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Abstract 

We apply the proposed method (NHPSTM) which is the combination of new homotopy 

perturbation methodand Sumudu transform to solve analytical linear and nonlinear Klein-

Gordon equations. The proposed method finds the solution without any discretization or 

restrictive assumptions and avoids the round-off errors. The fact that the proposed technique 

solves nonlinear problems without using Adomian’s polynomials can be considered as a clear 

advantage of this new method over the decomposition method. Obtained results reveal that 

the proposed method is very efficient, simple and can be applied to other nonlinear problems 

arising in mathematical physics and engineering. 

Keywords: Klein-Gordon equation, New homotopy perturbation method, Sumudu 

transform 

1. Introduction 

Nonlinear phenomena have important effects on applied mathematics, physics and related 

to engineering; many such physical phenomena are modeled in terms of nonlinear partial 

differential equations. The importance of obtaining the exact or approximate solutions of 

nonlinear partial differential equations in mathematics, physics and engineering is still a 

significant problem that needs new methods to discover exact or approximate solutions. 

Various powerful mathematical methods such as variational iteration method [1], homotopy 

perturbation method [2], new iterative method [3] and Adomian decomposition method [4] 

have been proven useful for solving algebraic, differential, integro-differential, differential-

delay and partial differential equations. 

The homotopy perturbation method (HPM) introduced by He [5, 6] has been widely used 

for solving various integral equations arising from real world modeling, for example thin film 

flow, heat transfer, and many others [7–19]. The idea behind this method is that the solution 

is considered as the sum of an infinite series, which converges rapidly to the exact solution. In 

this paper we present a modified version of HPM and known as NHPM, which performs 

much better than the HPM. In this paper we outline a reliable strategy of the new Homotopy 

Perturbation Sumudu Transform Method (HPSTM) for solving the Klein Gordon equation  
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Where  ,  and  are known constants, when 2k we have quadratic nonlinearity and 

when 3k we have cubic nonlinearity; ),,( txf )(
1

xg  and )(
2

xg are known functions, and 

the function ),( txu  is unknown. 

 

2. Definitions and Properties of the S–Transform 

Watugala [23] introduced a new integral transform, named the Sumudu transform and 

applied it to the solution of ordinary differential equation in control engineering problems. 

Sumudu transform is defined over the set of the following functions 
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Sumudu transforms of the derivatives of (𝑥) is 
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Some properties of the Sumudu transform are as follows 
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Other properties of the Sumudu transform can be found in [22]. 

 

3. Analysis of NHPSM to Klein–Gordon Equations 

To solve Eq. (1) by NHPM we construct the following homotopy 
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By applying the Sumudu transform, we obtain 
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where )()0,(
1

xgxU  and )()0,(
2

xgxU
t

 . 

Applting inverse Sumudu transform on both sides 
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                                                                         (9)  

  

Assume the solution of Eq. (9) to have the form 
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where
i

U are unknown functions to be determined.  

Now suppose that the initial approximation to the solution ),(
0

txu  has the form 
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where ),(
1

ta ),(
2

ta ),...(
3

ta are unknown coefficients and ),(
0

xP ),(
1

xP ),...(
2

xP are specific 

functions depending on the problem. Substituting Eq. (10) into Eq. (9), collecting the same 

powers of p ,and equating each coefficient of p ,we obtain 
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Now if we solve these equations in such a way that ,0),(
1

txU then Eq. (12) Result in 

0...),(),(
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 txUtxU .Therefore the exact solution may be obtained as 
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can be used in Eq. (12), where ),...(),(),(
321

xaxaxa are unknown coefficients and 

),...(),(),( 3
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xaxaxa are known ones, which must be computed. 

 

4. Numerical Applications 

Example4.1 Consider the linear Klein–Gordon equation [20] 
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To solve Eq. (13) by the NHPM, we construct the following homotopy 
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Applying the Sumudu transform on both sides of eq. (14) 

,sinsin22
2

2

002

2













































txU

x

U
upuS

t

U
S  

  ,sinsin22sin),(
2

2

00

2































 txU

x

U
upuSuxutxUS

  

(15) 

By taking inverse Sumudu transform 
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Assume the solution of Eq. (16) to have the following form 

...
2

2

10
 UppUUU .                      (17)  

where
i

U are unknown functions to be determined. Substituting Eq. (17) into Eq. (16), 

collecting the same powers of ,p and equating each coefficient of ,p we obtain 
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Therefore, the exact solution is 
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Example4.2 Consider the nonlinear inhomogeneous Klein–Gordon equation [21] 
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To solve Eq. (19) by the NHPM, we construct the following homotopy 
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Taking Sumudu transform on both sides, 
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Applying inverse Sumudu transform 
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Assume the solution of Eq. (22) to have the following form 
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(23) 

substituting Eq. (23) into Eq. (22), collecting termswith the same powers of p , and equating 

each coefficient of p to zero, we obtain 
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Therefore the exact solution is 
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Example4.3 Finally, we consider the nonlinear Klein–Gordon equation with cubic 

nonlinearity 
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To solve Eq. (25) by the NHPM, we consider the following homotopy 
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Applying Sumudu transform on both sides, 
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Applying inverse Sumudu transform 
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Assume the solution of Eq. (29) as 
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substituting Eq. (30) into Eq. (29), collecting terms with the same powers of p , and equating 

each coefficient of p to zero, we obtain 
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Eliminating ),(
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5. Conclusions 

In this paper, we have successfully applied the new homotopy perturbation Sumudu 

transform method (NHPSTM) for finding exact solutions of linear and nonlinear Klein-

Gordon equations. Numerical results show that proposed method is a powerful mathematical 

tool for solving the Klein-Gordon equation. Therefore, it may be concluded that the proposed 

method is a promising technique in finding exact solutions for a wide variety of mathematical 

problems arising in science and engineering. 
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