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Abstract 

Design of a robust controller for multi input-multi output (MIMO) nonlinear uncertain 

dynamical system can be a challenging work. This paper focuses on the design and 

analysis of a high performance adaptive baseline sliding mode control for second order 

nonlinear uncertain system, in presence of uncertainties to reduce the vibration. In this 

research, sliding mode controller is a robust and stable nonlinear controller which 

selected to control of robot manipulator. The proposed approach effectively combines of 

design methods from switching sliding mode controller, adaptive model-free baseline 

controller and linear Proportional-Derivative (PD) control to improve the performance, 

stability and robustness of the sliding mode controller. Sliding mode controller has two 

important subparts, switching and equivalent. Switching part (discontinuous part) is very 

important in uncertain condition but it causes chattering phenomenon. To solve the 

chattering, the most common method used is linear boundary layer saturation method, but 

this method lost the stability. To reduce the chattering with respect to stability and 

robustness; linear controller is added to the switching part of the sliding mode controller. 

The linear controller is to reduce the role of sliding surface slope and switching (sign) 

function. The nonlinearity term of the sliding mode controller is used to eliminate the 

decoupling and nonlinear term of link’s dynamic parameters. However nonlinearity term 

of sliding mode controller is very essential to reliability but in uncertain condition or 

highly nonlinear dynamic systems it can cause some problems. To solve this challenge the 

baseline controller is used as online tune or adaptive controller. This controller improves 

the stability and robustness, reduces the chattering as well and reduces the level of 

energy due to the torque performance as well.  

 

Keywords: Motor vibration, vibration control, variable structure control, baseline 

methodology, stability, robust, online tuning, chattering 

 

1. Introduction 

Design a robust controller for multi input-multi output (MIMO) nonlinear uncertain 

dynamical system (e.g., robot manipulator) is the main challenging work in this research. 

Robot manipulators are set of links which connected by joints, they are multi input and 

multi output (MIMO), nonlinear, time variant, uncertain dynamic systems and are 

developed either to replace human work in many fields such as in industrial or in the 

manufacturing. Complexities of the tasks caused to design mechanical architectures and 

robot manipulator with nonlinear behavior. These factors are: 

 Time-varying parameters based on tear and ware. 

 Simplifying suppositions in system modelling caused to have un-modelled 

dynamic parameters. 

 External disturbance and noise measurement which it is caused to generate 

uncertainties. 
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According to above discussion, robot manipulators are nonlinear uncertain systems 

with human-like behavior therefore, control of these systems are complicated. Robot 

manipulators are divided into two main groups, serial links robot manipulators and 

parallel links robot manipulators. OCTARM continuum robot manipulator is a serial link 

robot manipulator, in this type of robot links and joints are serially connected between 

base and end-effector [1-2]. Study of robot manipulators are classified into two main 

subjects: kinematics and dynamics. Study of kinematics is important to design controller 

in practical applications. Dynamic modeling of robot manipulator is used to illustrate the 

behavior of robot manipulator (e.g., MIMO, nonlinear, uncertain parameters and …), 

design of nonlinear conventional controller such as conventional Computed Torque 

Controller and Sliding Mode Controller and also for simulation. It also used to explain 

some dynamic parameters effect to system behavior. According to the literature [1-8]. 

OCTARM continuum robot manipulator is a serial links, and highly nonlinear dynamic 

systems, which control of this system with linear behavior is the main challenge in this 

research. 

To control of OCTARM continuum robot manipulator, three purposes are very 

important: 

 Stability: Stability is due to the proper functioning of the system. A system is 

called stable if for any bounded input signal the system’s output will stay 

bounded. Therefore limitation of output deviation is very important for any 

design. 

 Robust: Robust method is caused to achieve robust and stable performance in the 

presence of uncertainty and external disturbance. A system is robust when it 

would also work well under different conditions and external disturbance. 

 Reliability: to control of nonlinear and uncertain systems, reliability play 

important role and most of model-base controller are reliable [9-12]. 

As a result, design a controller based on these three factors are the main challenge in 

this work. Based on control theory; controllers for robot manipulators are divided into two 

main collections:  

Conventional control theory and intelligent control theory where, conventional control 

theories are work based on nonlinear dynamic parameters of OCTARM continuum robot 

manipulator and these are divided into two main categories: Linear control method and 

nonlinear control method. Intelligent control theory is worked based on intelligent control 

theory and it is free of nonlinear dynamic parameters of robot manipulator. An Important 

challenge in this part is select the best methodology when lots of control techniques are 

accessible [13-16].  

According to the dynamic formulation of OCTARM continuum robot manipulators, 

they are uncertain and there exist strong coupling effects between joints. The problem of 

coupling effects play important role to get best performance in robot manipulator. In 

linear controller this challenge can be reduced, with the following two methods: 

 Limiting the performance of the system according to the required velocities and 

accelerations, but now the applications demand for faster and lighter robot 

manipulators. 

 Using a high gear ratio (e.g., 250 to 1) at the mechanical design step, in this 

method the price paid is increased due to the gears. 

Therefore linear type of controller, such as PD, PI or PID controllers cannot be having 

a good results and performance.  

Conventional nonlinear control theories are highly sensitive to system’s behavior and 

work based on cancelling decoupling and nonlinear terms of dynamic parameters of each 

likes in robot manipulators. Computed Torque Control (CTC) and Sliding Mode Control 

(SMC) are two nonlinear conventional controller which introduced by many researchers 

to control of OCTARM continuum robot manipulator [17]. 
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Computed Torque Controller (CTC) is one of the effective nonlinear controllers to 

control of robot manipulator. Consequently, to have a good performance, linearization 

and decoupling without using many gears, feedback linearization (computed-torque) 

control methodologies is presented. To design computed torque controller, an accurate 

dynamic model of robot manipulator plays an important role. To modelling an accurate 

dynamic system, modelling of complex parameters is needed to form the structure of 

systems dynamic model. It may be very difficult to include all the complexities in the 

system dynamic model [18]. Dynamic parameters may not be constant over time and 

measure the  

Acceleration term should be measured is very expensive, thus this problem is the main 

challenge to select the computed torque controller as the main controller in this research. 

To solve pure computed torque controller, intelligent computed torque controller such as 

fuzzy computed torque controller [19] or other type of conventional controller such as 

sliding mode controller is recommended. In this research to design robust control of robot 

manipulator sliding mode controller is recommended.  

To eliminate the actual acceleration measurement and also the computation burden as 

well as have stability, efficiency and robust controller, sliding mode controller is 

introduced in this part. This controller works very well in certain and partly uncertain 

condition [18-20]. This controller has two important subparts, switching part and 

equivalent part. Switching part of controller is used to design suitable tracking 

performance based on very fast switching. This part has essential role to have a good 

trajectory performance in all joints. However this part is very important in uncertain 

condition but it is caused to chattering phenomenon in system performance. Chattering 

phenomenon can cause some important mechanical problems [18]. The second subpart in 

sliding mode controller is equivalent part especially in uncertain condition. Sliding mod 

controller is a nonlinear model based controller and equivalent part is a dynamic 

formulation of robot manipulator which is used in control formulation of robot 

manipulator which is used in control formulation to eliminate the decoupling and 

nonlinear term of dynamic parameters of each link [19]. However this part is very 

essential to reliability but in uncertain condition or highly nonlinear dynamic systems it 

can cause some problem. However conventional sliding mode controller is a robust, stable 

and reliable controller but there are three main issues limiting; equivalent part related to 

dynamic equation of robot manipulator, computation of the bounds of uncertainties and 

chattering phenomenon [20].  

The problem in equivalent nonlinear dynamic formulation of robot manipulator is not a 

simple task and in this research, baseline-adaptive method is used to reduce this 

challenge. Due to literature to reduce or eliminate the chattering two main methodologies 

are introduced [17-20]: 

 Linear (saturation) boundary layer method  

 Nonlinear artificial intelligence based method 

However eliminating the 𝑠𝑤𝑖𝑡𝑐ℎ𝑖𝑛𝑔 𝑑𝑖𝑠𝑐𝑜𝑢𝑛𝑡𝑖𝑛𝑜𝑢𝑠  function in sliding mode 

controllers are used in many research but it can causes to lost the robustness of control 

and accuracy. Uncertainties are very important challenges and caused to overestimation of 

the bounds. As this point if the sliding surface is equal to zero and it is chosen as desired 

sliding surface, the dynamic of robot manipulator is derived to sliding surface and if 

switching function is used to reduce the challenge of uncertainty then the linearization and 

decoupling through the use of feedback, not gears, can be realized.  

This paper is organized as follows; section 2, is served as an introduction to the 

dynamic of continuum robot and robust nonlinear controller. Part 3 introduces and 

describes the methodology algorithm. Section 4 presents the simulation results and 

discussion of this algorithm applied to a continuum robot and the last part is described as 

conclusion.  
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2. Theory 

Dynamic Formulation of Continuum Robot: The Continuum section analytical 

model developed here consists of three modules stacked together in series. In general, the 

model will be a more precise replication of the behavior of a continuum arm with a 

greater of modules included in series. However, we will show that three modules 

effectively represent the dynamic behavior of the hardware, so more complex models are 

not motivated. Thus, the constant curvature bend exhibited by the section is incorporated 

inherently within the model. The model resulting from the application of Lagrange’s 

equations of motion obtained for this system can be represented in the form 

𝑭𝒄𝒐𝒆𝒇𝒇 𝝉 = 𝑫(𝒒) �̈� + 𝑪 (𝒒) �̇� + 𝑮(𝒒) 
(1) 

Where 𝜏a vector of input forces and q is is a vector of generalized co-ordinates. The 

force coefficient matrix 𝐹𝑐𝑜𝑒𝑓𝑓 transforms the input forces to the generalized forces and 

torques in the system. The inertia matrix, 𝐷 is composed of four block matrices. The 

block matrices that correspond to pure linear accelerations and pure angular accelerations 

in the system (on the top left and on the bottom right) are symmetric. The matrix 𝐶 

contains coefficients of the first order derivatives of the generalized co-ordinates. Since 

the system is nonlinear, many elements of 𝐶  contain first order derivatives of the 

generalized co-ordinates. The remaining terms in the dynamic equations resulting from 

gravitational potential energies and spring energies are collected in the matrix 𝐺 . The 

coefficient matrices of the dynamic equations are given below, 

𝑭𝒄𝒐𝒆𝒇𝒇 = 

[
 
 
 
 
 

𝟏 𝟏 𝒄𝒐𝒔(𝜽𝟏) 𝒄𝒐𝒔(𝜽𝟏) 𝒄𝒐𝒔(𝜽𝟏 + 𝜽𝟐) 𝒄𝒐𝒔(𝜽𝟏 + 𝜽𝟐)

𝟎 𝟎 𝟏 𝟏 𝒄𝒐𝒔(𝜽𝟐) 𝒄𝒐𝒔(𝜽𝟐)
𝟎 𝟎 𝟎 𝟎 𝟏 𝟏

𝟏 𝟐⁄ −𝟏 𝟐⁄ 𝟏 𝟐⁄ −𝟏 𝟐⁄ 𝟏 𝟐⁄ + 𝒔𝟐𝒔𝒊𝒏(𝜽𝟐) −𝟏 𝟐⁄ + 𝒔𝟐𝒔𝒊𝒏(𝜽𝟐)

𝟎 𝟎 𝟏 𝟐⁄ −𝟏 𝟐⁄ 𝟏 𝟐⁄ −𝟏 𝟐⁄
𝟎 𝟎 𝟎 𝟎 𝟏 𝟐⁄ −𝟏 𝟐⁄ ]

 
 
 
 
 

 

(2) 

𝑫(𝒒) = 

[
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 𝒎𝟏 + 𝒎𝟐

+𝒎𝟑

𝒎𝟐𝒄𝒐𝒔(𝜽𝟏)

+𝒎𝟑𝒄𝒐𝒔(𝜽𝟏)
𝒎𝟑𝒄𝒐𝒔(𝜽𝟏 + 𝜽𝟐)

−𝒎𝟐𝒔𝟐𝒔𝒊𝒏(𝜽𝟏)

−𝒎𝟑𝒔𝟐𝒔𝒊𝒏(𝜽𝟏)

−𝒎𝟑𝒔𝟑𝒔𝒊𝒏(𝜽𝟏 + 𝜽𝟐)
−𝒎𝟑𝒔𝟑𝒔𝒊𝒏(𝜽𝟏 + 𝜽𝟐) 𝟎

𝒎𝟐𝒄𝒐𝒔(𝜽𝟏)

+𝒎𝟑𝒄𝒐𝒔(𝜽𝟏)
𝒎𝟐 + 𝒎𝟑 𝒎𝟑𝒄𝒐𝒔(𝜽𝟐) −𝒎𝟑𝒔𝟑𝒔𝒊𝒏(𝜽𝟐) −𝒎𝟑𝒔𝟑𝒔𝒊𝒏(𝜽𝟐) 𝟎

𝒎𝟑𝒄𝒐𝒔(𝜽𝟏 + 𝜽𝟐) 𝒎𝟑𝒄𝒐𝒔(𝜽𝟐) 𝒎𝟑 𝒎𝟑𝒔𝟑𝒔𝒊𝒏(𝜽𝟐) 𝟎 𝟎

−𝒎𝟐𝒔𝟐𝒔𝒊𝒏(𝜽𝟏)

−𝒎𝟑𝒔𝟐𝒔𝒊𝒏(𝜽𝟏)

−𝒎𝟑𝒔𝟑𝒔𝒊𝒏(𝜽𝟏 + 𝜽𝟐)
−𝒎𝟑𝒔𝟑𝒔𝒊𝒏(𝜽𝟐) 𝒎𝟑𝒔𝟐𝒔𝒊𝒏(𝜽𝟐)

𝒎𝟐𝒔𝟐
𝟐 + 𝑰𝟏 + 𝑰𝟐

+𝑰𝟑 + 𝒎𝟑𝒔𝟐
𝟐 + 𝒎𝟑𝒔𝟑

𝟐

+𝟐𝒎𝟑𝒔𝟑𝒄𝒐𝒔(𝜽𝟐)𝒔𝟐

𝑰𝟐 + 𝒎𝟑𝒔𝟑
𝟐 + 𝑰𝟑

+𝒎𝟑𝒔𝟑𝒄𝒐𝒔(𝜽𝟐)𝒔𝟐

𝑰𝟑

−𝒎𝟑𝒔𝟑𝒔𝒊𝒏(𝜽𝟏 + 𝜽𝟐) −𝒎𝟑𝒔𝟑𝒔𝒊𝒏(𝜽𝟐) 𝟎
𝑰𝟐 + 𝒎𝟑𝒔𝟑

𝟐 + 𝑰𝟑

+𝒎𝟑𝒔𝟑𝒄𝒐𝒔(𝜽𝟐)𝒔𝟐𝑰
𝑰𝟐 + 𝒎𝟑𝒔𝟑

𝟐 + 𝑰𝟑 𝑰𝟑

𝟎 𝟎 𝟎 𝑰𝟑 𝑰𝟑 𝑰𝟑]
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

(3) 
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(𝒒) = 

[
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

𝒄𝟏𝟏 + 𝒄𝟐𝟏

−𝟐𝒎𝟐𝒔𝒊𝒏(𝜽𝟏)�̇�𝟏

−𝟐𝒎𝟑𝒔𝒊𝒏(𝜽𝟏)�̇�𝟏

−𝟐𝒎𝟑𝒔𝒊𝒏(𝜽𝟏 + 𝜽𝟐)

(�̇�𝟏 + �̇�𝟐)

−𝒎𝟐𝒔𝟐

𝒄𝒐𝒔(𝜽𝟏)(�̇�𝟏)

+(𝟏 𝟐⁄ )(𝒄𝟏𝟏 + 𝒄𝟐𝟏)
−𝒎𝟑𝒔𝟐

𝒄𝒐𝒔(𝜽𝟏)(�̇�𝟏)
−𝒎𝟑𝒔𝟑

𝒄𝒐𝒔(𝜽𝟏 + 𝜽𝟐)(�̇�𝟏)

−𝒎𝟑𝒔𝟑𝒔𝒊𝒏(𝜽𝟏 + 𝜽𝟐) 𝟎

𝟎 𝒄𝟏𝟐 + 𝒄𝟐𝟐

−𝟐𝒎𝟑𝒔𝒊𝒏(𝜽𝟐)

(�̇�𝟏 + �̇�𝟐)

−𝒎𝟑𝒔𝟑(�̇�𝟏)

+(𝟏 𝟐⁄ )
(𝒄𝟏𝟐 + 𝒄𝟐𝟐)

−𝒎𝟑𝒔𝟐(�̇�𝟏)
−𝒎𝟑𝒔𝟑

𝒄𝒐𝒔(𝜽𝟐)(�̇�𝟏)

−𝟐𝒎𝟑𝒔𝟑

𝒄𝒐𝒔(𝜽𝟐)(�̇�𝟏)
−𝒎𝟑𝒔𝟑

𝒄𝒐𝒔(𝜽𝟐)(�̇�𝟐)

𝟎

𝟎 𝟐𝒎𝟑𝒔𝒊𝒏(𝜽𝟐)(�̇�𝟏) 𝒄𝟏𝟑 + 𝒄𝟐𝟑

−𝒎𝟑𝒔𝟑𝒔𝟐

𝒄𝒐𝒔(𝜽𝟐)(�̇�𝟏)

−𝒎𝟑𝒔𝟑(�̇�𝟏)

−𝟐𝒎𝟑𝒔𝟑(�̇�𝟏)

−𝒎𝟑𝒔𝟑(�̇�𝟐)

(𝟏 𝟐⁄ )
(𝒄𝟏𝟑 + 𝒄𝟐𝟑)

(𝟏 𝟐⁄ )
(𝒄𝟏𝟏 + 𝒄𝟐𝟏)

𝟐𝒎𝟑𝒔𝟑𝒄𝒐𝒔(𝜽𝟐)(�̇�𝟏)

−𝟐𝒎𝟑𝒔𝟐(�̇�𝟏)

+𝟐𝒎𝟐𝒔𝟐(�̇�𝟏)

𝟐𝒎𝟑𝒔𝟑(𝜽�̇� + 𝜽�̇�)

−𝟐𝒎𝟑𝒔𝟐𝒄𝒐𝒔(𝜽𝟐)

(𝜽�̇� + 𝜽�̇�)

𝟐𝒎𝟑𝒔𝟑𝒔𝟐

𝒔𝒊𝒏(𝜽𝟐)(�̇�𝟐)

+(𝟏𝟐 𝟒⁄ )
(𝒄𝟏𝟏 + 𝒄𝟐𝟏)

𝒎𝟑𝒔𝟑𝒔𝟐

𝒔𝒊𝒏(𝜽𝟐)(�̇�𝟐)
𝟎

𝟎
(𝟏 𝟐⁄ )(𝒄𝟏𝟐 + 𝒄𝟐𝟐) +

𝟐𝒎𝟑𝒔𝟑𝒄𝒐𝒔(𝜽𝟐)(�̇�𝟏)

𝟐𝒎𝟑𝒔𝟑

(𝜽�̇� + 𝜽�̇�)

𝒎𝟑𝒔𝟑𝒔𝟐

𝒔𝒊𝒏(𝜽𝟐)(�̇�𝟏)
(𝟏𝟐 𝟒⁄ )

(𝒄𝟏𝟐 + 𝒄𝟐𝟐)
𝟎

𝟎 𝟎 (𝟏 𝟐⁄ )(𝒄𝟏𝟑 − 𝒄𝟐𝟑) 𝟎 𝟎
(𝟏𝟐 𝟒⁄ )

(𝒄𝟏𝟑 + 𝒄𝟐𝟑)]
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

(4) 

𝑮(𝒒) = 

[
 
 
 
 
 
 
 
 
 
 
 
 

−𝒎𝟏𝒈 − 𝒎𝟐𝒈 + 𝒌𝟏𝟏(𝒔𝟏 + (𝟏 𝟐⁄ )𝜽𝟏 − 𝒔𝟎𝟏) + 𝒌𝟐𝟏(𝒔𝟏 − (𝟏 𝟐⁄ )𝜽𝟏 − 𝒔𝟎𝟏) − 𝒎𝟑𝒈

−𝒎𝟐𝒈𝒄𝒐𝒔(𝜽𝟏) + 𝒌𝟏𝟐(𝒔𝟐 + (𝟏 𝟐⁄ )𝜽𝟐 − 𝒔𝟎𝟐) + 𝒌𝟐𝟐(𝒔𝟐 − (𝟏 𝟐⁄ )𝜽𝟐 − 𝒔𝟎𝟐) − 𝒎𝟑𝒈𝒄𝒐𝒔(𝜽𝟏)

−𝒎𝟑𝒈𝒄𝒐𝒔(𝜽𝟏 + 𝜽𝟐) + 𝒌𝟏𝟑(𝒔𝟑 + (𝟏 𝟐⁄ )𝜽𝟑 − 𝒔𝟎𝟑) + 𝒌𝟐𝟑(𝒔𝟑 − (𝟏 𝟐⁄ )𝜽𝟑 − 𝒔𝟎𝟑)

𝒎𝟐𝒔𝟐𝒈𝒔𝒊𝒏(𝜽𝟏) + 𝒎𝟑𝒔𝟑𝒈𝒔𝒊𝒏(𝜽𝟏 + 𝜽𝟐) + 𝒎𝟑𝒔𝟐𝒈𝒔𝒊𝒏(𝜽𝟏) + 𝒌𝟏𝟏(𝒔𝟏 + (𝟏 𝟐⁄ )𝜽𝟏 − 𝒔𝟎𝟏)(𝟏 𝟐⁄ )

+𝒌𝟐𝟏(𝒔𝟏 − (𝟏 𝟐⁄ )𝜽𝟏 − 𝒔𝟎𝟏)(−𝟏 𝟐⁄ )

𝒎𝟑𝒔𝟑𝒈𝒔𝒊𝒏(𝜽𝟏 + 𝜽𝟐) + 𝒌𝟏𝟐(𝒔𝟐 + (𝟏 𝟐⁄ )𝜽𝟐 − 𝒔𝟎𝟐)(𝟏 𝟐⁄ ) + 𝒌𝟐𝟐(𝒔𝟐 − (𝟏 𝟐⁄ )𝜽𝟐 − 𝒔𝟎𝟐)(−𝟏 𝟐⁄ )

𝒌𝟏𝟑(𝒔𝟑 + (𝟏 𝟐⁄ )𝜽𝟑 − 𝒔𝟎𝟑)(𝟏 𝟐⁄ ) + 𝒌𝟐𝟑(𝒔𝟑 − (𝟏 𝟐⁄ )𝜽𝟑 − 𝒔𝟎𝟑)(−𝟏 𝟐⁄ ) ]
 
 
 
 
 
 
 
 
 
 
 
 

  

(5) 

Sliding Mode Controller: Consider a nonlinear single input dynamic system is 

defined by [6]: 

𝒙(𝒏) = 𝒇(�⃗⃗� ) + 𝒃(�⃗⃗� )𝒖 
(6) 

Where u is the vector of control input, 𝒙(𝒏)  is the 𝒏𝒕𝒉   derivation of  𝒙 , 𝒙 =

[𝒙, �̇�, �̈�, … , 𝒙(𝒏−𝟏)]𝑻   is the state vector, 𝒇(𝒙) is unknown or uncertainty, and 𝒃(𝒙) is of 

known sign function. The main goal to design this controller is train to the desired state; 

𝒙𝒅 = [𝒙𝒅, �̇�𝒅, �̈�𝒅, … , 𝒙𝒅
(𝒏−𝟏)]𝑻, and trucking error vector is defined by [6]:  

�̃� = 𝒙 − 𝒙𝒅 = [�̃�, … , �̃�(𝒏−𝟏)]𝑻 
(7) 

A time-varying sliding surface 𝒔(𝒙, 𝒕) in the state space 𝑹𝒏 is given by [20]: 

𝒔(𝒙, 𝒕) = (
𝒅

𝒅𝒕
+ 𝝀)𝒏−𝟏 �̃� = 𝟎 

(8) 
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Where λ is the positive constant. To further penalize tracking error, integral part can be 

used in sliding surface part as follows [20]: 

𝒔(𝒙, 𝒕) = (
𝑑

𝑑𝑡
+ 𝝀)𝒏−𝟏  (∫ �̃�

𝒕

𝟎

𝒅𝒕) = 𝟎 

(9) 

The main target in this methodology is kept the sliding surface slope 𝒔(𝒙, 𝒕) near to the 

zero. Therefore, one of the common strategies is to find input 𝑼 outside of 𝒔(𝒙, 𝒕) [11]. 

𝟏

𝟐

𝒅

𝒅𝒕
𝒔𝟐(𝒙, 𝒕) ≤ −𝜻|𝒔(𝒙, 𝒕)| 

(10) 

Where ζ is positive constant. 

If   S(0)>0→
𝐝

𝐝𝐭
𝐒(𝐭) ≤ −𝛇 

(11) 

To eliminate the derivative term, it is used an integral term from t=0 to t=𝒕𝒓𝒆𝒂𝒄𝒉 

∫
𝒅

𝒅𝒕

𝒕=𝒕𝒓𝒆𝒂𝒄𝒉

𝒕=𝟎

𝑺(𝒕) ≤ −∫ 𝜼 → 𝑺
𝒕=𝒕𝒓𝒆𝒂𝒄𝒉

𝒕=𝟎

(𝒕𝒓𝒆𝒂𝒄𝒉) − 𝑺(𝟎) ≤ −𝜻(𝒕𝒓𝒆𝒂𝒄𝒉 − 𝟎) 

(12) 

Where 𝑡𝑟𝑒𝑎𝑐ℎ  is the time that trajectories reach to the sliding surface so, suppose S 

(𝑡𝑟𝑒𝑎𝑐ℎ = 0) defined as; 

𝟎 − 𝑺(𝟎) ≤ −𝜼(𝒕𝒓𝒆𝒂𝒄𝒉) → 𝒕𝒓𝒆𝒂𝒄𝒉 ≤
𝑺(𝟎)

𝜻
 

(13) 

And 

𝒊𝒇 𝑺(𝟎) < 0 → 0 − 𝑆(𝟎) ≤ −𝜼(𝒕𝒓𝒆𝒂𝒄𝒉) → 𝑺(𝟎) ≤ −𝜻(𝒕𝒓𝒆𝒂𝒄𝒉) → 𝒕𝒓𝒆𝒂𝒄𝒉 ≤
|𝑺(𝟎)|

𝜼
  

(14) 

Equation (14) guarantees time to reach the sliding surface is smaller than 
|𝑺(𝟎)|

𝜻
   since 

the trajectories are outside of 𝑆 (𝑡). 

𝒊𝒇 𝑺𝒕𝒓𝒆𝒂𝒄𝒉
= 𝑺(𝟎) → 𝒆𝒓𝒓𝒐𝒓(𝒙 − 𝒙𝒅) = 𝟎    

(15) 

Suppose S is defined as  

𝒔(𝒙, 𝒕) = (
𝒅

𝒅𝒕
+ 𝝀)  �̃� = (�̇� − �̇�𝐝) + 𝛌(𝐱 − 𝐱𝐝) 

(16) 

The derivation of S, namely, �̇� can be calculated as the following; 

�̇� = (�̈� − �̈�𝐝) + 𝛌(�̇� − �̇�𝐝)       
(17) 

Suppose the second order system is defined as; 

�̈� = 𝒇 + 𝒖 → �̇� = 𝒇 + 𝑼 − �̈�𝒅 + 𝛌(�̇� − �̇�𝐝)    
(18) 

Where 𝒇 is the dynamic uncertain, and also since𝑆 = 0 𝑎𝑛𝑑 �̇� = 0, to have the best 

approximation,�̂� is defined as 

�̂� = −�̂� + �̈�𝒅 − 𝝀(�̇� − �̇�𝐝)    
(19) 

A simple solution to get the sliding condition when the dynamic parameters have 

uncertainty is the switching control law [11-13]: 

𝑼𝒅𝒊𝒔 = �̂� − 𝑲(�⃗⃗� , 𝒕) ∙ 𝐬𝐠𝐧(𝒔)       
(20) 

Where the switching function 𝐬𝐠𝐧(𝐒) is defined as [20] 
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𝒔𝒈𝒏(𝒔) = {
𝟏                  𝒔 > 0
−𝟏                𝒔 < 0
𝟎                      𝒔 = 𝟎

  

(21) 

And the 𝑲(�⃗⃗� , 𝒕) is the positive constant. Suppose by (10) the following equation can be 

written as, 

𝟏

𝟐

𝒅

𝒅𝒕
𝒔𝟐(𝒙, 𝒕) = 𝐒 ∙̇ 𝐒 = [𝒇 − �̂� − 𝑲𝐬𝐠𝐧(𝒔)] ∙ 𝑺 = (𝒇 − �̂�) ∙ 𝑺 − 𝑲|𝑺|  

(22) 

And if the equation (14) instead of (13) the sliding surface can be calculated as  

𝒔(𝒙, 𝒕) = (
𝒅

𝒅𝒕
+ 𝝀)𝟐  (∫ �̃�

𝒕

𝟎

𝒅𝒕) = (�̇� − �̇�𝐝) + 𝟐𝝀(�̇� − �̇�𝐝) − 𝛌𝟐(𝐱 − 𝐱𝐝)    

(23) 

In this method the approximation of 𝑼 is computed as [6] 

�̂� = −�̂� + �̈�𝒅 − 𝟐𝝀(�̇� − �̇�𝐝) + 𝛌𝟐(𝐱 − 𝐱𝐝)  
(24) 

Based on above discussion, the variable structure control law for a multi degrees of 

freedom robot manipulator is written as [7]: 

𝝉 = 𝝉𝒆𝒒 + 𝝉𝒅𝒊𝒔 
(25) 

Where, the model-based component 𝝉𝒆𝒒 is the nominal dynamics of systems calculated 

as follows [1-3]: 

𝝉𝒆𝒒 = [𝑴−𝟏(𝑩 + 𝑪 + 𝑮) + �̇�]𝑴  
(26) 

And 𝝉𝒅𝒊𝒔 is computed as [11-15]; 

𝝉𝒅𝒊𝒔 = 𝑲 ∙ 𝐬𝐠𝐧(𝑺) 
(27) 

By (27) and (26) the variable structure control of robot manipulator is calculated as;  

𝝉 = [𝑴−𝟏(𝑩 + 𝑪 + 𝑮) + �̇�]𝑴 + 𝑲 ∙ 𝐬𝐠𝐧(𝑺) 
(28) 

The lyapunov formulation can be written as follows, 

𝑽 =
𝟏

𝟐
𝑺𝑻.𝑴. 𝑺    

(29) 

The derivation of 𝑉 can be determined as, 

�̇� = 
𝟏

𝟐
𝑺𝑻. �̇�. 𝑺 + 𝑺𝑻 𝑴�̇� 

(30) 

The dynamic equation of robot manipulator can be written based on the sliding surface 

as 

𝑴�̇� = −𝑽𝑺 + 𝑴�̇� + 𝑩 + 𝑪 + 𝑮  
(31) 

It is assumed that 

𝑺𝑻(�̇� − 𝟐𝑩 + 𝑪 + 𝑮)𝑺 = 𝟎  
(32) 

By substituting (31) in (32) 

�̇� =
𝟏

𝟐
𝑺𝑻�̇�𝑺 − 𝑺𝑻𝑩 + 𝑪𝑺 + 𝑺𝑻(𝑴�̇� + 𝑩 + 𝑪𝑺 + 𝑮) = 𝑺𝑻(𝑴�̇� + 𝑩 + 𝑪𝑺 + 𝑮) 

(33) 

Suppose the control input is written as follows 

�̂� = 𝑼𝑵𝒐𝒏𝒍𝒊𝒏𝒆𝒂𝒓
̂ + 𝑼𝒅𝒊�̂� = [𝑴−�̂�(𝑩 + 𝑪 + 𝑮) + �̇�]�̂� + 𝑲. 𝒔𝒈𝒏(𝑺) + 𝑩 + 𝑪𝑺 + 𝑮 

(34) 

By replacing the equation (37) in (29) 
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�̇� = 𝑺𝑻(𝑴�̇� + 𝑩 + 𝑪 + 𝑮 − �̂��̇� − 𝑩 + �̂�𝑺 + 𝑮 − 𝑲𝒔𝒈𝒏(𝑺)

= 𝑺𝑻 (�̃��̇� + 𝑩 + �̃�𝑺 + 𝑮 − 𝑲𝒔𝒈𝒏(𝑺)) 

(35) 

And 

|�̃��̇� + 𝑩 + �̃�𝑺 + 𝑮| ≤ |�̃��̇�| + |𝑩 + �̃�𝑺 + 𝑮|  
(36) 

The Lemma equation in robot arm system can be written as follows 

𝑲𝒖 = [|�̃��̇�| + |𝑩 + 𝑪𝑺 + 𝑮| + 𝜼]
𝒊
 , 𝒊 = 𝟏, 𝟐, 𝟑, 𝟒, …  

(37) 

and finally; 

�̇� ≤ −∑𝜼𝒊

𝒏

𝒊=𝟏

|𝑺𝒊|  

  

(38) 

3. Methodology 

In sliding mode controller select the desired sliding surface and 𝒔𝒊𝒈𝒏 function play a 

vital role to system performance and if the dynamic of robot manipulator is derived to 

sliding surface then the linearization and decoupling through the use of feedback, not 

gears, can be realized. In this state, the derivative of sliding surface can help to decoupled 

and linearized closed-loop OCTARM continuum robot dynamics that one expects in 

computed torque control. Linearization and decoupling by sliding mode controller can be 

obtained in spite of the quality of the robot manipulator dynamic model, in contrast to the 

computed-torque control that requires the exact dynamic model of a system. As a result, 

uncertainties are estimated by discontinuous feedback control but it can cause to 

chattering. To reduce the chattering in presence of switching functions; linear controller is 

added to discontinuous part of sliding mode controller. Linear controller is type of stable 

controller as well as conventional sliding mode controller. In proposed methodology PD, 

PI or PID linear controller is used in parallel with discontinuous part to reduce the role of 

sliding surface slope as a main coefficient. The formulation of new chattering free sliding 

mode controller for robot manipulator is; 

𝝉 = 𝝉𝒆𝒒 + 𝝉𝒅𝒊𝒔−𝒏𝒆𝒘  
(39) 

In (39)   𝝉𝒆𝒒 is equivalent term of sliding mode controller and this term is related to the 

nonlinear dynamic formulation of robot manipulator. The new switching discontinuous 

part is introduced by 𝝉𝒅𝒊𝒔−𝒏𝒆𝒘 a6nd this item is the important factor to resistance and 

robust in this controller. In PD sliding surface, based on the change of sliding surface 

calculated as; 

𝑺𝑷𝑫 = 𝝀𝒆 + �̇� → �̇�𝑷𝑫 = 𝝀�̇� + �̈� 
(40) 

The discontinuous switching term (𝝉𝒅𝒊𝒔) is computed as; 

𝝉𝒅𝒊𝒔−𝒏𝒆𝒘 = 𝑲𝒂 ∙ 𝐬𝐠𝐧(𝑺) + 𝑲𝒃. 𝑺 
(41) 

Based on (41) and (40); 

𝝉𝒅𝒊𝒔−𝑷𝑫−𝒏𝒆𝒘 = 𝑲𝒂 ∙ 𝐬𝐠𝐧(𝝀𝒆 + �̇�) + 𝑲𝒃 ∙ (𝝀𝒆 + �̇�) 
(42) 

According to (41) and (39); 

𝝉𝒅𝒊𝒔−𝑷𝑰−𝒏𝒆𝒘 = 𝑲𝒂 ∙ 𝐬𝐠𝐧(𝝀𝒆 + (
𝝀

𝟐
)𝟐 ∑𝒆) + 𝑲𝒃 ∙ (𝝀𝒆 + (

𝝀

𝟐
)𝟐 ∑𝒆) 

(43) 

By replace (40) in (41) the discontinuous switching part is; 
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𝝉𝒅𝒊𝒔−𝑷𝑰𝑫−𝒏𝒆𝒘 = 𝑲𝒂 ∙ 𝐬𝐠𝐧(𝝀𝒆 + �̇� + (
𝝀

𝟐
)𝟐 ∑𝒆) + 𝑲𝒃 ∙ (𝝀𝒆 + �̇� + (

𝝀

𝟐
)𝟐 ∑𝒆) 

(44) 

According to (44) and (41); 

𝝉 = 𝝉𝒆𝒒 + 𝑲𝒂. 𝐬𝐠𝐧(𝑺) + 𝑲𝒃. 𝑺

= [𝑨−𝟏(𝒒) × (𝑵(𝒒, �̇�)) + �̇�] × 𝑨(𝒒) + 𝑲𝒂. 𝐬𝐠𝐧(𝑺)  + 𝑲𝒃. 𝑺 

(45) 

According to (42) and (45) the formulation of PD-SMC is; 

𝝉𝑷𝑫−𝑺𝑴𝑪−𝒏𝒆𝒘 = 𝑲𝒂 ∙ 𝐬𝐠𝐧(𝝀𝒆 + �̇�) + 𝑲𝒃 ∙ (𝝀𝒆 + �̇�) + [𝑨−𝟏(𝒒) × (𝑵(𝒒, �̇�)) + �̇�]

× 𝑨(𝒒) 

(46) 

According to the dynamic formulation of robot manipulator  

𝝉 = 𝑨(𝒒)�̈� + 𝑽(𝒒, �̇�)�̇� + 𝑮(𝒒) 
(47) 

And the controller formulation  

𝝉 = �̂��̈�𝒓 + �̂��̇�𝒓 + �̂� + 𝑲 𝒔𝒈𝒏 (𝑺) + 𝑲. 𝑺 
(48) 

According to (47) and (48), can be expressed: 

𝑨(𝒒)�̈� + 𝑽(𝒒, �̇�)�̇� + 𝑮(𝒒) = �̂��̈�𝒓 + �̂��̇�𝒓 + �̂� + 𝑲𝒂 𝒔𝒈𝒏(𝑺) + 𝑲𝒃. 𝑺 
(49) 

Where �̂�, �̂� 𝒂𝒏𝒅 �̂�   are the estimation of 𝑨(𝒒), 𝑽(𝒒, �̇�) 𝑎𝑛𝑑 𝑮(𝒒)   and in this 

formulation?  

𝑲𝒂 = [𝑲𝒂𝟏
, 𝑲𝒂𝟐

, 𝑲𝒂𝟑
, 𝑲𝒂𝟒

, 𝑲𝒂𝟓
, 𝑲𝒂𝟔]    and   𝑲𝒃 = [𝑲𝒃𝟏

, 𝑲𝒃𝟐
, 𝑲𝒃𝟑

, 𝑲𝒃𝟒
, 𝑲𝒃𝟓

, 𝑲𝒃𝟔] 

Since �̇�𝒅 = �̇� − 𝑺 and �̈�𝒅 = �̈� − �̇�  

𝑨�̇� + (𝑽 + 𝑲𝒃)𝑺 = ∆𝒇 − 𝑲𝒂 𝒔𝒈𝒏(𝑺)  
(50) 

Where ∆𝒇 = ∆𝑨�̈� + ∆𝑽�̇� + ∆𝑮 and ∆𝑨 = �̂� − 𝑨, ∆𝑽 = �̂� − 𝑽 𝒂𝒏𝒅 ∆𝑮 = �̂� − 𝑮    
The dynamic equation of robot manipulator can be written based on the sliding surface 

as 

𝑨�̇� = −𝑽𝑺 + 𝑨�̇� + 𝑽𝑺 + 𝑮 − 𝝉  
(51) 

Assuming that it can be expressed by the following equation: 

𝑺𝑻(�̇� − 𝟐𝑽)𝑺 = 𝟎  
(52) 

If the Lyaponuv function is written by; 

𝑽 =
𝟏

𝟐
𝑺𝑻𝑨(𝒒)𝑺  

(53) 

According to (52) we can be written the derivative of Lyapunov functions as; 

�̇� = 𝑺𝑻𝑨�̇� +
𝟏

𝟐
𝑺𝑻 �̇�𝑺 

       = 𝑺𝑻(𝑨�̇� + 𝑽𝑺) 

       = 𝑺𝑻[−𝒌𝒂𝒃𝑺 + ∆𝒇 − 𝒌𝒂𝒔𝒈𝒏(𝑺)] 

= ∑(𝑺𝒊[∆𝒇𝒊 − 𝒌𝒂𝒊𝒔𝒈𝒏(𝑺𝒊)])−𝑺𝑻𝒌𝒃𝑺.

𝟔

𝒊=𝟏

 

                (54) 

And with regard to substituting (52) in (54); 
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�̇� =
𝟏

𝟐
𝑺𝑻�̇�𝑺 − 𝑺𝑻𝑽𝑺 + 𝑺𝑻(𝑨�̇� + 𝑽𝑺 + 𝑮 − 𝝉) = 𝑺𝑻(𝑨�̇� + 𝑽𝑺 + 𝑮 − 𝝉)  

(55) 

According to the sliding mode controller formulation; 

�̂� = 𝝉𝒆�̂� + 𝝉𝒅𝒊𝒔̂ = [𝑨−�̂�(�̂� + �̂�) + �̇�]�̂� + 𝑲𝒂 𝒔𝒈𝒏(𝑺) + 𝑲𝒃. 𝑺 
(56) 

By replacing the equation (56) in (55) 

�̇� = 𝑺𝑻(𝑨�̇� + 𝑽𝑺 + 𝑮 − �̂��̇� − �̂�𝑺 − �̂� − 𝑲𝒂 𝒔𝒈𝒏(𝑺) − 𝑲𝒃. 𝑺
= 𝑺𝑻(�̃��̇� + �̃�𝑺 + �̃� − 𝑲𝒔𝒈𝒏(𝑺) − 𝑲𝒃. 𝑺) 

(57) 

For 𝑘𝑎𝑖 ≥ |∆𝑓𝑖| we always get 𝑆𝑖[∆𝒇𝒊 − 𝒌𝒂𝒊𝒔𝒈𝒏(𝑺𝒊)] ≤ 𝟎 and we can write:  

�̇� =  ∑(𝑺𝒊[∆𝒇𝒊 − 𝒌𝒂𝒊𝒔𝒈𝒏(𝑺𝒊)])−𝑺𝑻𝒌𝒃𝒊𝑺 ≤

𝟔

𝒊=𝟏

−𝑺𝑻𝒌𝒃𝒊𝑺 < 0                        (𝑺 ≠ 𝟎)  

(58) 

The modify vibration free sliding mode controller can be updated based on online 

tuning sliding surface slope. In order to reduce the online computation burden, the 

baseline controller is also used to sliding surface slope online tuning.  

Baseline controller is used to increase the system stability in presence of system 

uncertainty. 

𝑺𝑷𝑫 = 𝝀𝒆 + �̇� 
(59) 

𝝀𝒖𝒑𝒅𝒂𝒕𝒆 = 𝝀 × 𝑼𝑩𝒂𝒔𝒆𝒍𝒊𝒏𝒆 
(60) 

𝝀𝒖𝒑𝒅𝒂𝒕𝒆 = (𝝀𝑼𝑷𝑰𝑫 +
𝑨𝑺

𝑺 + 𝑩
× 𝑼𝑷𝑰𝑫 ) 

(61) 

Where 𝝀𝒖𝒑𝒅𝒂𝒕𝒆  is online tuning of sliding surface slope using baseline controller. 

According to (60) the modify online tuning sliding surface slope sliding mode controller 

is; 

𝝉𝑴𝒐𝒅𝒊𝒇𝒚𝒗𝒊𝒃𝒓𝒂𝒕𝒊𝒐𝒏 𝒇𝒓𝒆𝒆 𝑺𝑴𝑪−𝒏𝒆𝒘

= 𝑲𝒂 ∙ 𝐬𝐠𝐧(𝝀𝒖𝒑𝒅𝒂𝒕𝒆𝒆 + �̇�) + 𝑲𝒃 ∙ (𝝀𝒖𝒑𝒅𝒂𝒕𝒆𝒆 + �̇�)

+ ([�̂�−𝟏(𝒒) × (�̂�(𝒒, �̇�)) + �̇�] × �̂�(𝒒) 

(62) 

 

4. Results and Discussion 

Vibration reduction and rise-time: The trajectory following for online sliding surface 

slope vibration free sliding mode controller,   vibration free sliding mode controller and 

boundary layer sliding mode controller are compared in Figure 1. Based on the Figure 1, 

all three controllers can eliminate the chattering and vibration in certain situation. In rise 

time point of view, online sliding surface slope vibration free sliding mode controller is 

faster (0.48 second) than vibration frees sliding mode controller (0.6 second) and 

boundary layer sliding mode controller (2.1 second).  
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Figure 1.   Saturation SMC, Parallel Linear SMC (Proposed-SMC) and 
Adaptive Proposed-SMC 

Eliminate the vibration and robustness: the power of disturbance rejection is very 

important to robust checking in any controllers. In this part, trajectory accuracy is test 

under uncertainty condition. To test the disturbance rejection band limited white noise 

with 30% amplitude is applied to online sliding surface slope vibration free sliding mode 

controller,   vibration free sliding mode controller and boundary layer sliding mode 

controller. According to Figure 2, however parallel linear sliding mode controller has 

suitable steady state error in presence of uncertainty but it is more robust than boundary 

layer sliding mode controller. Boundary layer sliding mode controller has very much 

fluctuations in presence of external disturbance. Regarding to the following Figure, online 

sliding surface slope vibration free sliding mode controller have the power of eliminate 

the vibration in certain and uncertain condition. This control technique has acceptable rise 

time in certain and uncertain condition. 
 

 

Figure 2: Comparison of Disturbance Rejection: Parallel Linear SMC 
(Proposed-SMC), Boundary Layer Method and Adaptive Proposed-SMC in 

Presence of Uncertainty 
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5. Conclusion 

In this research, on-line sliding surface slope tuning vibration free sliding mode 

controller is recommended for continuum robot manipulator. To design robust and stable 

controller conventional sliding mode controller is recommended. Conventional sliding 

mode controller (SMC) is a nonlinear, stable, robust and reliable controller. This type of 

controller has two main important challenges: chattering phenomenon and equivalent part 

related to dynamic equation of robot manipulator. The first challenge to design robust and 

stable sliding mode controller based on switching function is chattering phenomenon. In 

sliding mode controller select the desired sliding surface and 𝒔𝒊𝒈𝒏 function play a vital 

role to system performance and if the dynamic of robot manipulator is derived to sliding 

surface then the linearization and decoupling through the use of feedback, not gears, can 

be realized. As a result, uncertainties are estimated by discontinuous feedback control but 

it can cause to chattering. To reduce the chattering in presence of switching functions; 

linear controller is added to discontinuous part of sliding mode controller. Linear 

controller is type of stable controller as well as conventional sliding mode controller. In 

proposed methodology PD, PI or PID linear controller is used in parallel with 

discontinuous part to reduce the role of sliding surface slope as a main coefficient. 

Conventional sliding mode controller is worked based on manipulator dynamic model. 

Based on equivalent part in conventional nonlinear controllers, in complex and highly 

nonlinear systems these controllers have many problems for accurate responses because 

these type of controllers need to have accurate knowledge of dynamic formulation of 

system. The nonlinear dynamic formulation problem in highly nonlinear system (e.g., 

robot manipulator) can be solved by online tuning baseline method. This type of 

controller is free of mathematical dynamic parameters of plant. When system works in 

uncertainty, the nonlinearity term of robot manipulator is not equal to equivalent term of 

sliding mode controller. To reduce the role of nonlinearity term of SMC, baseline 

controller is used in this research. The simulation results show that the proposed 

controller works well in various situations. This type of method is the best robust method 

to eliminate the vibration in presence of uncertainty with switching function. Based on 

result and discussion, proposed method can eliminate vibration in certain and uncertain 

condition.  
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