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Abstract 

In engineering, solving divergence and long solving time often occurs when solving 

large complex dynamic equations. Comparative analysis of Newmark and Rungekutta 

method fora complex dynamic model can provide a theory basis for the selection of 

numerical integration method when solving complex dynamic equation. The comparative 

analysis on the solving precision and solving time by Newmark method and Rungekutta 

method for calculating a same complex dynamic equation is carried out. The calculation 

results show that the response results by these two methods are in strong consistency. But 

the Newmark method shortens the solving time by at least 3 orders comparing that of 

Rungekutta method. Furthermore, the response displacement by Newmark method in 

different integration steps is obtained. The results indicate that the response results 

become stable with integration step continues reducing under 0.1. 

 

Keywords: Newmark method; dynamic equations; solving time 

 

1. Introduction

 

In engineering, the dynamic characteristics of each component are analyzed by solving 

the corresponding dynamic equations. The dynamic equations will become time-varying 

and nonlinear when considering the time-varying stiffness and multi-DOF coupling 

structure. Therefore, solving divergence and long solving time are the common problems 

in the calculation process. 

The foreign and domestic scholars have done lots of researches on Newmark numerical 

integration method for solving dynamic equations. Some scholars carried out theoretical 

derivation for deeper analyzing the precision volatility problem 
[2]

. Some put forward a 

method that can automatically adjust the integration step based on the original Newmark 

method
 [3, 4]

. Newmark and Rungekutta method are the most used numerical integral 

method for calculating large complex dynamic equations. Many scholars have done deep 

researches on the solving precision and stability of Newmark method, Rungekutta 

method, etc
[5]-[8]

. But the comparative analysis on the solving precision and solving time 

by Newmark method, Rungekutta method for a same complex dynamic equations is still 

not that deep. 

 

TBM cutterhead multi-DOF dynamic model 

This paper takes a TBM cutterhead complex dynamic model as an example [9], and the 

dynamic responses of cutterhead system are obtained by using Newmark method. The 
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Coupled nonlinear dynamic model of TBM cutterhead system is shown in figure 1. The 

dynamic model contains 59 DOF totally. There are 20 DOF in torsional direction while 

radial direction contains 26 DOF, and axis and pendulum coupled direction contains 14 

DOF. 

 

 
(A) TBM Main System Structure

 [12] 
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(B) Torsional Coupledcutterhead System Dynamics Model 
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(C) Axis and Pendulum Coupled Cutterhead System Dynamics Model 

Figure 1. Coupled Nonlinear Dynamic Model of Tbm Cutterhead System 
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The dynamic equations are listed below: 
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In dynamic model, the meaning of each parameter is shown below. 

( 1, 2, 3, , , )I L L L r pi mi  
-The rotational inertia of each component. 

, ( 1, 2, 3, )x yI I L L L r   
- The radial rotational inertia of each component. 

( 1, 2, 3, , , )m L L L r pi d  
-The mass of each component. 

),,( Liyixikkeqk 
-The radial stiffness of eachcutterheadcomponent. 

( , , , )eqk r rz d dz  
-The radial, axial stiffness of bull gear and shield.  
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1 2 2 3 3, ,L L L L L rk k k
-The torsional stiffness of front panel, support rod and flange of 

cutterhead. 

( ), ,mpQ eqp tk k k
-The torsional stiffness of transmission shaft, the support stiffness of 

pinions, the time-varying meshing stiffness. 
, , , , , ,L pi x y L x yT T F F F M M

-The load torque on cutterhead, the input motor torque, 

horizontal unbalance force, vertical unbalance force, axial force, horizontal overturning 

moment, vertical overturning moment. 

br bpr r，
-The base radius of bull gear and pinions. 

i i i ix y z， ， ，
-The angle, horizontal displacement, vertical displacement and axial 

displacement of each component. 

The nonlinear equations can be established according to the dynamic model. 

The solution principle and solving process of Newmark method 

The analytical approaches to solving system dynamic equation mainly include 

perturbation method, harmonic balance method, fourier series method, etc
[1]

. It is difficult 

to obtain the accurate analytical solution in solving a multi-factor coupling nonlinear 

dynamic equation. The Newmark method and Rungekutta method are the mostly used 

methodin engineering. 

Newmark method belongs to step by step integral method.The time step length does 

not affect the solving stability, and the values of this step length can be determined 

according to the solving precision. Newmark method avoids the error stack effect in 

solving process, and can adapt to the nonlinear response analysis. Its disadvantage exists 

in forming the complicated stiffness matrix. The core part of Newmark method is 

establishing a recursive relationship from t  to tt  . Thedisplacement ttx  , velocity 

ttx 


 and acceleration ttx 


 are unknowns in step tt  . 

Newmark method assumes the velocity and displacement are: 

2

= [(1 ) ] 0 1

1
= [( ) ] 0 2 1

2
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t t t t t t t

x x x x t

x x x t x x t

  

  

 

 

     



       
   （1） 

The above formulas are the basic formula of Newmark method. Parameters   and 

are of great influence on the calculation results. The values of   and   should be 

determined fully considering the integral precision and stability. According to the 

Newmark method, the acceleration of the method is constant when
0.5 

,

20.5 / 4 （ + ）
. The value of acceleration is 

1
( )

2
t t tx x 

.At this time, the Newmark 

method is unconditionally stable. 

The differential equation of next step is  

[ ] [ ] [ ] [ ]t t t t t t t tM x C x K x F     
   （2） 

Plug that intointo equation (1), and the equation in step tt   is obtained. 

[ ] [ ]t t t tK x F 
    (3) 

The 
[ ]K

iseffective stiffness matrix which can be calculated by following equations. 
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1 1 1
[ ] [ ] [ ]( { } { } ( 1){ } )

2

[ ]( { } ( 1){ } ( 1) { } )
2

t t t t t

t t t

F F M u u u
t t

C u u t u
t

  

  

  

    
 

     
    (5) 

According to (3), the displacement of next moment ttx  can be obtained. The velocity 

and acceleration of next moment ttx 


, ttx 


 can be calculated by equation (1). Based on 

the analysis above, the calculation process of Newmarkmethod is shown in figure 2. 

 

 The 

calculation of 

initial value

(1)Forming the stiffness 

matrix, damping matrix 

and mass matrix

(2)Giving the initial 

value

(3)Determining 

integration step and 

parameters 

(4)Forming effective 

stiffness matrix

Calculating each time step

Calculating the effective 

load in 

Calculating the effective 

displacement in 

Calculating the effective 

velocity and 

acceleration in 



tt  tt 
tt 

 

Figure 2. Calculation Process 

The calculation process of a complicated dynamic model by Newmark method 

3.1 The mass matrix M , stiffness matrix K , damping matrixC and load matrix F . 

The total mass matrix is a 59 59 diagonal metrix which is listed below. 

1 1 2 2 3 3 4 4 5 5 6 6 7 7 8 8

3 2 1 1 1 2 2 3 3 1 2

3 4 5 6 7 8 1 2 3 4 5 6 7 8

1 2 3 1 1 2 2 3 3

= (               

   ?

m p m p m p m p m p m p m p m p

r L L L L L L L L L r r d d p p

p p p p p p p p p p p p p p

L L L r d L x L y L x L y L x L y rx r

M diag I I I I I I I I I I I I I I I I

I I I I m m m m m m m m m m m m

m m m m m m m m m m m m m m

m m m m m I I I I I I I I )y  

Stiffness matrix K  is the most complicated factor that influences the system’s 

dynamic characteristics. The stiffness matrix may contain time-varying stiffness element 

which make the whole matrix nonlinear. 

In the numerical example, the stiffness elements of torsional and radial DOF are time-

varying. There are 20 DOF in torsional direction while radial direction contains 26 DOF. 

Therefore, the first 46 orders of the stiffness matrix is a multi-DOF coupling time-varying 
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matrix. This time-varying matrix is defined as 111k , and its corresponding damping 

matrix is defined as 111c . The last 13 orders of the stiffness matrix represent the stiffness 

of each component in axial and capsized DOF, and the corresponding stiffness matrix and 

damping matrix are named 222k and 222c .The system stiffness matrix is defined as: 

 

111
1

222

k
K

k

 
  
 While the damping matrix is defined as 

111
1

222

c
C

c

 
  
  . 

The load matrix contains the external load, time-varying meshing load, cumulative 

error, etc. It is a complicated vector with time-varying characteristic, and is listed below. 

8

1

8 8

1 1

=[ , *( ), ( ),0,0, , , ,0,0,0,0,

( ) sin( ), ( ) cos( ), ( ) cos ,

( ) sin , ,0,0,0,0, , ,0,0,0,0,0,0]

pi bp Ni Ni br Ni Ni L

i

Ni Ni i Ni Ni i Ni Ni

i i

T

Ni Ni

F T r f D r f D T FX FY

f D f D f D

f D FL MX MY

    





 

    

         

  



 

 

1.2 Integration step and parameters  and  . 

In order to make the Newmark method unconditionally stable, the integration 

parameters are selected and calculated as follows.  

0 12

1
0.02, =0.5, =1/ 4, = , =t

t t


   

 
 

   

2 3 4 5 6 7

1 1
= , = 1, = 1, = ( 2), = (1 ), =

2 2

t
t t

t

 
       

   


     

  

1.3 The calculation of effective stiffness matrix 

The effective stiffness matrix is calculated as equation below. 

0 1K K M C   
 

1.4 Calculation for each time step 

The system effective load vector is computed as: 

0 2 3 1 4 5( ) ( )t t t t t t t t t tF F M x x x C x x x            
 

The displacement in moment tt  is calculated as: 

t t t tKx F 
 

The velocity and acceleration in moment tt  is calculated as: 

0 2 3

6 7

= ( )

= +

t t t t t t t

t t t t t t

x x x x x

x x x x

  

 

 

 

  


  

 

The comparative analysis of Newmark and Rungekutta method: 

For this dynamic system, the displacement, velocity and acceleration calculation results 

by Newmark and Rungekutta method are show in figure 3.In figure, curve S represents 

the displacement response, curve V represents the velocity response and curve a 

represents the acceleration response. 
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（A）Runge-Kutta Method  （B）Newmark Method 

Figure 3. Solving Results 

From the figure 2, it can be seen that the response results by these two methods are in 

strong consistency which ensures the solving results are in the same precision. 

The response displacementbyNewmark method in different integration steps are shown 

in Figure 4. 

 

 

Figure 4. Solving Step to the Results 

It can be seen that the response results become stable with the integration steps 

reducing from 1 to 0.00001. Especially when integration step reduces from 1 to 0.1, the 

response results tend towards the analytical solution rapidly.  

The computing time and memory statistics using these two methods are listed in Table 

1. 

Table 1. Contrast of the Calculation Statistics 

Method 
Truncation 

error 

Solving 

time 

Memory 

statistics 

Rungekutta 3( )O t  2.6e5 503 

Newmark 3( )O t  155 1167 

Ratio 1 0.0006 2.32 
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As can be seen above, the Newmark method shortens the solving time by at least 3 

orders comparing that of Rungekutta method. Therefore, applying Newmark method to 

the nonlinear time-varying system can largely shorten the solving time.  

 

2. Conclusion 

The Newmark and Rungekuttamethod are used in calculating a same complex 

nonlinear dynamic equation. The results show that when integration step reduces from 1 

to 0.1, the response results tend towards the analytical solution rapidly, and the response 

results become stable with integration step continues reducing. Moreover, the Newmark 

method shortens the solving time by at least 3 orders comparing that of Rungekutta 

method. These results provide the theory basis for the selection of numerical integration 

method solving complex dynamic equation. 
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