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Abstract 

Sphere decoding is a very powerful algorithm in searching the optimal solution of 

multiple input and multiple output systems. However, it cannot perform in parallel 

directly. Sphere decoding can be depicted as searching in a tree. In this paper, we 

propose a parallel mode of the sphere decoding algorithm. We proposed that the 

searching tree can be partitioned into several sub-trees. The searching is divided into two 

stages. In the first stage, the partial Euclidean distances of sub-tree root nodes are 

calculated. In the second stage, several sub-trees perform their searching simultaneously. 

The Euclidean distance of the early finished sub-tree helps to reduce the calculation in 

the later finished sub-trees search. Simulation results show that the search time can be 

reduced and the calculation fluctuation can be stabilized. 

 

Keywords: multiple input multiple output systems, parallel calculation, sphere 

decoding  

 

1. Introduction 

Along with the boost of integrated circuit industry and computer technology, 

parallel calculation shows great prospect in many applications. Cloud computing, 

even known by persons who only know computer, is attracting attentions from 

industry to academic [1-3]. Many calculations are written to accommodate the 

parallel calculation. The calculation of multi-input multi-output (MIMO) is a NP 

hard problem. Many algorithms are developed to approach its optimal or suboptimal 

solutions. Among them, Sphere decoding is a very powerful algorithm to find the 

optimal solution in many scenarios [4-12].  Many works have been done to promote 

this algorithm [13-29]. To utilize the benefit of parallel calculation in signal process 

is a good method to promote the performance [30-31]. In this paper, we propose to 

utilize the SD in parallel calculation in contrast to most popular SDs, and then 

explore the performance of parallel SD.  

 

2. Sphere Decoding 

Let us consider a multi-input multi-output system with Nt inputs and Nr outputs 

like Figure 1. The data streams of Nt inputs are independent, and indicate as a vector 

 1 2
...

T

N t
x x xx  , where 

i
x  is the draw from a complex QAM constellation, 

where the modulation order is m.  The Nt×Nr channel gains of the system are 

independent identically distributed (i.i.d.), and denoted as hij. They form a matrix  
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H  . The Nr outputs form a vector 

 1 2
...

T

N r
y y yy . The relationship between them can be expressed as 

 y = H x + v   (1) 

where  1 2
...

T

N r
v v vv  is the additional Gaussian noise. They also satisfy i.i.d. 

When Nt<=Nr, it is easy to express the optimal solution of equation (1) as  

 
2

ˆ a rg m in
M L




x

x y - H x  (2) 

where   denotes the set of all possible inputs. Without losing the generality, we set 

Nt=Nr=N/2 in the rest of this paper. 
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Figure 1. Structure of Multi-input Multi-output System 

The complex system is often transferred into a real system for simplification 

purpose.  
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  (3) 

Then we have 

 y = H s + v   (4) 

where all vectors and matrix are real. 

Equation (4) is often disposed in its triangle mode. The channel matrix can be 

discomposed into two matrix H = Q R , where Q is a unitary matrix, and R is a 

upper triangle matrix. Then equation (4) can be transferred into 

 ρ = R s + η   (5) 

where 
H

ρ = Q y , 
H

η = Q v . Because Q is a unitary matrix, the statistical characters 

of 
H

ρ = Q y  and 
H

η = Q v  remain the same. 

Equation (5) can be rewritten as  
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  (6) 

We can find in equation (6) the facts. In the last row, 
N

   is only determined by 

N
 . And in the next last row, 

1N



 in only determined by 

1N



and 

N
 . 

i
  is 

determined by  
k

  with k>=i. In another point of view, we can calculate 
i

  

iteratively. Based on the iterative calculation, the calculation of the optimal solution 

can be depicted as seek the best solution in a tree, as in Figure 2. Equation (1) 

means searching in a tree from the root node with Euclidean distance (ED) 0 to one leaf 

node with the smallest ED. 

 

Figure 2. Tree Search Structure 

We define the Euclidean distance of a possible node to the received signal as 
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 (7) 

And we also define the partial Euclidean distance (PED) as 

 

2

2

ˆ ˆ. . .

N

i N N N N i ik k

k i

D r s r s 



       (8) 

The problem (1) is equal to the problem to find a node with the smallest ED. 

The SD can be described as followers. 

1. Calculate ρ , η  and R respectively. Set the root node as the focus node, set 

PED of the current focus node is 0, set cut radius C is infinity, set le=N. 

2. If all the children nodes of the focus node have been visited, le=le+1, go to step 6. 

3. Expand one unvisited children node, calculate its PED, le=le-1. 

4. If the expanded children node PED is large than C, le=le+1, go to step 6. Else, go 

to step 5. 

5. Substitute the focus node and its PED with the expanded children node and its PED. 

If the focus node is a leaf node, update the C with the PED of the focus node and 

save the node as the candidate solution, go to step 2. 

6. If le<=N, go to step 2. Else end the search. 
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3. The Sphere Decoding in Parallel Mode 

The SD is a very powerful algorithm in searching tree for the best solution. However, it 

has the drawback that its calculation complexity is not fixed. In other word, it fluctuates 

largely. This limited its application. From the description above, the SD can perform only 

in serial mode. It is also a serious drawback too. We propose that the searching tree can be 

divided into sub-trees, the whole searching can be partitioned into two stages, like Figure 

3. We define nodes in the N-1
th 

or N-2
th
level as the root nodes of sub-trees. All nodes 

expanded from one sub-tree node compose a sub-tree. 

1ststage

2edstage

Sub-
tree 1

Sub-
tree 2

Sub-
tree k...

judgement

 

Figure 3. Sub-tree Search Structure 

Sub-trees begin their searching from the sub-tree root nodes as the original whole tree 

search. The tree searches N-1
th 

or N-2
th
 level at the first stage. In rest of this paper, nodes 

of the N-2
th
 level are defined as the sub-tree root nodes for each sub-tree. The PEDs of the 

nodes of the level are served as the PEDs of sub-tree root nodes. Because of the complex-

real transformation, the number of children nodes of the tree is equal to 2
m/2

, where m is 

the scale of modulation constellations. The number of the nodes of the N-2
th
 level, or say, 

the number of sub-trees is 2
m/2

.  

At the second stage, the search is divided into 2
m/2

 calculations, and the search is 

performed in sub-trees parallel. Once one sub-tree searching has been finished, the 

solution of it is the candidate solution of the whole tree, and the PED of it will update the 

initial cut radius of all other unfinished sub-trees to simplify the total calculations. As a 

result, the number of searching nodes will be reduced. 

The size of the sub-tree is smaller than the whole tree, so the searching time is reduced 

consequently. Furthermore, in the second stage several sub-trees perform their searching 

simultaneously. The calculation of first finished sub-tree must be less than the average 

calculation of the tree with the same size. Although the later finished sub-tree may be 

more complex than the average tree, the cut radius offered by the early ending sub-tree 

can reduce the complexity largely. So that the other sub-trees search will also end earlier 

than the average tree with the same size as one sub-tree.  

 

4. Simulation Results 

In this section, we provide some simulation results according to Monte Carlo method. 

The channel matrix is uncorrelated Rayleigh flat-fading channel. The number of input and 

output is 4. The modulation order of input is 4 or 6. The channel matrix, all the input and 

output vectors are complex. They are transferred into their real counterparts at first before 

the dispose. 



International Journal of Hybrid Information Technology 

Vol.8, No.11 (2015) 

 

 

Copyright ⓒ 2015 SERSC  31 

Figure 4 gives the number of average visited nodes of the traditional whole tree search 

and the proposed scheme. There are two sub-figures in Figure 4. In both figures, the gray 

bars means the number of the visited nodes of whole tree search, and the color bars means 

the different number of visited nodes in sub-tree search. The number of sub-tree search is 

ordered as ascending order. Both figures show that the number of the visited nodes of the 

sub-tree search is smaller than that of the whole tree search in corresponding scenario, 

which means that the disposing time of the sub-tree search is smaller than that of the 

whole tree search. They also show that the saved disposing time in lower SNR or lower 

modulation order is less than that in higher SNR or higher modulation order. For example, 

in Figure 4.a, 57.7% calculation spending time is saved in SNR=0, 9% calculation 

spending time is saved in SNR=24. While in the Figure 4.a, those numbers are 76.6% in 

SNR=10 and 33.4% in SNR=28. 
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Figure 4. Number of Average Visited Node 

Figure 5 shows the distribution of visited nodes in SNR=0 and N=4, m=4. The ordinate 

is the normalized distribution density, the horizontal axis is the number of total visited 

nodes. The density curves concentrate together and cannot be distinguished. We enlarge 

the part of the peak of curves to observe the detail, which is shown in the center of Figure 

5. From Figure 5, it can be found that the distribution density of the whole tree search is 

lower than that of the sub-tree search. The peak of the distribution of the whole tree is 

about 0.077, while those of the sub-trees are about 0.30, 0.27, 0.26, and 0.22. 
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Figure 5. Distribution of Visited Node in SNR=0 and N=4, m=4 
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Figure 6 shows the accumulate distribution of visited node of Figure 5. It is clearer to 

show the difference of distribution in this Figure: the accumulate distribution of visited 

node of the sub-tree search accesses 100% sooner than that of the whole tree search. If we 

take 90% as a flag, the 1
st
 sub-tree search reaches it in about 40, the 4

th
 sub-tree search 

reaches it in about 65, while the whole tree search reaches it in about 144. Both Figure 5 

and .6 show that the calculation of the proposed algorithm concentrates more than the 

traditional SD, or we can say that the fluctuation of the SD can be stabilized. 
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Figure 6. Accumulate Distribution of Visited Node of Figure 5 

5. Conclusion 

An algorithm to realize the parallel mode of SD is proposed and its performance is 

discussed and simulated. In the proposed algorithm, the traditional SD structure is divided 

into two stages, and parallel calculation can be operated in different sub-trees in the 

second stage. The radius obtained from the earlier finished sub-tree is used to simplify the 

later finished sub-trees’ search. As a result, the total calculation is reduced. Simulation 

results show that the proposed algorithm can reduce the calculation time 57.7% or 9% in 

SNR=0 or 24 when modulation order is 4, or 76.6%, 33.4% in SNR=10 or 28 when 

modulation order is 6. It also show that the proposed algorithm stabilized the calculation 

fluctuation of the SD. 
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