any p e lI(v,), there exists a unique u e F, such that

ulV,=pand e(u,u) =min{ £(v,v):ve F,v|V, = p} Furthermore, u is the unique
solution of

[(H VIV, \V,=0; forall m=>1

L VYo p @

where H,, is the Laplacian on V. The function u given above is known as harmonic

function.
Let u be a harmonic function on V,_ Then the extension of u onto V.1 Which

minimizes the energy is called harmonic extension of u and denoted by u .
We assume that the following condition holds:

E,.(W=c E (u), (3

where c,, is the renormalization factor.
Definition 2.3 [4]. Renormalized graph energy & is defined as

e,(U)=a "E (u) (4)

Definition 2.4 [4]. Let x e vV, and u be a continuous function on some subset of R%

We say that the normal derivative o u(x) exists if limit of r ™" > (u(p) - u(q)) exists

qeV

m,p

and itis given by

0,u() = lim r=" 3 (u(p)-u(@) ()

)

qEVm‘p

3. Construction of Line Based Fractal

We take a line segment Ly in R as an initiator and apply the following contraction
transformations on it iteratively.
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where x,y e R. Some steps for generation of the line based fractal (LB-Fractal) for
twenty iterations are shown in Figure 1.
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(d) After 20 iterations

Figure 1. Generation of LB-Fractal

4. Graph Energies and Harmonic Extension

Let Vo = {X, Y}, u(X) = ux and u(Y) = uy in Figure 1(a). To calculate c,, in equation (3),
we extend the function u to V;. Values of the extension u at the nodes are such that the
energy is minimized with respect to u. Here

Eo(u):(ux _uy)z (6)

Let Vi={X, Y, A,B, C, D}, u(A)=u,,u(B)=u,ad u(C)=u_and u(D)=u, at
first iteration. Then

E (W)= (U, —u )+ (U, —Ug)’ + Uy —Uc)’ + Uy —Up) + (U, —uy)’

(7)
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We minimize the energy E,(u) with respect to d,, d,, u. and u p. By calculus, to

B!

minimize, we equate the partial derivatives of E, (u ) with respect to 4,, a,, u.and U p
to zero. We have
2u, -u,-u, =0 (8)
20, U, —u, =0(9)
U, = U, (10)
Uy = U, (11)
~ - 2u, +u ~ ~ u, +2u
uA:uC:%;UB:uD:% (12)
Substituting these values in (7), we have
2 2 2
El(a):(ZuX -u, —UX) +(2ux U, U, +2UYW NEr +2u, —uy)
L3 J L3 3 ) LU 3 )
1 , 1
:;(ux _uy) :;Eo(u)

The same idea applies for the extension from V; to V, and the values of the points in

. 2 1
V,\ V, also satisfy "—— —" rule.
3 3

Ez(u')=fﬂ E,(u) (13)
\3)

In general, we have extension from Vp, to Vim+1. So we have

m+

1 1
e, =[] €, )
\3)
Here 1/4 is called renormalization factor. Then the renormalization energy is
1 -m 1 -1
&, (u) = (1) E,(u); &)= (1) E,(u) = &, (u) (15)
\3) (3)

and in general,

—(m+1)

Sm“(u):(ﬂ E . (u)=2¢,(u)
(3)

Finally, we calculate the harmonic matrices for i =1 to 5, using the following equation

f
L )oals oo
u(f, (u,) u,
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We know that

fu)=u,, f,(u,)=u., f,(u)=u,, f,(u,)=u,, f,(u,)=ug;

f(u)=u,, f,(u)=u,, f,(u)=u,, f,(u)=u,, f.(u,)=u,.

We calculate harmonic matrices using (16) as:

[1 0 fu, | [2/3 1/37u, 1
Al:h/s 1/3JLuYJ' AZ:[z/s 1/3JLuYJ’
273 1/37Mu, ] [1/3  2/37u,

A3=L1/3 273 u, | A42L1’3 213u, |

/3 2/37u, |

SR CEE T

5. Normal Derivative

Using definition 2.4, normal derivative of LB-fractal can be written as

m (1)
& u(x)=lim | — > (u(p)-u(a);

m
‘)wKS qEVWp

and normal derivative at boundary point p,(p, eV,) is

m (1)
8 u(x) = lim —) > (u(p)-ulp,,).

mawk3 4evo

6. Conclusion

We establish the relationship of energy on adjacent graphs of LB- fractal iteratively

and thus obtain a sequence of renormalized energy, which has a non decreasing pattern.
So, we can conclude that LB-fractal has finite energy. We also obtain Normal derivative
and harmonic matrices on LB-fractal using concept of harmonic extension.
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