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Abstract

In this paper, we investigate the constructions of generalized bent Boolean functions
defined on with values in Z4. We first present a construction of generalized bent Boolean
functions defined on with values in Z4. The main technique is to utilize bent functions to
derive generalized bent functions on odd number of variables. In addition, by using
Boolean permutations, we provide a specific method to construct generalized bent
functions on odd number of variables.
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1. Introduction

Bent functions have optimal nonlinearity [5]. They were introduced by Rothaus in
1976 as an interesting combinatorial object [16]. Bent functions have been extensively
studied during the thirty last years [1-4, 6-9, 10,12] since bent functions have many
applications in sequence design, cryptography and algebraic coding [13,15].

In the recent years, generalizations of Boolean functions [11, 17-21, and 22] were

proposed. In 2009, Schmidt [17] considered functions from z ] to z_ from the viewpoint

of cyclic codes over rings. Latter, Solé and Tokareva [18] called these functions from z
to z_ generalized Boolean functions and presented the direct links between Boolean bent

functions and generalized bent functions. More recently, Stanica et al., [22] investigated
the properties of generalized bent functions and presented several constructions of such
generalized bent functions for both n even and n odd.

In this paper, we concentrate on constructions of generalized bent Boolean functions on
odd number of variables. We first present a construction of generalized bent Boolean

functions defined on z, with values inz,. The main technique is to utilize the links

between bent functions and semi-bent functions to derive generalized bent functions on
odd number of variables. In addition, by using Boolean permutations and special Boolean
functions 9 , we provide a specific method to construct generalized bent functions on odd
number of variables.

2. Preliminaries

The following notations will be used throughout the paper. Let us denote the set of
integers, real numbers and complex numbers by z,r andc , respectively and let the ring
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of integers modulo r be denoted by z . We denote the addition over z,rR and c by ‘+’.
Moreover, addition modulo q (= 2) is also denoted by ‘+’ and it is understood from the

context. Let z, be the n -dimensional vector space overz,. We denote the addition over
z,and z, by ‘@ . Let 0 = (0,,,0,) andx = (x,,-,x,) e z, , we define the inner (or

scalar) product byo -x= o, x, ® ...® o x . If z=a+bieC,a,be R, then |z|=+a’+b’
denotes the absolute value of z, where i* = —1. We denote the vectors (0,0, ,0)e z;
byo, .

A function from z] to z_ (q =2 a positive integer) is called a generalized Boolean
function in n variables [18]. Let gg¢ be the set of all n -variable generalized Boolean
functions from z] to z_ . If q=2, we obtain the classical Boolean functions in n
variables, whose set will be denoted by s, . The Hamming weight wt (u) of a vector
u e z, isthe weight of the binary string.

The (generalized) Walsh-Hadamard transform of f < gg? is the complex valued
function over z; which is defined as

H (@)=3 ¢,

n
XeZ,

where ¢ (= ¢**"'") is the complex q -primitive root of unity. Whengq = 2, we obtain the
Walsh transform of t < B, which will be denoted byw , . A generalized Boolean function

f ecp?! is generalized bent Boolean function if and only if |H, (0)=2"" for

all e« z; . In this article, we shall call these functions gbent functions. Note that
whenq = 2, Boolean bent functions exists only if the number of variables,n, is even.
Forq > 2, if f isa gbentfunctionin n variables, it does not follow that n must be even.
Such functions for q = 4 were investigated by Schmidt [17], Sole¢ and Tokareva[18],
Stanica, Martinsen, Gangopadhyay, and Singh[22], etc.

If2"'<q<2",forany f e gg? we associate a unique sequence of Boolean functions
v, e B, (i=0,1,-,h-1) such that

h

f(X)=0,(x)+20,(x)+ +2" 0, (x), forall xe Z,. (D)

Ifq=4,thenfor f e gg, asin (1) we define the Gray mapy (f):cs, — B, by
v (f)(z,x)=v,(x)2® v,(x), for all (z,x)e Z, x ZZ".
The function y () is referred to as the Gray image of f [22].

We call the functions, from z; toz , (n,m) -functions. Such function F being given,
the Boolean functions f,,..., f_ defined, at everyxe z,, by F (x) = (f (x),, f (x)), are
called the coordinate functions of F . For a nonzero vector ue z,; , the function
F,=u,f,®--@u_f_isa called a component function of F . Obviously, these functions

u

include the (single-output) Boolean functions which correspond to the case m =1 .
Furthermore, form = n, the function F = (f,,---, f ) is called a Boolean permutation if

F is a bijective mapping from z) to z) .
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The original Maiorana-McFarland’s (M-M) class of bent functions [14] is the set of all
the (bent) Boolean functionson z." = {(x,y)|x,y e z,} of the form:
FOGY)=x-0(y)® g(y) )

where ¢ is any permutationon z, and g < B, .

2.1. Definition [23] Let f « B, . If there exists an even integer r, 0 <r <n, such that
I{o W, (@)= 0,0 e F,"}||= 2", where ||.|| denotes the size of a set, and (w, (»))* equals

2" or o, for every w ¢ F,", then f is called an r th-order plateaued function in n
variables. If f is a 2[ %] th-order plateaued function in n variables, where [n/2]
denotes the smallest integer exceedingn / 2, then f is also called a semi-bent function.

3. Main Results

In this section, we present two constructions of generalized bent Boolean functions on
odd number of variables.
We first recall a lemma which plays an important role in the part.

3.1. Lemma [18, 22] Let n be a positive odd integer and f e gB ., v,.v, € B, such that
f(x) =v,(x)+20,(x) forall xe z).Then the following statements are equivalent:
(1)The generalized Boolean function f e gg? is gbent;

@)y () (ey (F)(z,x)=0v,(x)z® v,(x), for all(z,x) e Z,x Z, ) is bent.

From the above lemma, we have the following theorem.

3.2. Theorem Let n be a positive even number and ¢ < B, . Let X = (x,x,,,x,) e Z,

and x™ = (x.,+,x, .i,x, . .x,) e Z,, where je{1,2,,n}i=0,1. Set
o, (x*)y = 6(x"), for all x* e z] Q)
and
v, (x"y =o(x"y® o (x'"), for all x' xM ez 2

If 0 « B, is abent function, then f < gg ¢, defined as f (x')) = v, (x") + 20, (x'*) , is

gbent.
Proof. Let w (f) be Gray image of t . Then

n//(f)(xj,x““))=xjuo(x“”))@ul(x“")).
Further, from Equations (1) and (2), we have
v (D)) = x o (x M@ (x; 10 (x ),
that is, w(f)=6 . Thus, if ¢ is bent, then from Lemma 1, f is gbent.

Remark 1. From the above theorem, we know for any bent function, a gbent function
in g ¢ can be obtained.

In the following, we present a new method to construct gbent functions in g on odd
number of variables.

3.3. Theorem Let o« be a permutation on z, , and let g B, be an function

2 1
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satisfying g(c“V(a))=g(c (@ ® (1,0,--,0)))®1 , where aez; . Let vYez]

n (Jp) :
and X = (X, X, , X, )e Z, s X =(x1,~~~,xj71,|,xj+1,~

~Lx)ez, where
je{l,2,-,n},i=0,1. Letthe function f .z, —» z, be defined as
f'(x"¥)y=g(Y)+20(Y)-x", forall x'")y ez,
is a gbent function in 2n —1 variables.
Proof. Without lose of generality, we set j=1 andi=o0.
Compute

H, (x,8) _ Z Z ‘ fr(xug)_’y)(_l)avxug)@/w

vez) x®ez]
:Z é’Q(V)(_l)/}.Y 2 (_l)(ﬂ(‘()@(z)
Yez, x0)ez]
=201 OO(=1) Mg (0 (Y)Oa)
Yez,

L z gg(V)(_l)/"Y ${0n}(6 (Y)® a @ (1,0,---,0)). (3)

"
Yez)

Ko

= 2"714 gV an+2p0" (a)

Lot 9V (ae@o.0)))+250 V(2@ (1,0.-.0))
=201 ate PNzt @)

1+g(a"”(a))+z/z.g<’“(a@<1,o,~-~ ,0))

+2n1L

From the above relationship, there are four cases to be considered.
(L)For p-c“P(a)=0 and g - (« @ (1,0,--,0)) = 0, we have

H,(a,p)=2""¢°" "V ¢), @)
Further, |H . (a.8) =2 " .
or p-oc '(a)=1an o ' (a ® (,0,--,0))=0, We have
(2)': (-1) dﬂ (1)( ) h
H,(a,8)=2""¢" V(14 ), (5)
Further, |H . (a.8) =2 " .
or g "(a)=0 an o " (a ® (,0,---,0))=1, We have
(@) For -0 (a) dp-c"™(ao( ) h
H,(a,8)=2""¢" " 1-¢), (6)
Further, |H . (a.8) =2 " .
or .o "(a)=1 an o (a®(1,0,--,0))=1, We have
(4 For .oV (a) dp .o (a @ ( ) h
H (@, p)=-2""¢" " ay ¢y, ©)
Further, |H . (a.8) =2 " .
Remark 2. For any Boolean permutation s , the function g is easy to be obtained.

4. Conclusion

In this note we have developed further construction method concerning the design of
generalized bent Boolean functions on odd number of variables. We first proposed a
construction of generalized bent Boolean functions with values in z, . Further, we utilized

94 Copyright © 2015 SERSC



International Journal of Hybrid Information Technology
Vol.8, No. 5 (2015)

Boolean permutations and special functions g to characterize a class of generalized bent
Boolean functions on odd number of variables.
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