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Abstract 

This paper proposes a novel sliding mode control (SMC) scheme to stabilize a class of 

fractional-order chaotic systems. Through constructing two sliding mode variables, the 

control problem of n-dimensional system can be transformed to the equivalent stabilizing 

problem of a reduced-order system. Subsequently, on the basis of second-order sliding mode 

(SOSM) technique, a robust control law is designed, which strongly attenuates the chattering 

phenomenon inherent in traditional sliding mode controller, and guarantees the existence of 

sliding motion in a finite time. The stability of two sliding mode variables to the origin is 

proved by conventional and fractional Lyapunov theories, respectively. Finally, two 

numerical examples are provided to illustrate the effectiveness of the proposed approach.  

Keywords: Fractional-order chaotic system; Second-order sliding mode control; 

Fractional Lyapunov theory; Robust stabilization 

1. Introduction 

Although fractional calculus is a mathematical topic with more than 300 years history, its 

application in the fields of physics and engineering has attracted lots of attentions only in the 

recent years. It was found that, with the help of fractional calculus, many systems in 

interdisciplinary fields can be described more accurately, such as viscoelastic system [1], 

dielectric polarization [2], electrode-electrolyte polarization [3], finance systems and 

electromagnetic waves [4]. That is to say, fractional derivatives provide a superb instrument 

for the description of memory and hereditary properties of various materials and processes. 

Meanwhile, many literatures have proven that some fractional-order differential systems can 

behave chaotically, e.g., fractional-order Duffing system [5], fractional-order Chen-Lee 

system [6], fractional-order Lorenz system [7], fractional-order hyperchaotic Chen system [8], 

fractional-order Qi system [9], and so on. 

Recently, studying fractional-order systems has become an active area. In particular, 

control and synchronization of fractional-order chaotic systems have attracted much more 

attentions from various scientific fields. Some methods have been proposed to achieve chaos 

control/synchronization in fractional-order chaotic systems. For example, Odibat [10] 

proposed the nonlinear feedback control scheme to realize the synchronization of two non-

identical fractional-order chaotic systems; Lu [11] introduced the pole placement technique to 

design an observer for control fractional-order chaotic systems; Targhvafard et al. [12] 

developed the active control method to proceed phase and anti-phase synchronization of 

fractional-order chaotic systems.  Due to the useful properties of sliding mode control (SMC), 

such as low sensitivity to parameters disturbances, robustness to the systems' uncertainties, 

fast convergence and easy design in practice, SMC approach has became a universal method 
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to realize the control/synchronization of fractional-order chaotic systems in the past decades 

[13-17]. 

However, the traditional SMC is of the first order, and there exists an inevitable drawback 

in applying such SMC, that is the so-called chattering phenomenon cannot be avoided. In 

order to improve the control accuracy and avoid, or at least strongly attenuate the undesired 

chattering effect, the second-order sliding mode (SOSM) method is proposed. The SOSM 

control approach was developed starting from the mid eighties, and its main aim is enhancing 

the control precision and eliminating the chattering phenomenon by removing the control 

discontinuity. To the best of our knowledge, so far, there are few works available in 

stabilizing/synchronizing fractional-order chaotic systems by SOSM control approach. 

Take the above discussions into account, this article considers the roust stabilization 

problem of a class of fractional-order chaotic systems in the presence of model uncertainties 

and external disturbances. The main contribution of this article is that using the novel SMC 

approach, the control task of n-dimensional system is transformed to the equivalent problem 

of stabilizing a reduced-order system. In other words, under the effect of the proposed method, 

if the reduced-order system is stable, then the n-dimensional system also is stable, so we only 

need to ensure the asymptotic stability of the reduced-order system. We use the traditional 

and fractional Lyapunov functions to demonstrate that the reaching phases of two sliding 

surfaces are stable. Besides, on the basis of SOSM control theory, a robust control law is 

designed, which can strongly attenuates the chattering phenomenon inherent in conventional 

sliding mode controller. 

The structure of this paper is organized as follows. In Section 2, relevant definitions and 

lemmas are presented. Section 3 gives the main results. In Section 4, two simulation examples 

are provided to verify the effectiveness of the proposed method. Conclusions are drawn in 

Section 5. 

 

2. Preliminaries 

The Riemann-Liouville and Caputo definitions are the frequently used definitions of 

fractional calculus. 

Definition 1 The   order Riemann-Liouville fractional integration is given by 
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Definition 2 For nn  1 , Rn  , the  order Riemann-Liouville fractional 

derivative is defined as 
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Definition 3 The   order Caputo fractional derivative is written as 
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(4)  

where m is the smallest integer number, larger than  . 
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Lemma 1 (see [18]) Consider a system )()( tAxtxD 


, the system is asymptotically 

stable if and only if 2|))(arg(| Aspec , in this case, each state of system converge to 

zero like 


t . 

Lemma 2 (see [19]) Consider the system 
n

Rtxftxftx  )(,0)0()),(()(  (5)  

where 
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RDf :  is continuous on an open neighborhood 
n
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10   , such that 
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Lemma 3 (see [20]) If 2 ,   is an arbitrary real number,  is such that 
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Lemma 4 (see [20]) Consider a two-parameters Mittag-Leffler function, the Laplace 

transform satisfying 
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where t  and s  are the variables in time domain and Laplace domain, respectively, L }{   

stands for the Laplace transform. 

 

3. Main Results 

3.1. Design of Chattering-free SOSM Controller for Uncertain Fractional-order Chain 

of Integrator 

Consider the following n-dimensional uncertain fractional-order chain of integrator 
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(6) 

where )1,0(  is the fractional order of the system, 
T

n
xxxtx ]...,,,[)(

21
 is the state 

vector, RRxf
n
:)(  is a given nonlinear function of x , )( xf  and )( td represent model 

uncertainty and external disturbance, respectively, )( tu  is the single control input to be 

designed later. 

Assumption 1. The uncertainty term )( xf  and external disturbance )( td  are derivable, 

the bounds of their derivatives is a known positive constant  : 

 ))()(( tdxf
dt

d   
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Remark 1. In order to design a chattering-free SOSM controller, the smoothness 

hypotheses of the uncertainty term and external disturbance are required as in Assumption 1, 

which is not necessary with the first-order SMC approach. Therefore, this can be seen as a 

standard assumption in applying SOSM technique. 

Our control task is to design a chattering-free SOSM controller for stabilization of the 

fractional-order system (6) around zero asymptotically. 

In this section, we firstly establish a simple linear sliding mode surface to convert the 

control problem of the n-dimensional system to the equivalent stabilization problem of a 

reduced-order system, given by 
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 are sliding surface parameters to be designed later. Once the 

system states operate in sliding mode, the following equations are holds: 
0,0     (8) 

Consequently, using (7) we have 
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Now, according to (9) we can rewrite the first n-1 equations of (6) as 
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or in a matrix equation form as 
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(10) 

where 
T

n
xxxx ]...,,,[

121 
 , it is obvious that system (10) form a reduced-order system (as 

compared to (6)). In order to guarantee the stability of system (10), according to Lemma 1, 

the sliding surface parameters 
i

c  are selected to be positive such that the eigenvalues of the 

matrix A have negative real part. Noticing that if system (10) is asymptotically stale, then we 

can conclude from (9) that 
n

x  is asymptotically stable, too, that is the system (6) is stabilized 

asymptotically. Thus, under the effect of the sliding mode variable  , the control problem of 

n-dimensional system is transformed to the stabilization problem of the reduced-order system. 

In order to eliminate the chattering effect, SOSM technique is used to derive the control 

law. For getting the desired dynamics (9), we construct another dynamical fractional-order 

integral type sliding surface, determined by: 
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where 1
1
 , and 0

2
 , the SOSM controller will be designed to drive   converge to 

zero in finite time. Take the time derivative for both sides of (11), we have 
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when   operates in sliding mode, one has 
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0,0      

that is, the following sliding mode dynamics can be obtained 
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Next, we will provide several important theorems. 

Theorem 1 Under the Assumption 1, consider the uncertain fractional-order system (6) 

and the sliding mode variables (7) and (11), if the SOSM control law is designed as: 
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where  )1(
1

 , then   will converge to zero in finite time. 

Proof According to Definition 2, we have 
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Substituting (7) into the (16), and according to (6), it yields 
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Inserting the first equation of (14) into (17), one has 
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where   )()()sgn()(
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Selecting a Lyapunov function for (20) 
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which can also be written as a quadratic form  PtV
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2max

2

2min
 iQQQ

ii

T

i
 , we have 

2

22min

2

21min2/11
||||)

~
(||||)

~
(

||

1
)( 


QQtV    

Since 
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2
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2
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2

||||)()(||||)(

||||||





PtVP 


  

So, one can get 

)(

)(
||||

)(

)(

)(

)(
||||||

min

12

2

max

1

min

1

2

2/1

P

tV

P

tV

P

tV










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Further, one obtains 

)()()(

)(

)(
)

~
(

)(

)(
)

~
(

)(

)(
)(

2/1

1112

2/1

11

max

1

2min

max

1

1min

1

min

1

tVtVtV

P

tV
Q

P

tV
Q

tV

P
tV














 

 

According to Lemma 2, it follows easily that the Lyapunov function )(
1

tV  and   globally 

converge to zero in finite time 
1

2/1

11
)0(2 VT  . Hence, the proof is completed. 

When 0 , for 
1

Tt  , then we obtain the sliding mode dynamics (13), next, we will 

prove its asymptotic stability to origin. 

Theorem 2 Consider the sliding mode dynamics (13), it is stable and the state trajectory 

will asymptotically converge to zero. 

Proof Choosing the following Lyapunov function for system (13) 

||)(
2

tV  (23) 

Taking   order fractional derivative of (23), it yields 

||)(
2




DtVD    

If 0 , then 0|| 


D , if 0 , according to Definition 3, one has 





















Dd

t
d

t
D

tt







  00 )(

'

)1(

1

)(

|'|

)1(

1
||  

 

Similarly, if 0 , then 





















Dd

t
d

t
D
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





  00 )(

'

)1(

1

)(

|'|

)1(

1
||   

So, we have 


DD )sgn(||  . That is 




DDtVD )sgn(||)(
2

  (24) 

Substituting (13) into (24), we have 

 
  )(||)(sgn||

)sgn()sgn(

)sgn(
)sgn()(

2

2

1

2

1

2

2
tVtVD 
































 (25) 

where 

1

2

1 





 . According to (25), we can assume that there exist a nonnegative function 

)( tM  such that 

0)()()(
22

 tMtVtVD 


 (26) 

Taking the Laplace transform on (26), we get 

0)()()0()(
22

1

2



sMsVVssVs 


  

where )(
2

sV L{ )(
2

tV }, )( sM L{ )( tM }. Further, one has 













s

sMVs
sV

)()0(
)(

2

1

2
 (27) 
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Taking the inverse Laplace transform on (27), it yields 

)]([*)()()0()(
,

1

22








 tEttMtEVtV 

   

Since both 


t  and )(
,




 tE   are nonnegative [22], so 

)()0()(
22




 tEVtV    

According to Lemma 3, one obtains 

||1
|)0(|||





t

K


   

where K  is a positive constant. It is obvious that 0 as t . Thus, the proof is 

completed. 

When 0 , we can obtain the reduced-order fractional order system (10), thus, the 

control problem of n-dimensional system is transformed to the stabilization problem of a 

reduced-order system. 

 

3.2. Application of the Proposed Control Scheme for a Class of 3D Fractional-order 

Systems 

To show the applicability of the proposed control approach for stabilizing other kinds of 

fractional-order systems, the following uncertain fractional-order systems are adopted here. 

)()(),(),(

),(

2

1

tutdyXfyXfyD

yXfXD









 (28) 

where )1,0( , 
2

RX  , Ry   are the state vectors, ),(
1

yXf  and ),(
2

yXf  are 

nonlinear functions, ),( yXf  and )( td  are the model uncertainty and external disturbance, 

respectively, Rtu )(  is the single control input to be designed later. 

Assumption 2 The uncertainty term ),( yXf , external disturbance )( td  are derivable, 

and the bounds of their derivatives is a known constant  : 

 ))(),(( tdyXf
dt

d   

Assumption 3 The function ),(
1

yXf  is smooth in a neighborhood of 0y , and the 

subsystem )0,(
1

XfXD 


 is asymptotically stable about the origin 0X  for all X . 

Remark 2 System (28) is very common, most of canonical fractional-order system satisfy 

this form, such as fractional-order Lu system, fractional-order Genesio-Tesi system, 

fractional-order Chen system etc. It is apparent that the three-dimensional uncertain 

fractional-order chain of integrator (as given by system (6)) is the special case of system (28). 

We can establish the following sliding mode surface for system (28) 

ycIy


    

where 0c , 


I  is the fractional integral operator of order  , defined in (1). 

To obtain the desired dynamics, another sliding mode variable   is designed, which is 

same as (11). Through similar design procedures, we can get the robust control law )( tu , 

which  has the following form: 








43

2

2/1

1

2

1

12

)sgn(

)])sgn(||

))sgn((())(sgn(),([)(

kkz

zkk

ycIycyyXftu










 
(29) 

Correspondingly, we have the SOSM controller: 
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)()sgn(

)sgn(||

43

2

2/1

1

t
dt

d
kk

kk












 

(30) 

where     )(),()1()(
1

tdyXf
dt

d
t

dt

d . Through the same operations presented in 

subsection 3.1, we known that   and   will converge to zero. Similarly, when 0 , we 

obtain 

ycIy


  (31) 

Taking   order fractional derivative of (31), it yields 

cyyD 
  (32) 

Since 0c , according to Lemma 1, we know that y  will converge to origin 

asymptotically, then according to Assumption 3, we conclude that the subsystem 

),(
1

yXfXD 


 is asymptotically stable too. So, under the control of (29), the desired 

sliding mode dynamics (32) can be achieved. In other word, the proposed control scheme 

converts the control problem of three-dimensional system to the equivalent stabilization 

problem of single state variable y . 

 

4. Simulation Results 

In this section, two examples are given to verify the effectiveness and feasibility of the 

proposed SMC scheme. 

4.1. Example 1 

Consider the following uncertain fractional-order Arneodo system  

)()()(4.05.35.5
3

13213

32

21

tutdxfxxxxxD

xxD

xxD













 (33) 

the uncertainty terms of the system are selected as follows: 

)sin(1.0)2cos(25.0)()( tttdxf    

In this simulation, when the initial conditions are selected as 
T

x ]1,1,3[)0(  , and the 

fractional order   is set as 0.98, system (33) can behave chaotically, the chaotic attractors 

are shown in Figure 1. 
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Figure 1. Chaotic Attractors of Fractional-order Arneodo System (33) 
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To observe the control effect of the designed controller (14), the state trajectories of (33) 

without control are given, displayed in Figure 2. 
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Figure 2. Time Responses of the System (33) without Control 

Selecting the control parameters as 5
21
 cc , 5.1

1
 , 8

2
 , 1

1
k , 3

2
k , 2

3
k , 

35
4
k , then we can obtain two appropriate sliding surfaces  ,   and a robust chattering-

free SOSM controller. When the controller is activated at st 10 , we can gain the desired 

performance of system (33), illustrated in Figure 3. 
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Figure 3. Time Responses  of the System (33) with Controller Activated at 

st 10  

One can see from Figure 3 that the state trajectories converge to zero asymptotically, 

which implies that applying the proposed control scheme, system (33) can be stabilized. The 

time response of the sliding surface   is depicted in Figure 4. 
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Figure 4. Time Response of    with the Controller Activated at st 10  

In Figure 4,   tend to zero asymptotically. These simulation results sufficiently 

verified the effectiveness of the proposed method. 

 

4.2. Example 2 

In this example, the control law (29) is used to stabilize the uncertain fractional-order 

Lorenz system, which satisfies the form (28), described by 
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(34) 

when 995.0 , the initial values are selected as 
T

x ]3,2,1[)0(  , system (34) behave 

chaotically, the attractors and state trajectories are shown in Figure 5 and 6, respectively.  
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Figure 5. Chaotic Attractors of Fractional-order Lorenz System (34) 

 



International Journal of Hybrid Information Technology 

Vol. 7, No. 6 (2014) 

 

    

256   Copyright ⓒ 2014 SERSC 

0 5 10 15 20 25 30 35 40
-20

-15

-10

-5

0

5

10

15

20

t(s)

x
1

(a)

     
0 5 10 15 20 25 30 35 40

-30

-20

-10

0

10

20

30

t(s)

x
2

(b)

 

0 5 10 15 20 25 30 35 40
0

5

10

15

20

25

30

35

40

45

50

t(s)

x
3

(c)

 

Figure 6. Time Responses of the System (34) 

It is clear that if 0
2
x , the following subsystem of system (34) 

3213
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3

8

)(10

xxxxD

xxxD
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





  (35) 

is asymptotically stable at the origin 0
1
x  and 0

3
x  for all 

1
x  and 

3
x . Hence, we can 

assume 
T

xxX ],[
31

  and 
2

xy  , system (35) satisfies Assumption 3. Consequently, the 

controlled uncertain system (34) can be written as follows 
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

 
(36) 

where )2cos(15.0)3sin(2.0)()( tttdxf  , we choose the control parameters as 

2c , 5.1
1
 , 5.1

2
 , 10

1
k ,  3

2
k , 30

3
k ,  35

4
k , then we can obtain two 

appropriate sliding surfaces  ,   and a robust chattering-free SOSM controller. When the 

controller is activated at st 10 , the desired performance of system (36) is illustrated in 

Figure 7. 

 



International Journal of Hybrid Information Technology 

Vol. 7, No. 6 (2014),  

 

    

Copyright ⓒ 2014 SERSC  257 

0 5 10 15 20 25 30 35 40
-15

-10

-5

0

5

10

15

20

t(s)

x
1

(a)

     
0 5 10 15 20 25 30 35 40

-15

-10

-5

0

5

10

15

20

25

30

t(s)

x 2

(b)

 

0 5 10 15 20 25 30 35 40
-5

0

5

10

15

20

25

30

35

40

45

50

t(s)

x
3

(c)

 

Figure 7. Time Responses of the System (36) with the Controller Activated at 

st 10  

It is clear that the chaos is suppressed and the state variables converge to zero 

asymptotically, which implies that the proposed control law (29) is feasible. The time 

evolution of the sliding surface   is shown in Figure 8. These simulation experiments 

demonstrated our theoretical results. 
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Figure 8. Time Evolution of   with the Controller Activated at st 10  

5. Conclusions 

A novel SMC scheme is proposed to stabilize a class of uncertain fractional -order 

chaotic systems. In this paper, first, a simple sliding surface is designed, which 

transformed the control task of n-dimensional system to the equivalent stabilization 

problem of a reduced-order system, the control process became easier. Subsequently,  on 

the basis of SOSM technique and finite-time control theory, a robust chattering-free 

controller is designed to ensure the existence of the sliding motion in a given time. The 

stability of the suggested scheme has been demonstrated via traditional and f ractional 

Lyapunov stability theory, which proven that both reaching phases of two sliding 

surfaces are stable. Two simulation examples are provided to demonstrate the 

effectiveness of the proposed method. 
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