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Abstract 

This paper put forward constrained epistemic action model logic (EAML), which 

extended the action modal logic and reason epistemic default logic in the dynamic 

epistemic theory framework. In this paper, the constrained epistemic default logic and 

action model logic was combined to model the dynamic cognitive update process by 

introducing a cognitive operator. As constrained epistemic default logic restricts the 

current possible epistemic state and action model logic can describe epistemic actions, 

the new proposed logic can better portray the cognitive operations and the restriction of 

the corresponding accessibility relations. The description of the logic framework was 

given in this study, and the related theorems were proved to show the interpretation of the 

constrained epistemic action model logic. 
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1. Introduction 

Information is communicated, so knowledge and belief are by no means static. 

Dynamic epistemic logic is an umbrella term for a number of extensions of epistemic 

logic with dynamic operators that enable us to formalize reasoning about information 

change. In artificial intelligence, it is well accepted that a serious theory of planning takes 

into account what is known by the executing agent. In Moore’s work [1], a formalism that 

combined aspects of both epistemic logic and dynamic logic is used to capture what needs 

to be known in order to carry out a plan. This work introduced the notion of epistemic 

precondition of an ‘action’, which refers to the knowledge that is needed to successfully 

perform it. 

Based on this, H.P. van Ditmarsch, w. van der Hoek and B.P. Kooi introduced the 

‘action mode’ approach to describe epistemic action, and then developed Action Model 

theory and Public Announcement Logic theory [2]. As H.P. van Ditmarsch, w. van der 

Hoek, and B.P. Kooi’s action model logic language was defined as "cognitive operation", 

which expressed the cognitive operation as a cognitive modal operator. In order to 

complete the cognitive operation handling knowledge updating, together with express and 

deal with information change due to the action as a "cognitive operation", it is important 

to construct this dynamic recognition in the form of a language. Since "Cognitive 

operation" modal logic processing is through the action for the other action, the 

formalization of "cognitive operation" logic is an extension of the original cognitive logic 

theory. Obviously most of cognitive state could not be fully described by an independent 

modal operator and a single cognition.  

Default logic represents a simple but a powerful class of non-monotonic formalisms 

which is one of the most prominent approaches in Artificial Intelligence for its ability to 

treat various forms of commonsense reasoning [3]. Reiter’s default logic [4] is among the 

best known and most widely studied logical frameworks for reasoning from incomplete 

information, but Reiter’s default logic was unable to reason by epistemic states. Thus, it is 
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useful to give cognitive operation and develop a formalized description model, which 

make its belief knowledge update between the multi-agent have stronger characterization 

ability. 

In this study, a formalized description model was given to describe the compound 

cognitive operation, which has stronger characterization ability to depict the belief 

knowledge updating between the agents in a multi-agent system. In this proposed system, 

the constrained epistemic default logic and action model logic was combined to model the 

dynamic cognitive update logic system by introducing a complex cognitive operator. 

Since epistemic logic deals with the current possible information and action model logic 

can restrict the agent’s inference behavior, which make it can better portray the 

"translucent type" cognitive operations and the restriction of the corresponding 

accessibility relations. 

This paper is organized as follows: in the 2nd section, we make an introduction of 

action model theory and constrained epistemic default theory and then introduce the 

constrained epistemic action model theory (EAML), in the 3rd section, the properties and 

theorems of constrained EAMLwas proved, and in the 4th also the last section we make a 

summary of the whole paper. 

 

2. Logical Framework of EAML 

Definition 1. Let 
U

M
L be any logical language for given parameters agent N , and 

atoms P , action model (AML) is a triple
a

M S , R , p re

  such that: 

1) S  , S is a domain of action operations. 

2) : 2
a S S

R N
+

® , indicates relation on S for each action operation. 

3) :
U

M
p re S L® , indicate preconditions functions that assigned a precondition 

operator in
U

M
L . 

Definition 2. Let 
U

M
L be any logical language for given parameters agent N , and 

atoms P , and an epistemic modal logic model(EML) is a triple defined as

u u u u
M W , R ,V , such that: 

1) 
u

W  , 
u

W is a domain of epistemic state. 

2) 2
W W

u
R : N  , or each agent i , i N , u

R is a binary relation on
u

W . 

3) 2
W

u
V : P  , for each atom p P , 

u
V  is valuation on each epistemic state

u
W in

U
M

L . 

The structure( ),M w indicates a basic epistemic state. 

Definition 3. Give an epistemic modal logic model (EML)
u u u u

M W , R ,V and an 

action model(AML)
a

M S , R , p re

 , 

U
M

L  , for any formulas , if 
U

M
L  was 

truth definition in
u

M then it indicated as  u
M , w |  , the semantics of formulas and 

actions was defined as follows: 

 u
M , w | p iff  w V p ; 

 u
M , w |   iff  u

M , w |  ; 

 u
M , w |    iff  u

M , w |  and  u
M , w |  ; 

 u i
M , w | K  iff for all v , 

u
v M ,if   i

w ,v R ,then  u
M ,v |  ; 
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( ) [ ], |
u

M w a j= iff for all M ',v , if( )§ ¨( ), ',
u

M w M va then( )', |M v j= ; 

Where a is an action and j a formula. The interpretation of dynamic modal formula 

form[ ]a j indicates the factual epistemic states that result from executing an action a  

and j  is true.§ ¨a was defined as the subset of the domain of an epistemic operators.  

Definition 4. A constrained epistemic default logic is D ,W ,C , where W is a set of 

consistent formulas of factual epistemic states, C is constrained sets, and D is a set of 

default formulas to make W complete. 

Definition 4. Give an epistemic modal logic model (EML)
u u u u

M W , R ,V and an 

action model(AML)
a

M S , R , p re

 on 

U
M

L , Let M D ,W ,C

  be a constrained 

EAML theory on
U

M
L , where W=

u
W S , and Wconsist of the formulas with form[ ]a j . 

By definition, for any formula set  S ,V of
U

M
L ,  1

S ,V and  2
S ,V  are the smallest 

sets such that: 

   1
1  W S ,V ;  

   2
2  C S ,V ;  

      1 1
3  T h S ,V S ,V ;   

         21 1
4         S ,V .If D , S ,V a n d S V is c o n s is te n t , th e n S ,V ,                          

A set
U

M
E L is a constrained extension of M

 on F if and only if  1
E E , F and

 2
F E , F , where F is called a following supplement set of E. 

Let interpretation model M be a model of formula sets  ,if fM satisfies every formula 

in . 

Therefore, in a constrained EAML on
U

M
L , the epistemic modal logic model

u
M and 

the action model M


 satisfies every formula in  . 

 

3. Theorems of Constrained EAML 

Theorem 1.Let 
M D ,W ,C




 be a constrained EAML theory, then E is an 

xtension of 
M

 on F if and only if 
0

j

j

E E





 ,
0

j

j

F F





 , where 0
E W , 0

F C ,and 

for 0j  : 

   1 j jj
.E T h E D , E , E F is c o n s is te n t     


   
   

          

 1 j jj
.F F D , E , E F is c o n s is te n t     


   
   

           

Proof. According to the definitions above, we have: 

 

 

 

0 0

0 0

0 0 0

1   

  

  If     is  c o n s is te n t , th e n  

    

2

3 a n d

j j

j j

j j

j j

j j j

j j j

W E C F

T h E E

D , E E F E F .        

 

 

 

 
  

  

 

 
 
 

       
       

 



     

，

，

 

Therefore by the semantics this is equivalent to 
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 1

0

j

j

E , F E





 ，  2

0

j

j

E , F F





 . 

The proof of Necessity is given as follows: 

Let E be the extension of
M

 on F, in the following we have to prove

0 0

j j

j j

E E F F

 

 

 ， . 

Because    1 2

0 0

j j

j j

E , F E E , F F 

 

 

 ， , we only need to guarantee 
0

j

j

E E





 ，

0

j

j

F F





 . 

Following we testify that for any 0j  , we have
j j

E E F F ， , therefore

0 0

j j

j j

E E F F

 

 

 ， . 

(1) Obviously as    1 2
E E , F F E , F  ， , then

0 0
E E F F ， . 

(2) Suppose 
j j

E E F F ， and 
1j

E


 , in order to prove
1j

E E


 , we only need to 

verify E  .  

If  j
T h E  , since

j
E E , then we have   1j j

T h E E , F F F


    . 

If   D   , where   j
E ,    E F    is consistent, such that  is j . Because

j
E E ,    1

E E , F    holds, then according to Definition 4,  1
E , F E ,    

   1 2j j
F F E , F F  


    . Consequently that 

0 0

j j

j j

E E F F

 

 

 ，  . 

Since    1 2

0 0

j j

j j

E E , F E F E , F F 

 

 

   ， , then
0 0

j j

j j

E E F F

 

 

 ， holds. 

The proof of Sufficiency is given as follows: 

Since
0 0

j j

j j

E E F F

 

 

 ， , now we prove E is the extension of M


 on F. 

As    1 2

0 0

j j

j j

E , F E E , F F 

 

 

 ， , then we only need to prove

   1 2

0 0

j j

j j

E E , F F E , F 

 

 

 ， . Following we prove that for any 0j  , we have

   1 2j j
E E , F F E , F  ， . 

(1)Obviously we have  0 1
E W E , F  ，  0 2

F C E , F  . 

(2)Suppose    1 2j j
E E , F F E , F  ， and

1j
E


 , in order to prove

 1 1j
E E , F


 , we only need to verify  1

E , F  .  

If  j
T h E  and since  1j

E E , F , we have     1 1
T h E , F E , F    ,

 1 2j j
F F E , F


  ; 

If   D   , where 
j

K E   and  E F    is consistent, such that  is j . 
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As  1j
E E , F , then    1

E , F   . 

And by Definition 2 we have  1
E , F  ,  1j j

F F  


   2
E , F , then we 

have    1 2

0 0

j j

j j

E E E , F F F E , F 

 

 

   , holds. 

Since    1 2

0 0

j j

j j

E , F E E E , F F F 

 

 

   ， , we have  1
E , F E  and

 2
E , F F  . 

Therefore E is the extension of M


on F. 

Theorem 2. Let M D ,W ,C

  be a constrained EAML theory, let E and E   be 

extensions of M
  on F  and F   respectively, and E E  , F F  ,such that E E  ,

F F  . 

Proof. By Theorem 1 we have: 
0 0

i i

i i

E E F F ;

 

 

 ， ; where

0 0
E E W  ，

0 0
F F C  , and for any 0i  , we have: 

      1
  

i i i
E T h E E , E F is co n s is ten t   


      

    1
  

i i i
F F E , E F is co n s is ten t   


      

      1
  

i i i
E T h E E , E F is co n s is ten t   


          

      1
  

i i i
F F D , E , E F is co n s is ten t     


           

Suppose E is not equivalent to E  , then there exist the smallest i  for
1 1i i

E E
 

 and

i i
E E  , such that    i i

T h E T h E  . Since there may existsome epistemic state

  D    which satisfy that   i i
E E   = and  E F    is consistent, then by our 

assumption we have
1i

E


 . However
1i

E

 , and  E F     is inconsistent, thenby

E E F F  ， , we have  E F    is inconsistent, contrary, therefore E E , F F   . 

Theorem 3. Every constrained EAML theory has at least one extension. 

Proof. For any constrained EAML theory M D ,W ,C

 , we construct an extension 

of M
 as follows: 

Suppose
0 0

E W F C ， and for any 0j  , let
j j

S U， be the maximal set that satisfied 

the following two principles: 

(1)
j j

E S and
j j

F V is consistent. 

(2)Suppose
j

S  ，then there exist some default rule   D   and  is , where

  j
E   . 

 
0 0

1 1
L e t an d

j j

j j

j j j j j j
E E F FE T h E S , F F V , .

 

 

 
        

Suppose    ,
j j

iE F s co n s is ten tE ,          

By the induction hypothesis, and according to the consistency of E, there is 
j j

S T . 

Suppose
j j

T S , then there must exist a formula such that
j j

E S   is inconsistent, and 

0 0

i i

i i

E E , F F

 

 

    
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by the semantics is equivalent to    j j
T h E S   is inconsistent. Because

1j
E E


 , 

thus  E  is inconsistent. Since  T h E E , we have E  . As 
j

  was arbitrary, 

this is equivalent to E  , then contrary, thus
j j

S  . Therefore, we have E is an 

extension of M


on F.  

These theorems have given the explanation of constrained epistemic action modal logic 

theory, which testified the restriction of the corresponding accessibility relations due to 

the cognitive operations. 

 

4. Conclusion 

This paper put forward a constrained epistemic action model logic, which extended the 

action modal logic and reason epistemic default logic in the dynamic epistemic theory 

framework. The new proposed logic can construct the dynamic recognition in the form of 

a language that the epistemic state could be fully described by an execution after action 

cognition. The framework deals with the current possible information and action model 

logic can restrict the agent’s inference behavior, related theorems and properties was 

proved to confirmed that the new logic can better portray the cognitive operations in the 

cognition of the action modal logic system. 
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