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Abstract 

In this paper, a six-dimensional Lie algebra is first introduced, whose corresponding 

loop algebra is constructed, for which an isospectral problem is established. By zero 

curvature equations, we obtain the nonlinear integrable couplings of the Kaup-Newell 

(KN) hierarchy. 
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1. Introduction 

In 1989, Tu [1-2] presented a simple method to obtain the integrable soliton hierarchy 

and its Hamiltonian structures. This approach is called Tu’s scheme and it has been 

applied to find a lot of interesting Hamiltonian integrable systems of soliton equations 

[3-17]. In Refs. [18, 19], we further found that some soliton hierarchies also can be 

obtained by the vector-form Lie algebra and their Hamiltonian structures can be 

constructed by the quadratic-form identity. In 2006, the trace identity was been 

generalized to zero curvature equations associated with non-semi-simple Lie algebra. The 

study of integrable couplings has attracted much attention [20-31]. It originated from the 

investigations into the symmetry problems and associated centerless Virasoro algebras. 

Integrable couplings have much richer mathematical structure than scalar integrable 

equations. The related theory generalizes the symmetry and helps us work towards 

completely classifying integrable equations from an algebraic point of view. A few ways 

to construct integrable couplings of soliton equations are presented by perturbation, 

enlarging spectral problems, constructing new loop Lie algebra and creating semidirect 

sums of Lie algebra [22-26]. Recently, Ma and Zhu [20] presented a scheme for 

constructing nonlinear continuous and discrete integrable couplings using the block type 

matrix algebra. 

The notion on integrable couplings was proposed when Ma and Fuchsstiener 

studied of Virasoro symmetric algebras. In detail, for a given integrable system of 

evolution type 
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is called an integrable couplings of the system (1). Especially, if the second equation in 

the system (2) is nonlinear for v, then the system (2) is called a nonlinear integrable 

couplings of the system (1). Constructing nonlinear integrable couplings is one of the 

pretty interesting topics in the soliton theory. There are much richer mathematical 

structures behind integrable couplings than scalar integrable equations. Moreover, the 
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study of integrable couplings generalizes the symmetry problem and provides clues 

toward complete classification of integrable equations. 

In this paper, we hope to construct nonlinear integrable couplings of soliton 

equations through vector-form Lie algebras. Specifically, we would like to construct 

vector-form Lie algebra G to obtain nonlinear integrable couplings of the 

Kaup-Newell (KN) hierarchy.  

 

2. The KN Hierarchy 

We present a brief description of the zero-curvatrue representation for the 

Kaup-Newell hierarchy associated with the following eigenvalue problem. 
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Where 
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u u u q r  First, we solve the adjoint representation of (4). 
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Eqs. (5) and (6) lead to  
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Then the compatibility condition of (3) and (11) gives rise to a zero-curvature 

representation for the KN hierarchy, 
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So (12) and (13) yield the KN hierarchy, 
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where 

  
that (14) can be cast in the Hamiltonian form 
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Here = , )
T

u q r

  

  
（  stands for the variational derivative 
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3. A vector-form Lie Algebra 

Let us consider a vector space, 
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, define an operation as follows: 
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It is easy to verify that R
6
 is a Lie algebra if equipped with (19). 

Denoted by 

 1 2 3 4 5 6
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Define operation relations among ei(i = 1, 2, 3, 4, 5, 6) as follows: 
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It is easy to see that the Lie algebra G is isomorphic to the Lie algebra R
6
. 

Set 

,  
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then we find that  
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which satisfy the sufficient condition on generating integrable couplings. 

Define a loop algebra corresponding to the Lie algebra G, denoted by 
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4. Nonlinear Integrable Couplings of the KN Hierarchy 

By means of loop algebra G
~

, let us consider the following isospectral problem 
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Therefore, the zero curvature equation 
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is a Hamiltonian operation. 

From Eqs. (27), we obtain the recurrence operator L which satisfied that 
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As a result, the system (29) can be written as 
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When taking p=s=0, (31) reduces to the KN hierarchy. Therefore, the system (31) 

is the integrable couplings of the KN hierarchy according to the definition of 

integrable couplings. It is a nonlinear integrable couplings because the commutators 

[e4, e5],[e4, e6]and [e5, e6]can generate nonlinear terms. 
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5. Conclusion 

In this paper, we introduced a kind of Lie algebra which allows us to construct 

nonlinear integrable couplings of the KN hierarchy. The loop algebra presented in 

this paper can be used to other known integrable hierarchies of soliton equations for 

generating the nonlinear integrable couplings. 

 

Acknowledgment 

This work was supported by the Natural Science Foundation of China (Grant Nos. 

11401392, 61372195, and 61304069). 

 

References 

[1] G. Z. Tu, “The Trace Identity, A Powerful Tool for Constructing the Hamiltonian Structure of Integrable 

Systems”, Journal of Mathematical Physics, vol. 30, no. 330, (1989). 

[2] G. Z. Tu, “A Trace Identity and its Applications to the Theory of Discrete Integrable Systems”, Journal 

of Physics A: Mathematical and Theoretical, vol. 23, no. 3903, (1990). 

[3] W. X. Ma and R. G. Zhou, “A Coupled AKNS-Kaup-Newell Soliton Hierarchy”, Journal of 

Mathematical Physics, vol. 40, no. 4419, (1999). 

[4] Y. F. Zhang, “A Generalized Boite-Pempinelli-Tu (BPT) Hierarchy and its Bi-Hamiltonian Structure”, 

Physics Letters A, vol. 317, no. 280, (2003). 

[5] Y. F. Zhang, “A Trick Loop Algebra and a Corresponding Liouville Integrable Hierarchy of Evolution 

Equation”, Chaos, Solitons and Fractals, vol. 21, no. 445, (2004). 

[6] E. G. Fan, “Integrable Systems of Derivative Nonlinear Schrodinger Type and their Multi-Hamiltonian 

Structure”, Journal of Physics A: Mathematical and Theoretical, vol. 34, no. 513, (2001). 

[7] Z. N. Zhu and H. C. Huang, “A New Lax Integrable Hierarchy and its Hamiltonian Form”, Chinese 

Physics, vol. 67, no. 778, (1998). 

[8] Z. N. Zhu, H. C. Huang and W. M. Xue, “The Bi-Hamiltonian Structures of some New Laxintegrable 

Hierarchies Associated with Matrix Spectral Problems”, Physics Letters A, vol. 235, no. 227, (1997). 

[9] X. B. Hu, “A Powerful Approach to Generate new Integrable Systems”, Journal of Physics A: 

Mathematical and Theoretical, vol. 27, no. 2497, (1994). 

[10] X. B. Hu, “An Approach to Generate Supperextensions of Integrable System”, Journal of Physics A: 

Mathematical and Theoretical, vol. 30, no. 619, (1997). 

[11] W. X. Ma, J. S. He and Z. Y. Qin, “A Supertrace Identity and its Applications to Superintegrable 

Systems”, Journal of Mathematical Physics, vol. 49, no. 351, (2008). 

[12] P. M. Santini and A. S. Fokas, “Recursion Operators and Bi-Hamiltonian Structures in Multidimensions”, 

Communication in Mathematical Physics, vol. 115, no. 375, (1988). 

[13] A. S. Fokas and P. M. Santini, “Recursion Operators and Bi-Hamiltonian Structures in 

Multidimensions”, Communication in Mathematical Physics, vol. 116, no. 449, (1988). 

[14] J. Moser, “Integrable Hamiltonian Systems and Spectral Theory”, On Diff. Eq's, Science Press, Beijing, 

vol. 157, (1986). 

[15] W. X. Ma and B. Fuchssteiner, “Integrable Theory of the Perturbation Equations”, Chaos, Solitons and 

Fractals, vol. 7, no. 1227, (1996). 

[16] Y. F. Zhang and H. Q. Zhang, “A Direct Method for Integrable Couplings of TD Hierarchy”, Journal of 

Mathematical Physics, vol. 43, no. 1, (2002). 

[17] W. X. Ma, “Enlarging Spectral Problems to Construct Integrable Couplings of Soliton Equations”, 

Physics Letters A, vol. 316, no. 72, (2003). 

[18] W. X. Ma, X. X. Xu and Y. F. Zhang, “Semi-Direct Sums of Lie Algebras and Continuous Integrable 

Couplings”, Physics Letters A, vol. 351, no. 125, (2006). 

[19] F. K. Guo and Y. F. Zhang, “The Quadratic-Form Identity for Constructing the Hamiltonian Structure of 

Integrable Systerms”, Journal of Physics A: Mathematical and Theoretical, vol. 38, no. 8537, (2005). 

[20] W. X. Ma and Z. N. Zhu, “Constructing Nonlinear Discrete Integrable Hamiltonian Couplings”, 

Computers and Mathematics with Applications, vol. 60, no. 2601, (2010). 

[21] Y. N. Tang, W. X. Ma, W. Xu and L. Gao, “Integrable Coupling Hierarchy and Hamiltonian Structure for 

a Matrix Spectral Problem with Arbitrary-Order”, Communications in Nonlinear Science and Numerical 

Simulation, vol. 17, no. 585, (2012). 

[22] W. X. Ma, “Loop Algebras and Bi-Integrable Couplings”, Chinese Annuals of Mathematics Series B, 

vol. 33, no. 207, (2012). 

[23] Y. F. Zhang and W. X. Ma, “Lie Algebraic Approach to Nonlinear Integrable Couplings of Evolution 

Type”, Journal of Applied Nonlinear Dynamics, vol. 1, no. 1, (2012). 

[24] W. X. Ma, J. H. Meng and H. Q. Zhang, “Integrable Couplings, Variational Identities and Hamiltonian 

Formulations”, Global Journal of Mathematical Sciences, vol. 1, no. 1, (2012). 



International Journal of Hybrid Information Technology 

Vol.8, No.11 (2015) 

 

 

234   Copyright ⓒ 2015 SERSC 

[25] W. X. Ma, J. H. Meng and H. Q. Zhang, “Tri-integrable Couplings by Matrix Loop Algebras”, 

International Journal of Nonlinear Sciences and Numerical Simulation, vol. 14, no. 377, (2013). 

[26] J. H. Meng and W. X. Ma, “Non-semisimple Lie Algebras of Block Matrices and Applications to 

bi-Integrable Couplings”, Advances in Applied Mathematics and Mechanics, vol. 5, no. 652, (2013). 

[27] W. X. Ma, H. Q Zhang and J. H. Meng, “A Block Matrix Loop Algebra and Bi-Integrable Couplings of 

the Akns Equations”, East Asian Journal on Applied Mathematics, vol. 3, no. 171, (2013). 

[28] W. X. Ma, J. H. Meng and B. Shekhtman, “Tri-integrable Couplings of the KdV Hierarchy Associated 

with a Non-Semisimple Lie Algebra”, Global Journal of Mathematical Sciences, vol. 2, no. 9, (2013). 

[29] W. X. Ma, “Lie Algebra Structures Associated with Zero Curvature Equations and Generalized Zero 

Curvature Equations”, British Journal of Applied Science and Technology, vol. 3, no. 1336, (2013). 

[30] F. C. You, “Nonlinear Super Integrable Hamiltonian Couplings”, Journal of Mathematical Physics, vol. 

52, no. 123510, (2011). 

[31] J. Zhang and X. L. Wei, “A Generalized Levi Hierarchy and its Integrable Couplings”, International 

Journal of Modern Physics B, vol. 24, no. 3453, (2010). 

 

Authors 
 

Xiaoli Wei, she received the M.S degree from Dalian 

University of Technology, mainly engaged in partial differential 

equation and integrable system. 

 

 

 

 

 

 

Jiao Zhang, she received the M.S. degrees in applied 

mathematics from Bohai University, Jinzhou, China, in 2006. Her 

research interests include ordinary differential equation, partial 

differential equation, symbolic computation and exact solutions.  
 

 


