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Abstract

We apply the proposed method (NHPSTM) which is the combination of new homotopy
perturbation methodand Sumudu transform to solve analytical linear and nonlinear Klein-
Gordon equations. The proposed method finds the solution without any discretization or
restrictive assumptions and avoids the round-off errors. The fact that the proposed technique
solves nonlinear problems without using Adomian’s polynomials can be considered as a clear
advantage of this new method over the decomposition method. Obtained results reveal that
the proposed method is very efficient, simple and can be applied to other nonlinear problems
arising in mathematical physics and engineering.
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1. Introduction

Nonlinear phenomena have important effects on applied mathematics, physics and related
to engineering; many such physical phenomena are modeled in terms of nonlinear partial
differential equations. The importance of obtaining the exact or approximate solutions of
nonlinear partial differential equations in mathematics, physics and engineering is still a
significant problem that needs new methods to discover exact or approximate solutions.
Various powerful mathematical methods such as variational iteration method [1], homotopy
perturbation method [2], new iterative method [3] and Adomian decomposition method [4]
have been proven useful for solving algebraic, differential, integro-differential, differential-
delay and partial differential equations.

The homotopy perturbation method (HPM) introduced by He [5, 6] has been widely used
for solving various integral equations arising from real world modeling, for example thin film
flow, heat transfer, and many others [7—19]. The idea behind this method is that the solution
is considered as the sum of an infinite series, which converges rapidly to the exact solution. In
this paper we present a modified version of HPM and known as NHPM, which performs
much better than the HPM. In this paper we outline a reliable strategy of the new Homotopy
Perturbation Sumudu Transform Method (HPSTM) for solving the Klein Gordon equation

U, +au + pu+ = f(x1), (1)
with the initial conditions
u(x,0) = g,(x), u.(x,0)=g,(x) )
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Where « , g and , are known constants, when k = 2 we have quadratic nonlinearity and

when k = 3we have cubic nonlinearity; f (x,t), g,(x) and g, (x) are known functions, and
the function u (x,t) is unknown.

2. Definitions and Properties of the S-Transform

Watugala [23] introduced a new integral transform, named the Sumudu transform and
applied it to the solution of ordinary differential equation in control engineering problems.
Sumudu transform is defined over the set of the following functions

A={f(t)ir, 7, >0]f(t)<Me""if te(-1)'x[0,0)} 3)
By the following formula

o

G(u):S[f(t);u]::J'f(ut)e’tdt, ue (-7,,7,) (@)
Sumudu transforms of the derivatives of (x) is
d"u 1 1 1 u "™
st s U 01— =u (0) - ——u o) - .- (5)
dx u u u u
Some properties of the Sumudu transform are as follows
1. s[]=1.
t" .
2. S l]=u", n>0.
r(n+1)
3. s[e*]= .
1-au
4. slaf (x)+ g (x)] = aS[f(x)]+ BS[g(X)]
Other properties of the Sumudu transform can be found in [22].
3. Analysis of NHPSM to Klein—-Gordon Equations
To solve Eqg. (1) by NHPM we construct the following homotopy
aL::uop[uOJrozaU2+ﬁU+7U"f(x,t)]. (6)
ot ox
By applying the Sumudu transform, we obtain
fo’u 1 I RV . 1
S|—|=S|Uy—P|Uy+a—+BU +U" - f(xt)]] (7)
L ot J L OX |

then

oo o'u k |
S[U(x,)]=U (x,0) +uU (x,0)+u"S[u, - plu, +a—+ U +U " - f(x,t) ||, (8)
L % i
whereu (x,0) = g,(x) andU  (x,0) = g,(x) .
Applting inverse Sumudu transform on both sides

2

L : { [ o'y k HT
U((x,t) =S JU(x,0)+uU (x,0)+u’"S|u, — p|lu, +«a —+ AU + U = f(x, 1) ||
ox

]
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(9)

Assume the solution of Eg. (9) to have the form
U=U,+pU,+pu,-+.. (10)
whereu , are unknown functions to be determined.
Now suppose that the initial approximation to the solution u,(x,t) has the form

©

Uy (1) = > a (x)P, (1), (1)

n=0
wherea, (t), a,(t), a,(t)... are unknown coefficients and P, (x), P,(x), P,(x)... are specific
functions depending on the problem. Substituting Eq. (10) into Eq. (9), collecting the same
powers of p ,and equating each coefficient of p ,we obtain

p’;U o (X, 1) = S’l[U (x,0) +uU (x,0) + UZS(UO)],

1, -1 2 azUo k —|
pU (X, t)=-S "|Ju'|u, +«a P +BU, + U, = f(xt) ]
(12)
[ 82U |
phU,L(x,t)=-S u’la 21+ﬂU1+yUlU0k71 l,
oX J

Now if we solve these equations in such a way that U, (x,t) = 0, then Eq. (12) Result in
U,(x,t) =U,(x,t) = .. = 0 .Therefore the exact solution may be obtained as

o

u(x,t)y=U (x,t)= Z a, (x)P, (1)

n=0
If f(x,t) and u,(x,t) are analytic at t =t .then their Taylor series defined as

o

u, (1) = 3 a, (x)(t-t;)",

n=0

f(x,t)= i a n(X)(t—t,)".

n=0

can be used in Eq. (12), where a,(x) a,(x), a,(x)... are unknown coefficients and

a’1(x), a 2(x), a s(x),... are known ones, which must be computed.

4. Numerical Applications

Example4.1 Consider the linear Klein—Gordon equation [20]
u, —u, —2u=-2sin xsin t, (13)
with initial conditions
u(x,0) = 0,
ou(x,0)
ot
To solve Eq. (13) by the NHPM, we construct the following homotopy

= sin X.
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N o°u
=u, - plu, - —2U + 2sin xsin t |, (14)
ot Do’

Applying the Sumudu transform on both sides of eq. (14)

fo2u1 I 8°U ]
S | =Sluy—plu, - ;- —2U + 2sin xsin t ],
L@t J L ox ]
. . o°u )]
S[U(x,t)]=usin x+u’S|u, - pju, ———2U + 2sin xsin t ||, (15)
L ox i
By taking inverse Sumudu transform
N ERY 1
U (x,t)=tsin x+S [u"S|u, - plu, ————2U +2sin xsin t |||, (16)
! ox ]
Assume the solution of Eq. (16) to have the following form
U=U,+pU, +pU,+... (17)

where U, are unknown functions to be determined. Substituting Eq. (17) into Eq. (16),
collecting the same powers of p,and equating each coefficient of p, we obtain
pO;U o (X, 1) =tsin x + S’l[UZS(uo)],

1 —l|— 2 aZUO - - —I
p U, (x,t)=-S "jJu"S|u, - —2U , + 2sin xsin t ||,
L ]

[ 8°u
pz;Uz(x,t)_Sl|u28{ 21+2U1J|,
L oX

j+1 71F 2 82Uj T
PUU L (X t) =S [u’s +2U |,

L

Assuming

©

u, (x,1) =3 a, (x)t*, U (x,0) = u(x,0),U (x,0) = u (x,0)

and solving the above equationu , (x,t) for we have
U, (x,t)= (—iao(xﬂt2 + (—ial(x)+ isin x\t3 +(—ia2(x)+ LaoXX (x)Jriao(x)Wt4 + ...
L2 ) L 3 3 24 12

! ) (12
we obtain

a,(x)=0,a,(x)=-sin x, a,(x)=0,..
Therefore, the exact solution is

1 1
u(x,t) = U, (x,t) = tsin x + —a,(x)t" + —a,(x)t’ + .. =sin xsin t. (18)
2 3!

Example4.2 Consider the nonlinear inhomogeneous Klein—-Gordon equation [21]
U, —U, +U” =—-xcost+x"cos’t,

(19)
with initial conditions
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u(x,0) = x,
au(x,0
u(x,0) 0
ot
To solve Eq. (19) by the NHPM, we construct the following homotopy
o°u o°U
e =u0p[uoax2 +U2+xcostxzcoszt} (20)
Taking Sumudu transform on both sides,
fou1l I o°U , ., )]
S S| =S|uy—plu, - ;- +U  +xcost—-x cos t]]
L ot J L ox ]
Then
2! 2'u el
S[U(t)]=x+u’Sju, - plu, ——+U"+xcost-x"cos t||, (21)
L ox ]
Applying inverse Sumudu transform
—1|_ 2 azu 2 2 2 1
U(x,t)=x+S Ju"Sfu, - plu,———+U"+xcost—x cos t||], (22)
] ox ]
Assume the solution of Eq. (22) to have the following form
U=U,+pU,+pU,+.. (23)

substituting Eq. (23) into Eq. (22), collecting termswith the same powers of p , and equating
each coefficient of p to zero, we obtain

pO;UO(x,t) =X + S_I[UZS(UO)],
[ a%u i
piU, (x,t) = -S| uzs(u0 - . +U /. + xcos t—x”cos ZtJ I
L ]

oX

2 —1|— 2 62U1 —|
pU,(x,t) =38 "|u’S - 20 U ||
L ox J

j+1 71|— 2 82Ui : —|
p U, (xt)=85 fu's —-> U U, Il

]

and

u (x, 1) =3 a (x)t“, U (x,0)=u(x,0), U (x,0)=u(x,0)

n=0

and solving the above equation U (x,t) for we have

1 1 ) 1 3 1 1 1 1 1 ,).
Ul(x,t):(——ao(x)——x)t +(——a1(x)Wt +(—fa2(x)——aw(x)—fxao(x)Jr—x——x )t +..=0,
L 2 2 ) L 3! ) (12 24 12 24 6 )

a,(x)=-x, a,(x)=0, a,(x)= ix
2
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Therefore the exact solution is

1 , 1 .1 \
u(x,t) =U  (x,t) = x+—a,(x)t" +—a, (x)t +—a,(x)t" +...=xcos t. (24)
2 3! 12

Example4.3 Finally, we consider the nonlinear Klein—Gordon equation with cubic
nonlinearity

utt+uxx+u+u3:2x+xt2+x3t6, (25)
with initial conditions
u(x,0) =0,
o
u(x,0) o
ot
To solve Eq. (25) by the NHPM, we consider the following homotopy
o°u o°u
—=U, - p| U, + 2+U+U3—2x—xt2—x3t6, (26)
ot oX
Applying Sumudu transform on both sides,
fotu 1 [ o°u 1
S —|=S|u, - p|u, + 2+U+U3—2x—xt2—x3t6 B 27
Lat J L oX ]
Then
-l 2"y . s )]
sU(t]=u’sju, = plu,+ —+U +U " -2x-xt " —xt" ||, (28)
L ox ]

Applying inverse Sumudu transform

2

l[_ 2 azu 3 2 3,6 —|
U((x,t)=S |u"Sju, —plu,+ +U +U° —2x-xt° —x't [, (29)

L ox ]
Assume the solution of Eq. (29) as
U=U,+pU,+pU,+. (30)

substituting Eg. (30) into Eq. (29), collecting terms with the same powers of p , and equating
each coefficient of p to zero, we obtain

p’;uU o (X, 1) = S’I[UZS(UO)],

[ o%u 1
pl;Ul(x,t):—Sl|u28[uo+ 2°+U0+U§—2x—xt2—x3t6]|,
oX J
oU 1
pZ;Uz(x,t):Sl|u28{ 21+U1+3U0U12J,
oX J
a°U . i 1
N i
p'u L (xt)=-8 |u’s +U s> Suvuuu
OX i=0 k=0 J

and
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©

uy(x,t) = a, ()t U (x,0)=u(x,0), U (x,0)=u(x,0)

n=0

and solving the above equation U (x,t) for we have

1 ) 1 3 1 1 1 1 .
Ul(x,t)z(——ao(x)+ x)t +(——al(x)wt +(——a2(x)——aoxx(x)——ao(x)+—th + ...
L 2 ) L 3 ) (12 24 24 12 )

Eliminating U, (x,t) makes the coefficients a (x)(n=1,2,3,.) take the following
values:
a,(x)=2x, a,(x)=a,(x)=a,(x)=..=0.
Therefore the exact solution is

1 1 1
u(x,t) =U (x,t) = —a, ()t" + —a, (x)t* + —a, (x)t" +.. = xt ". (31)
2 3! 12

5. Conclusions

In this paper, we have successfully applied the new homotopy perturbation Sumudu
transform method (NHPSTM) for finding exact solutions of linear and nonlinear Klein-
Gordon equations. Numerical results show that proposed method is a powerful mathematical
tool for solving the Klein-Gordon equation. Therefore, it may be concluded that the proposed
method is a promising technique in finding exact solutions for a wide variety of mathematical
problems arising in science and engineering.
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