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Abstract 

The grey model theory is widely used in many field of investigation and of course 

includes inbound tourism demand. The original GM (1, 1) model couldn’t have accuracy 

prediction in some situation. Thus, an optimized GM (1, 1) model is proposed in this 

paper. Aiming at the deficiencies of the model, the improvements of GM (1, 1,) are 

include initial sequence, background value and parameter optimization. At last, the 

optimized GM (1, 1) model is used to predict inbound tourism demand of China and the 

results show that the proposed model is better than original GM (1, 1) model and time 

series model on prediction accuracy. 
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1. Introduction 

Prediction is a necessary part of the decision-making process and it is also an important 

way to make decision-making more scientific. In the process of world tourism economic 

development, application of appropriate prediction methods which is to obtain 

development of tourism economy could provide the scientific basis for decision-making 

of tourism economy. It is necessary to realize the sustainable development of Tourism and 

can also avoid economic and environmental loss caused by decision fault. Especially in 

tourism development planning, inbound tourism demand is very important. It is related to 

the investment in fixed assets, such as tourism infrastructure, service facilities, and 

ancillary facilities and so on. And whether civil engineering is a dequateandreception 

capacity reaches standard could also have critical influence on input and output of the 

whole process of Tourism. 

Tourism demand modeling and forecasting research began in 1960s. Now, it has 

become one of the hot tourism researches. Many researches at home and abroad take up 

with this study too [1-4]. In the early 1960's to 1990's, tourism demand forecasting 

method is based on time series technology [5-12], mainly including the exponential 

smoothing method, autoregressive moving average model, the trend analysis method etc. 

Since the beginning of 1990s, many researchers began to study the application of 

econometric methods.  

The grey system theory is proposed by Professor Deng Julong [13] in 1982.After 20 

years of development; it has formed a theoretical system which the main content is system 

analysis, information processing, modeling and prediction, decision making control 

system. The grey model is applied in various fields and pretty of researches try to improve 

the model. Wu et al., [14] proposed a new grey system model with the fractional order 

accumulation is put forward and the priority of new information can be better reflected 

when the accumulation order number becomes smaller in the in-sample mode. Xia and 

Wong [15] present a new seasonal discrete grey forecasting model based on cycle 

truncation accumulation with amendable items to improve sales forecasting accuracy. And 

the proposed model is practical for fashion retail sales forecasting with short historical 

data and outperforms other state-of-art forecasting techniques. He et al., [16] proposed a 
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novel secondary-diagonal mean transformation Partial GM (mtPi-GM) in order to 

improve the simulation and prediction accuracy of GM matrix solving and the comparison 

results show that dtP-GM can obtain a better accuracy for periodic data sequences.  

And there are also many researches using grey theory in tourism demand prediction 

[17-20]. But the results show that some models could reach the prediction accuracy while 

some couldn’t. Thus, it is necessary to improve grey model. 

In this paper, an optimized GM (1, 1) is proposed. Compared with original model, three 

aspects are optimized, include initial sequence, and background value and parameter 

optimization. At last, the proposed model is adopted to predict inbound tourism demand 

of China. 

 

2. Original GM (1, 1) Model 

Set the non-negative sequence is 

( 0 ) ( 0 ) ( 0 ) ( 0 )
{ (1), ( 2 ), , ( )}x x x x n                                         (1) 

Then the first-order accumulated generating operation sequence is 

(1) (1) (1) (1)
{ (1), ( 2 ), , ( )}x x x x n                                             (2) 

Which (1 ) ( 0 )

1

( ) ( )

k

i

x k x i



   . 

Let the background value series be  

(1 ) (1 ) (1 )1
(k ) [ ( 1) ( ) ]

2
z x k x k   , 2 , 3, , nk                                   (3) 

The grey differential equation is constructed with (1 )
x  by Eq. (4) 

(1 )

(1 )d x
a x u

d t
                                                       (4) 

Which a is called development coefficient. u Is called grey action variable. 

  The discrete form of Eq is.                                               

( 0 ) (1)
(k ) (k )x a z u                                                       (5) 

Since 
(1 ) (1 )

(1 ) (1 ) ( 0 )( 1) ( )
( 1) ( ) ( 1)

1

x x k x k
x k x k x k

t k k

  
     

  
                  (6) 

  The matrix expression of GM (1, 1) is 

n
Y B A                                                              (7) 
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，

(1 )

(1 )

(1 )

( 2 ) 1

(3 ) 1

( ) 1

z
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B

z n

 

 
 


 

 
 
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The parameters is solved by least squares method 

1
ˆ

ˆ ( )
ˆ

T T

n

a
A B B B Y

u


 

  
 

                                              (8) 

Put parameters into grey differential equation (4), the solution is 

ˆ(1 ) (1 )
ˆ ˆ

( ) [ (1) ]
ˆ ˆ

a tu u
x t x e

a a


                                               (9) 

The discrete form of solution is 
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ˆ(1 ) ( 0 )
ˆ ˆ

( 1) [ (1) ]
ˆ ˆ

a ku u
x k x e

a a


    ， 1, 2 ,k                                (10) 

Restore the first-order accumulated generating operation, we will get the prediction 

form. 

ˆ ˆ( 0 ) (1 ) (1 ) ( 0 )
ˆ

ˆ ˆ ˆ( 1) ( 1) ( ) (1 )( (1) )
ˆ

a a ku
x k x k x k e x e

a


       ， 1, 2 ,k               (11) 

 

3. Optimized GM (1, 1) Model 

The GM (1, 1) model also has its shortcomings just like other models. In order to 

increase the prediction accuracy, the original model should be optimized by some 

methods. In the following, the GM (1, 1) model is optimized from three aspects: Initial 

sequence, background values and parameters optimization. 

 

3.1. The Smoothness Optimization of Initial Sequence  

Properties of smooth discrete function are very important to grey model. The 

smoothness optimization of initial sequence is the effective method to improve the 

accuracy of grey model [13]. In this paper, the cosine transform is used to improve the 

smoothness of original sequence. 

  Set the original sequence with standardization is  

( 0 ) ( 0 ) ( 0 ) ( 0 )
(k ) { (1), ( 2 ), , (n )}Y y y y                                (12) 

Which ( 0 )
( i) (0 , )

2
y


 , 1, 2 ,i   

  Then the sequence is processed by cosine transform, that is 

( 0 ) ( 0 ) ( 0 ) ( 0 )
{ (1), ( 2 ), , ( )}X x x x n                                    (13) 

Which ( 0 ) ( 0 )
( ) co s ( )x k y k , 1, 2 ,i   

Then the first-order accumulated generating operation sequence is 

(1) (1) (1) (1)
{ (1), ( 2 ), , ( )}X x x x n                       (14) 

Which (1 ) ( 0 )

1

( ) ( )

k

i

x k x i



  . 1, 2 ,k   

And we use the new sequence to establish grey model, the matrix expression of GM 

(1,1) is 

n
Y B A                                                  (15) 
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The parameters is solved by least squares method 

1
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
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And the discrete form of solution is 
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ˆ(1 ) ( 0 )
ˆ ˆ

( 1) [ (1) ]
ˆ ˆ

a ku u
x k x e

a a


    ， 1, 2 ,k                          (17) 

Restore the first-order accumulated generating operation, we will get the prediction 

form. 

ˆ ˆ( 0 ) (1 ) (1 ) ( 0 )
ˆ

ˆ ˆ ˆ( 1) ( 1) ( ) (1 )( (1) )
ˆ

a a ku
x k x k x k e x e

a


       ， 1, 2 ,k  (18) 

  At last, let  
( 0 ) ( 0 )

ˆ( ) a rcco s (k )y k x                                            (19) 

 

3.2. Background Optimization 

From original GM (1, 1) modeling, we can get that 

(1 )

(1 ) (1 )
( ) ( 1)

t k

d x
x k x k

d t


                             (20) 

And from the Lagrange mean value theorem, we can also get that 

(1) (1)
( ) ( 1) ( )x k x k F k     , (0 ,1)                      (21) 

Actually, it is not reasonable that use derivative of k   instead of derivative of k . 

The background value is also not reasonable by being set as the mean value (Figure 1). 

 

 

Figure 1. Background Value 

 So the background value should be optimized. Assume there is a system like 

( )
a t

x t A e B                                                        (22) 

The discrete form is 

( 1)
( )

a k
x k A e B


                                                        (23) 

Set
(1 )

(1 ) (1 )( )
( 1) ( )

t x

d x t
x k x k

d t


   , so  

( 1)a x a k a k
A e A e A e


                                                  (24) 

The solution of Eq. (24) is 
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Set the point of Eq. (26) be point C. Thus, it is better that derivative of (1 )
( t)x at time C 

is set as the slope of line AB. 

When the sequence changes greatly, the background value which is solved by mean 

value will cause large error. Here, the weighted method is used to solve the background 

value. 

Assume 
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Thus, the background value is 
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3.3. Parameters Optimization with PSO 

  From the original GM (1, 1) model, we find that the parameters a , u will have a great 

influence on model performance. In this paper, the Particle Swarm Optimization (PSO) 

algorithm will used to solve the parameters.  

Particle Swarm Optimization (PSO) is proposed by Eberhard and Kennedy [21] in 1995. 

The PSO algorithm also has been applied in a wide variety of applications [22-24]. The 

algorithm is shown as follows: 

  The position of lth particle is  

1 2
( , , , )

l l l ls
x x x x  

  The speed of lth particle is 

1 2
( , , , )

l l l ls
v v v v  

  The history best point of lth particle is 

1 2
( , , , )

l l l ls
p p p p  

  The history best point of the group is 
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1 2
( , , , )

g g g g s
p p p p  

  The updating formula of particle about speed and position is 

( 1 ) ( ) ( ) ( ) ( ) ( )

1 1 2 2
( ) ( )

t t t t t t

i j i j i j i j g j ij
v w v c p x c p x 


                                     (29) 

( 1 ) ( ) ( 1 )t t t

ij ij ij
x x v

 
                      (30) 

Where w inertia is weigh
1

c and
2

c  is learning factors. 
1

 And
2

  are random numbers 

subjects to the uniform distribution in the interval of [0 ,1] . 

  Generally, the particle should have good exploration ability at the beginning of the 

flight and have good development ability later. Thus, a time varying weight can be 

achieved to the target. Let 

m ax m in

m ax
*

_ m ax
i

w w
w w i

Iter


                                                 (31) 

Where
m in m ax

[ . ]
i

w w w , _ m a xI te r  is the maximum number of iterations. 

  In order to let the particle has better self-learning ability and smaller social learning 

ability at the beginning and has smaller self-learning ability and better social learning 

ability later, the learning factors can be described like 

1 1 1 1
( )

_ m ax
b a a

Ite r
c c c c

Ite r
                                              (32) 

2 2 2 2
( )

_ m ax
b a a

Ite r
c c c c

Ite r
                                             (33) 

Where 
1 1 2 2

, , ,
a b a b

c c c c  are initial value and final value of 
1

c ,
2

c , Ite r  is current number 

of iterations. 

 

 

Figure 2. Dynamic of PSO Algorithm 

In order to reflect the fact that the recent observations have great influence on 

prediction value while the later observations have small influence on prediction value, the 

weighted least squares method is used as the fitness function in PSO algorithm. 

The steps of particle swarm optimization algorithm are shown in bellow. 

Step 1: Initialize population and the parameters. 

Step 2: Update the speed and position of particles. 

Step 3: Calculate the fitness values. The fitness function is 

 
2

( 0 ) (1 )

2

( ) ( )

n

n k

k

F x k a z k u




                                         (34) 

Which 0 1  . 

Step 4: Update the speed, best position of particle and best position of group. 

Step 5: Determine whether the termination condition is reached. If it do not reach the 

termination condition, turn to Step 2. Otherwise, turn to Step 6. 
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Step 6: Output the optimal parameters. 

  

 

Figure 3. Parameters Optimization of PSO Algorithm 

4. Model Construction and Prediction 

 In this section, the optimized GM (1, 1) model is constructed and it is used to predict 

inbound tourism demand of China from 1978 to 2011. The inbound tourism demand of 

China is shown in Fig 4. The unit of inbound tourism demand of China is ten thousand 

person-times. The data from 1978 to 2006 is used to establish models. Then the models 

are used to predict inbound tourism demand of China from 2007 to 2011. 

 

 

Figure 4. Inbound Tourism Demand of China 

From Table 1, we can find that the optimized GM (1, 1) model is better than original 

GM (1,1) model and ARIMA model on RMSE and MAE. It means that the optimization 

method of grey model is effective and it is also have better performance than ARIMA 

model in certain situation.  

Table 1. The Performance of Different Models 

 

Optimized 

GM(1,1) 
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GM(1,1) 
ARIMA 

RMSE 0.01458965 0.017413058 
0.017297

424 

MAE 0.030937182 0.053575704 
0.047646

87 
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Table 2. The Prediction Values of Different Models 

Y

ear 
True value 

Optimized 

GM(1,1) 

Original 

GM(1,1) 
ARIMA 

2

007 
13187.33 12441.72 12062.37 12231.09 

2

008 
13002.74 12582.23 12389.76 13622.48 

2

009 
12647.59 12482.13 12221.23 13409.36 

2

010 
13376.22 13087.86 12623.57 13029.11 

2

011 
13542.35 13120.29 12926.83 13974.07 

 

 

Figure 5. The Prediction Curve of Optimized GM (1, 1) Model 

The prediction values of different models in this paper are shown in Table 2. We can 

see that all these models could give reasonable results. And from Fig 5, we can find that 

the optimize GM (1, 1) model have the good performance on predicting inbound tourism 

demand of China from 2007 to 2011. 

 

 

Figure 6. The Absolute Error of Different Models 
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Table 3. The Absolute Error of Different Models 

Y

ear 

Optimized 

GM(1,1) 

Original 

GM(1,1) 
ARIMA 

2

007 
0.056539876 0.085306123 

0.072511

385 

2

008 
0.032340107 0.047142372 

0.047662

906 

2

009 
0.013082334 0.03371077 

0.060231

237 

2

010 
0.02155766 0.056267765 

0.025949

306 

2

011 
0.031165935 0.045451491 

0.031879

517 

Table 3 gives the absolute error of different models on predicting inbound tourism 

demand of China from 2007 to 2011.From Table 3, the optimized GM (1, 1) shows better 

than the other models on absolute error in each year. The absolute errors are almost in the 

range of 5%, except in 2007. And Fig 6 is more intuitively to show the absolute error of 

different models, we can easily find that the optimized model proposed in this paper is the 

best model compared with other models on absolute error. 

 

5. Conclusion 

In order to increase the prediction accuracy, the optimized GM(1,1) model is proposed. 

There are three optimized aspects compared with original GM(1,1) model. Firstly, cosine 

transform is used to improve the smoothness of original sequence. Secondly, the 

background value is optimized by index method. Thus, the restructured background value 

is more reasonable. Thirdly, the optimized PSO algorithm is used to search the parameters 

of GM (1, 1) in order to get better solution. At last, predicting results of inbound tourism 

demand of China from 2007 to 2011show that the proposed optimized GM(1,1) model is 

superior to other alternatives. 
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