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Abstract 

The optimal discrete signal are widely used in spread spectrum communication 

systems, sonar, navigation, code division multiple access systems and other fields. The 

perfect sequence pair is an extension of the single best signal, so its application is more 

widely. This paper puts forward new methods of constructing the binary sequence pair of 

three values and quaternion sequence pair of three values according to the problem of 

constructing the sequence pairs of three values. This method is that it uses N long 

cyclotomic pseudo-random sequence and its shift sequences pair to do series connection 

to constitute a 4 N long binary sequence pair of three values. New sequence pairs of three 

values is obtained by this method proved to have good balance. The application steps of 

this method are given and shall be verified by some examples. 

 

Keywords: Optimum signal, Sequence pair of three values, Cyclotomic class, 

Autocorrelation 

 

1. Introduction 

It is an important indicator to evaluating whether the pseudo random sequence is of 

good autocorrelation and balance characteristic during designing pseudo random sequence 

signal in the radar, sonar code division multiple access systems [1]. If the autocorrelation 

of a sequence will satisfy the following two conditions it says that this sequence has the 

best correlation: 1) Values of the sequence of non-synchronous autocorrelation are as little 

as possible; 2) The number of sequence of non-synchronous autocorrelation values is as 

less as possible [2]. If the length of sequence is even and this sequence is of the same 

number of "1" and "0", it argues that this sequence is balance, while if the difference 

number of "1" and"0" is only 1, it argues that this sequence is almost balanced; If the 

sequence length is odd and the difference number of "1" and "0" is only 1, it argues that 

this sequence is balanced [3]. 

So far, for the construction of the binary sequence, there have been some very good 

results, but not perfect. T. Storer, C. Ding and others proved that the composite 

construction which is equivalent to the binary sequence having optimal relevance is a 

difference set or almost difference sets with specific parameter [4-5]. As a result, the 

optimal or the optimal relevance in the series of the relatedness of the construction of the 

binary sequence, the combination design method and algebraic method occupies an 

extremely important position, the use of limited domain points round division and round 

number division is the important method to construct the binary sequence [6-7]. 

By difference set and almost difference set, people have constructed many balanced an

d almost balanced optimal autocorrelation sequence of three values [8-10], and such seque

nces have good linear complexity [11]. For autocorrelation sequence of three values of per

iod v , if )4(mod0v , then  4,0)( R  or  4,0)( R ; if )4(mod1v , then  3,1)( R ;

 if )4(mod2v , then  2,2)( R ; if )4(mod3v , then 1)( R , where )(R  ( 10  v
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) is non-synchronous autocorrelation values of sequence [12]. 

To enlarge the existence of sequence space, people have discussed from many aspects, 

including that it puts forward the concept of "pairs" in literature [13] which is with 

sequence pairs forming with two sequences to form an optimal signal. When the sequence 

is applied to a system in the original project, in the system the sender and the receiver 

must use the same sequence. Now as long as the sequence pairs forming with the sending 

sequence and local sequence used in the receiver can satisfy certain conditions, such a 

sequence coupling is formed a best signal. Based on the above principle, the literature [14, 

15] proposed the sequence pairs of three values having good balance characteristics. This 

method greatly relaxed the selection range of sequence and more conducive to looking for 

the best signal. 

 

2. The Basic Concepts 

Definition 2.1
 
[16]: For binary (1, + 1) sequence pair ),( ts of the period N , if the 

sequence pair ),( ts  in the autocorrelation function )(
),(


ts
R can be expressed as 










01

01,0
)(

),(






，

，F
R

ts
 

Then this sequence pair ),( ts is called fake random binary sequence pairs. 

Definition 2.2: Let S (n) be a binary periodic sequence, cycle for N , if set A meets the 

following conditions 

}1)(:10{  nSNnA  

Then set A is called as supported sequence of sequence S (n). And the S (n) is called as 

the characteristics sequence of set A, where },...,2,1,0{ NZA
N
 . 

Define 2.3: Let 1 efv be exponential, 
v

F for v  order finite field, }0{\
*

vv
FF   

and let w as the origin of
v

F ,
e

  , ,,,{
2


iiie

i
wwwH  },

1





ifi
ww , 

10  ei   

Where
e

e

ee

HHH
110

,,,


 is called the e  order of round division class of
q

F . When it 

needs not to indicate e , it is also shorthand e

iH  for always
i

H .  

Definition 2.4 [17]: Let DD ,  be the two subsets of v order Abel group F, kk , be the 

number of elements in the collection DD , , i.e. DkDk  , , e is the number of the 

same element in DD , , i.e. DDe  , if any nonzero element in the difference table 

},,{ DdDddddd   in F happens to appear  times, then ),( DD   is said as 

one of difference set pairs  ),,,,( ekkv on F.  

Theorem 2.1 [18]: Let the prime power 12  fv , when )4(mod3v  and f is an 

odd number, then )},0{(
10

HH  constitutes a set of differential pair, and the difference 

pairs ),( ts corresponding to this sequence pairs is called round division pseudo random 

sequence pair. 

Example 2.1 When 11v , it is easy to know that )9,5,4,3,1,0(
0
H , )},0{(

10
HH  , 

)10,8,7,6,2(
1
H constitutes a )3,5,6,11( set of differential – pairs. And it can construct 

a round division pseudo random sequence pair, where )( s , 
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)( t and the autocorrelation function is                      

                       

  





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 




01

011
)(

10

0
),(
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
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tsR . 

Note: For prime power 12  fv  and f  is odd and is odd prime number within 100. 

Within 100, when v  only takes 3,7,11,19,23,31,47,59,67,71,79,83, it can get the 

corresponding round division pseudo random sequence pair by theorem 2.1. 

 

3. The Construction Method of the Binary Sequence Pairs of Three 

Values 

Equipped with sequence set },...,,{
110 T

aaa  and },...,,{
110 T

bbb  

where )1,...,1,0(  Tia
i

 and )1,...,1,0(  Tib
i

 are the best binary sequences 

with period N .If concentrated continuous sequences are connected, they form a 

sequence u and v of period NT , remember ),...,,(
110 


T

aaaIu , 

),...,,(
110 


T

bbbIv .  Where I  denotes connection operator here.  

If the cyclic shift left of the sequence v  is to remember )( vL


, where
21

  T  
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So the cross-correlation function at the shift of  of the two connected sequences 

u and v is just the sum of inner product of the sequence of columns of the sequence u  

and v .As  
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Theorem 3.1: Let ),( ba and ),( ts be two round division pseudo random binary 

sequence pairs with the period N , where )4(mod3N .Then it tells us that this two 

round division pseudo random binary sequence can construct binary sequence pairs 

),( vu of three values of period N4 , 

 where ),1)(),(),(,( 4

)1(3

2
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 The autocorrelation function of them is         

 N

timesN

timesN

timeN

R
vu

40

)(1,4

)(3,0

)(1,4

)(
),(
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
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
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

  Equation (4-11) 

Proof: Remember

)400(,
2121
  andNT , so the autocorrelation function values 

can be to consider from several things 3,2,1,0
2
 . 
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(1) When 0
2
 , there is N

1
0  . According to the (4-11), the sequence v  at 

the shift of   is right now 

)1)(),(),(),(()(
111

1 4
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So the autocorrelation function value is              

    )()()()()(
1),(1),(1),(1),(),(


tsbatsbavu

RRRRR   

                    4  

In addition, when 0
2
 and 0

1
 , there is  

)0()0()0()0()(
),(),(),(),(),( tsbatsbavu

RRRRR   

And because sequence pairs ),(),,( tsba are all round division pseudo random 

binary sequence pairs with cycle )4(mod3N . So all its autocorrelation function 

value is N at the point 0 .  

)0()0()0()0()(
),(),(),(),(),( tsbatsbavu

RRRRR    

                     N4 . 

(2) When 1
2
 there is 4T according to the (4-11). At the same time the 

sequence v at the shift of  is right now                        
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So the autocorrelation function value is 
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(3)When 2
2
  there is 4T  according to the (4-11).At the same time the se

quence v at the shift of  is right now  
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So the autocorrelation function value is 
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Because ),( ba and ),( ts are round division pseudo random sequence pairs that the 

values of )(
),(


ba
R and )(

),(


ts
R  are equal when the delay time  is not equal to zero. 

(3) When 3
2
 there is 4T  according to the (4-11). At the same time the 

sequence v at the shift of   is right now 
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So the autocorrelation function value is 
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Finish. 

Remark: In two pairs of cyclotomic pseudo-random sequence pair ),(),,( tsba  for 

constructing three value binary sequence pair ),( vu  with period N4 , ),( ts  can 

be the shift, complementary transformations of ),( ba , or unequivalent with ),( ba . 

Therom 3.2: Three value binary sequence pair ),( vu  is balanced, that 

is NvuNvuN 4),(),(
10

 . 

Proof: In cyclotomic pseudo-random sequence pairs ),(),,( tsba , with 

period )4(mod3N ,the elements in sequence b  are complementary to the 

corresponding ones of a , and the elements in sequence s  are complementary to 

the corresponding ones of t , too. 
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So in three values binary sequence pair ),( vu , NvuNvuN 4),(),(
10

  ),( vu  

is balanced. 

Example 3.1: Let ),(),,( tsba  be two cyclotomic pseudo-random sequence pairs 

with period 7, so the constructing method of three value binary sequence pair ),( vu  

with period 28 is as following: 

First, let )0,0,1,0,1,1,0,1,1,0,1,0,0,1(),( ba be a cyclotomic pseudo-random 

sequence pair, ),( ts  is the let shift transformation of ),( ba , shift value 1 , so 

)0,0,0,1,0,1,1,1,1,01,1,0,0(),( ts  is a cyclotomic psudo-random sequence pair. 

Result: 
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)1,1,0,1,0,0,1,0,1,1,0,0,0,1,1,1,0,0,0,1,0,0,0,1,0,1,1,0( . 

Therefore, calculate the autocorrelation function values description of ),( vu  is  

,0,0,0,4,0,0,0,4,0,0,0,4,0,0,0,28())((
27

0),(





vu
R )0,0,0,4,0,0,0,4,0,0,0,4 . 

 

4. Analyzing the Performance to Resist the Noise 

In this paper, the perfect punctured sequence pairs of the length 61 i.e.  

   -] + - - -  + + + - + + - - - - - + +  - - + - + + - + - + + ++          

 + + - + - + +  - + - - + + - - - - -  + + - + + + - - - +- [+ =[X]
 

+] 0 + + + 0 0 0 + 0 0 + + + + + 0 0+ + 0 + 0 0 + 0 + 0 0 0 0          

 0 0 + 0 + 0 0 + 0+ + 0 0 + + + + + 0 0 + 0 0 0 + + + 0 + [+ =[Y]
 

is applied to series of MSK modulation in direct sequence spread spectrum system(SMSK

 - DSSS). And then it does comparison analysis via simulation to m sequence and Gold se

quence with the length of 63 and the 45th line sequence of 64 order Hadamard matrix.

Figure 1. The Simulation Principle Block Diagram of SMSK-DSSS

PART ONE. The Simulation Principle Block Diagram of SMSK - DSSS  

According to the literature , we get to know that the orthogonal expression of MSK 

signal is as follows:  

    
k bckkbc
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
       

Where 
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is called orthogonal component. 
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By the expression, it is easy to build the simulation principle block diagram which is 

shown in Figure 1 of SMSK-DSSS. And in the process of simulation we assume that both 

the arrier and PN sequences keep strict synchronization. 

PART TWO. Perfect Punctured Sequence Pairs of Antinoise Performance Comparison 

Analysis. 

 

Figure 2. The Bit-error Rate Curve of SMSK-DSSS when Applying m, Gold, 
Hadamard Respectively and Perfect Punctured Sequence Pairs 

As shown in Figure 2. the aforementioned perfect punctured sequence pairs of the 

length 61 is used to SMSK-DSSS, after comparing with Gold sequence, m sequence and 

Hadamard we get the bit-error rate curve of SMSK-DSSS. From the figure we can 

analyze that the system bit error rate curve is close when applying m, Gold and Hadamard 

since the signal-to-noise ratio SNR changes from -16 to -2. By the figure, when using the 

m sequence and Hadamard the system bit error-rate curve is volatile while using Gold 

sequence relatively stable. But it can be seen that when applying the perfect punctured 

sequence pairs the performance of resisting noise of the system is worst. In order to more 

intuitive, we list the error-rate data tables below whose values vary from -10 to -4.

Table 4.3.1. The Comparison Table of the System Bit-error Rate when 
Applying m, Gold, Hadamard and the Perfect Punctured Sequence Pairs 

 
-

10 
-

9 
-

8 
-

7 
-

6 
-

5 
-

4 

m 

0

.203
3 

0

.140
0 

0

.106
7 

0

.050
0 

0

.040
0 

0

.016
7 

0

.003
3 

Gol
d 

0

.213

3 

0

.170

0 

0

.076

7 

0

.046

7 

0

.023

3 

0

.013

3 

0

.006

7 

H 
0

.180

0 

0
.140

0 

0
.066

7 

0
.060

0 

0
.023

3 

0
.003

3 

0
.003

3 

P 
0

.273

3 

0
.246

7 

0
.183

3 

0
.136

7 

0
.083

3 

0
.050

0 

0
.026

7 

 

Note: H represents the Hadamard; P represents the perfect punctured sequence 

 

5. Conclusion 

In this paper, the cyclotomic psudo-random sequence pair get from reference, bring 

forward two construction methods of three value sequence pairs. Firs tly, cyclotomic 

psudo-random sequence pairs are known in this method, then shift these sequence pairs, 

according to the shift numbers different sequence pairs can be achieved. Usually, choose a 

known sequence pair and some kind of its shift transformations, then connect the 

sequences of sequence pairs and do Gray reflection, as a result, new kind of balanced 
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three value binary sequence pairs or three value quarternary sequence pair can be 

achieved. Through the study in this paper, the theory of sequence pair is enriched as well 

as brings forward more discrete signals with better characteristics in engineering 

applications. 
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