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Abstract

Power function distribution is a flexible lifetime distribution that may offer a good fit to
some failure data sets. In this paper, we obtain Bayesian estimators of the shape
parameter of Power function distribution. For the Posterior distribution of this
parameter, we consider Exponential Prior, Pareto Prior, Chi-Square Prior, Quasi Prior
and Extension of Jeffrey's Prior. The three loss functions taken up are Squared Error
Loss Function (SELF), Quadratic Loss Function (QLF) and Precautionary Loss Function
(PLF). The performance of an estimator is assessed on the basis of its relative Posterior
risk. Monte Carlo Simulations are used to compare the performance of the estimators. It
is discovered that the PLF produces the least Posterior risk when Exponential and Pareto
Priors are used. SELF is the best when Chi-Square, Quasi and Extension of Jeffrey's
Priors are used.
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1. Introduction

The Power function distribution is a flexible life time distribution model that may offer
a good fit to some sets of failure data. Theoretically Power function distribution is the
inverse of Pareto distribution. Meniconi and Barry [19] discussed the application of
Power function distribution. They proved that the Power function distribution is the best
distribution to check the reliability of any electrical component. They used Exponential
distribution, Lognornal distribution and Weibull distribution and showed from reliability
and hazard function that Power function distribution is the best distribution.

The probability distribution of Power function distribution is

f(x) = 6x571; 0<x<1 (1)

With shape parameter §, the interval (0, 1)

Hoffman [12] first time used this distribution to model the attenuation of wireless
signals traversing multiple paths. Rider [24] derived Distributions of the product and
quotients of the Order Statistics from a Power function distribution. Moments of Order
Statistics for a Power function Distribution were calculated by Malik [18]. Lwin [17]
discussed Bayesian estimation for the scale parameter of the Pareto Distribution using a
Power function prior. Ahsanullah and Kabir [3] discussed the Estimation of the location
and scale parameters of a Power function distribution. Cohen and Whitten [8] used the
moment and Modified Moment Estimators for the Weibull Distribution. Samia and
Mohammad [26] used five modifications of moments to estimate the parameters of the
Pareto Distribution. Lalitha and Anand [16] used Modified Maximum Likelihood to
estimate the scale parameter of the Rayleigh Distribution. Rafig et al. [22] discussed the
parameters of the Gamma Distribution. Kang and Young (1997) estimated the parameters
of a Pareto Distribution by Jackknife and Bootstrap Methods. Rafiqg et al. [23] discussed
the method of Fractional Moments to estimate the parameters of Weibull Distribution. Lin
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and Yang [39] investigated and derived the statistical model of spatial-chromatic
distribution of images. Through extensive evaluation of large image databases, they
discovered that a two-parameter Nakagami distribution well suits the purpose. Abdi and
Kaveh [2] have shown that this distribution is useful for modeling multipath faded
envelope in wireless channels and also estimated the shape parameter of the distribution.
Zhang [43] introduced a direct-sum decomposition principle and determined the statistical
mapping between the correlated Nakagami process and a set of Gaussian vectors for its
generation. A simple general procedure is derived for the generation of correlated
Nakagami channels with arbitrary parameters. Cheng and Beaulieu [7] considered the
maximum-likelihood estimation of the Nakagami shape parameter m. Two new estimators
were proposed and examined. The sample mean and the sample variance of the new
estimators were compared with the best reported estimator. The new estimators offered
superior performance. Neil [20] estimated the parameters of Weibull Distribution with the
help of percentiles. He called it Common Percentile Method. Shankar et al., [29] and Tsui
et al., [33] use the Nakagami distribution to model ultrasound data in medical imaging
studies. Tsui et al., [34] showed that Nakagami parameter, estimated using ultrasonic
back scattered envelopes, compressed by logarithmic computation denoted by m-log is
more sensitive than the original Nakagami parameter m calculated using uncompressed
envelopes for detecting the variations of scatter concentration in tissues. Kim and Latch
man [15] used the Nakagami distribution in their analysis of multimedia. Sarkar et al.,
[27] investigated the adequacy of this distribution to derive the Geomorphological
Instaneous Unit Hydrographs (GIUH) along with two parameter Logistic, two parameter
Weibull and two parameter Gamma distributions. They compared the results of Nakagami
distribution with other existing approaches and found that this distribution based on
GIUH can be good substitute to other existing approaches. Schwartz et al., [28] developed
and evaluated analytic and bootstrap bias-corrected maximum likelihood estimators for
the shape parameter in the Nakagami distribution. It was found that both “corrective” and
“preventive” analytic approaches to eliminating the bias are equally, and extremely,
effective and simple to implement. Dey [9] obtained Bayes estimators for the unknown
parameter of inverse Rayleigh distribution using squared error and Linex loss function.
Kazmi et al., [14] compared class of life time distributions for Bayesian analysis. They
studied properties of Bayes estimators of the parameter using different loss functions via
simulated and real life data. Feroze [10] discussed the Bayesian analysis of the scale
parameter of inverse Gaussian distribution. Feroze and Aslam [11] found the Bayesian
estimators of the scale parameter of Error function distribution. Different informative and
non-informative Priors were used to derive the corresponding Posterior distribution. Ali et
al. [5] discussed the scale parameter estimation of the Laplace model using different
asymmetric loss functions. Yahgmaei [38] proposed classical and Bayesian approaches
for estimating the scale parameter in the inverse Weibull distribution when shape
parameter is known. The Bayes estimators for the scale parameter is derived in Inverse
Weibull distribution, by considering Quasi, Gamma and uniform Priors under square
error, entropy and precautionary loss function. Zaka and Akhter [41] derived the different
estimation methods for the parameters of Power function distribution. Zaka and Akhter
[40] discussed the different modifications of the parameter estimation methods and
proved that the modified estimators appear better than the traditional maximum
likelihood, moments and percentile estimators. Zaka and Akhter [43] derived the Bayes
estimators using different loss functions for the scale parameter of Nakagami distribution.

In this paper, the posterior distribution for shape parameter & of the Power function
distribution is derived using Exponential, Pareto, Chi-Square as informative Priors and
Quasi and Extension of Jeffrey's as non-informative Priors. The paper is organized in the
following sections. In Section 2, includes the derivation of the Posterior distributions
under informative and non-informative Priors. Section 3 includes the derivation of Bayes
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estimators of shape parameter using different loss functions. Section 4 comprises of
derivation of Posterior Risks under different loss functions and Priors. Section 5 is based
on simulation results and some remarks are given in the last Section 6.

2. Posterior Distributions under the Assumption of Different Priors

In this chapter Bayesian estimators and Posterior risk are found for the scale parameter
of Power function distribution under various loss functions using Exponential Prior. A
comparison of these estimates is also made through Monte Carlo simulation by comparing
the Posterior risk of SELF, QLF and PLF using different sample sizes.

Exponential Prior distribution relating to the shape parameter &
P(&) =ye™ ; 0<d<w
The likelihood function of Power function distribution is
L(31x) = 8" [T, x; 571
L(31x) o< 8" e~ 8ZimaInx"
The Posterior distribution of shape parameter 6 using Exponential Prior is

_ P(B)L(8IX)
P(SIX) P POL(SINAS

(1411 = 8UHE XDy 9n | jny-1ynte

I'(n+1)

P(51x) =2 )

Now we use Pareto Prior, Chi-Square Prior, Quasi Prior as informative Priors and
Extension of Jeffrey’s Prior as non-informative Prior because they are compatible with
the parameter 6 of the Power function distribution. Similarly Posterior distributions using
informative and non-informative Priors for the parameter 6§ of the Power function
distribution are derived below:

Pareto Prior relating to the shape parameter § is:
P(8) = ca® 8¢t 0<d<w

Then the Posterior distribution of shape parameter & using Pareto Prior is

n -1
gn—c-1 o=8%j_,Inx G, Inx~1yn-c

P(81x) = o 3

The Chi-Square Prior relating to the shape parameter & is given as
SV_Z/Z e_8/2

P(®) = 2"/21(v/2)

Similarly the Posterior distribution of shape parameter 6 using Chi-Square Prior is

0<é6<w

)’

1 -
(8)n+(v—2/2) e—8(5+2?:11nx D) (%+Z{1=1IHX_1)H+V/2

P(31x) = (4)

F(n+v/2)

Quasi Prior relating to the shape parameter & is given by
PE) =1/sq 10 <8 <o 0<d<en
Similarly the Posterior distribution of shape parameter 6 using Quasi Prior is

(a)n— d e—«S(Zinzl In X_l) (Z?zl In X—l)n—d+1
'(n—d+1)

(®)

P(3Ix) =
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The Extension of Jeffrey's Prior relating to the shape parameter & is given by
P(8) « I1(8)¢ ;ceRtand 0<§<w
nC
Similarly the Posterior distribution of shape parameter 6 using Extension of Jeffrey's
Prior is

(5)mm-2c e 3=t Inx71) (IR, Inx~1yn-2c+1

I'(n—2c+1)

P(8Ix) = (6)

3. Bayesian Estimation under Three Loss Functions

In statistics and decision theory a loss function is a function that maps an event into a
real number intuitively representing some "cost" associated with the event. Typically it is
used for parameter estimation, and the event in question is some function of the difference
between estimated and true values for an instance of data. The use of above lemma is
made for the derivation of results.

3.1. Squared Error Loss Function (SELF)

The squared error loss function proposed by Legendre (1805) and Gauss (1810) is
defined as:

L (5, 9sELEF) = (8 — OsELF) 2

The derivation of Bayes estimator under SELF using Exponential Prior is given below:
dseLr = E(81x)

© §M+D-1 o=8(y+ILInx")(y 4 YN |y y-1yn+l
E(I%) =j 5 YR T as
o I'(n+1)
(n+1)

SSELF = (Y"'Z?:lln X_l)

3.2.Quadratic Loss Function (QLF)
A quadratic loss function is defined as:
n(x)=C(t-x*
for some constant C, the value of the constant makes no difference to a decision, and can

be ignored by setting it equal to 1.
The quadratic loss function can also be defined as

L (5 g = (220

The Bayes estimator under QLF using Exponential Prior is

_ E(67'x)
6QLF - E(8_2|§)

E(6711x) = fwes-lp(&g) dé

o s+1-1 e—8(y+Zi“:11nx_1) + 30 px-1)n+l
E(671x) = f 51 Ot 2ies ) ds
- 0 I'h+1)
E(5711x) = (y + XL Inx™h)
= n
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Now
E(67%1x) = f 572 P(81x)ds
0

© §M+D-1 o=8(Y+Xiz;Inx™ Dy, 4 Y0 x~1)n+L
E(5721x) = f 572 TR ) g
2 0 I'(n+1)
2,0y = (P Inx~Y)°
E(8 |§) - n(n-1)
—_ (@
Squr = (y+I,Inx"1) ()

3.3. Precautionary Loss Function (PLF)

Norstrom (1996) introduced an asymmetric precautionary loss function (PLF) which

can be presented as:
82
L (8pLr, 8) = —(SPLFS -

Similarly the Bayes estimator under PLF using Exponential Prior is derived as:

SpLr = {E(82 gC
pur = {E(8%1%)}
1 o s(n+1)-1 e—8(Y+Z{‘=1lnx‘1)(y+Zn_ 1nX—1)n+1
2 2 — 2 1=1
(E(5%1) j J 8 CESY

1 /
SpLr = {E(‘SZ'K)} 2= % (8)

4. Posterior Risks under Different Loss Functions

dé

The Posterior risks of the Bayes estimator under different Loss functions using
Exponential Prior is:

Using Square Error Loss function (SELF):
2
P(8sgLr) = E (8%1x) — {E(81x)}
1
{(mn+2)(n+1)—(n+1)?}

P(8sgLr) = O+ Inx1)?
Quadratic Loss function (QLF):

{EG 1)}

P(& =1-
( QLF) E(S‘Zlg)
. m)y?
P(SQLF )=1 T(n-1I(n+1) ©)
Precautionary Loss Function (PLF):

P(8pr) = 2 {8pLr — E (81%)}

_ (+2)(n+1) (n+1)

Similarly the expressions for Bayes Estimators and Posterior Risks under Pareto
Prior, Chi-Square Prior, Quasi Prior and Extension of Jeffrey's Prior can be derived
in a similar manner.
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Table 1. Bayes Estimators under Pareto, Chi-Square, Quasi and Extension
of Jeffrey's Priors, using different Loss Functions

Priors SELF QLF PLF
Pareto (n—c) (n-c-2) n-c+ -0
(Ih nx7t) I Inx)? ——
i=1 i=1 (E{l-ﬂﬂx'l)z
Chi-Square 1 v v-1
0 V/Z)(E+Zlnx'1) (“ 2 1)
= ( 7L nx*)
Quasi (n-d+1) (n-d-1) -1+ -+ 1)
1 g (IR, Inx1) e
1=
Extension of Jeffrey's (n-2c+1) (n-2c-1) (- 20+ (- 2c41)
1 g (IR, Inx1) j___iﬁﬁqﬁ__
1=

Table 2. Posterior Risks under Inverse Chi-Square, Jeffrey's, Extension of
Jeffrey's and Quasi Priors, using Different Loss Functions

Priors SELF QLF PLF
Pareto | (n-c+1)n-c) wo ) __{rln—c-1)® B
e § | e
i=1 1=1 \J (En Inx~1)2 (Zl Inx1)
Chi- vof
1 {F(n+——1)} v n
Square [F (n - I‘(n%)T‘ZEnJr‘Z:*Z) ! (n * z * 2) (n tat! ( i Z nxt)
r 2 b N -1y v, 1 _
4/ +Iisy ) M(n+3)G + Il Inx e F(n+2)
+e )
v 2
i frm+3+1)
I'n+ %)
Quasi I'ln-d+3) (T(n - d))? 2 Tn-d+3) _ Tl-d+2) )
In-d+ 1)(2?:1 Inx=1)? Mo—d+ DM—-d-1Df |~ Vra-asnELnx?)’  Ma-dr)TL nx
I(n—d+2)) 1
n-d+1)) ZL,Inx1)?
Extension 1 1 T(n-2c+3) T(n-2c+2) }
of T(n-2c+ 1)(Eiﬂ=llnx—l)2 I(n B (T(n — 2C))2 \lI‘(n 26+1)(20, Inx?) F(n%cﬂ)}_}{‘:l Inx~1
Teffrey's —2c+3) Mn—-2c-1Ih-2c+1)
{T(n—2c+2)F
 T(n-2c+1)

5. Simulation Study

Using Easy fit Software, we have generated 5,000 Random numbers from Power
function Distribution with different values of Parameter 6. A program has been developed
in R language to obtain the Bayesian Estimates and Posterior Risks under 10,000
replications and averages of 10,000 outputs has been presented in the tables below.
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Table 3. Posterior Risk of Exponential Prior using SELF
3= | 6= |8=|8=| % |5=|8=|8=|58=|5=|5=]b=

" los | 1 |15/ 2 2:5 3 | 35| 4 | 45| 5 |55 |6

0.40 | 1.69 | 3.66 | 6.40 | 0.11 | 0.46 | 1.05 | 1.82 | 0.06 | 0.24 | 0.54 | 0.97
5 611 | 900 | 441 | 664 | 891 | 914 | 197 | 929 | 131 | 248 | 152 | 160
0.01 | 0.07 | 0.16 | 0.29 | 0.01 | 0.04 | 0.09 | 0.17 | 0.00 | 0.02 | 0.07 | 0.12
20 | 866 | 835 | 734 | 181 | 122 | 392 | 954 | 026 | 759 | 988 | 090 | 133
0.00 | 0.03 | 0.06 | 0.11 | 0.00 | 0.01 | 0.04 | 0.07 | 0.00 | 0.01 | 0.03 | 0.05
40 | 750 | 140 | 781 | 781 | 484 | 894 | 297 | 404 | 342 | 358 | 185 | 435
0.00 | 0.01 | 0.02 | 0.04 | 0.00 | 0.00 | 0.01 | 0.02 | 0.00 | 0.00 | 0.01 | 0.02
100 | 265 | 111 | 394 | 167 | 179 | 697 | 582 | 733 | 129 | 510 | 194 | 048
0.00 | 0.00 | 0.01 | 0.02 | 0.00 | 0.00 | 0.01 | 0.01 | 0.00 | 0.00 | 0.00 | 0.01
150 | 172 | 718 | 553 | 705 | 117 | 457 | 034 | 791 | 085 | 335 | 786 | 349
0.00 | 0.00 | 0.00 | 0.01 | 0.00 | 0.00 | 0.00 | 0.01 | 0.00 | 0.00 | 0.00 | 0.00
250 | 101 | 424 | 913 | 583 | 069 | 271 | 613 | 059 | 050 | 199 | 466 | 802
0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00
400 | 062 | 262 | 562 | 979 | 043 | 168 | 380 | 657 | 031 | 124 | 290 | 498

Table 4. Posterior Risk of Exponential Prior using QLF

Te=]o=0=6=0=]0=]0=]0=]0=]0=]0o=]o-=
05| 1 | 15| 2 | 25| 3 | 35| 4 | 45| 5 | 55 |6
o 020020020020 030030030 030040040 | 040 | 040
000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000 | 000
oo | 005 | 0.05 [0.05 | 0.05 | 007 [0.07 | 0.07 | 007 [0.10 0.10 | 0.10 | 0.10
000 | 000 | 000 | 000 | 500 | 500 | 500 | 500 | 000 | 000 | 000 | 000
4o | 0.02 0,02 0.02(0.02 003|003 | 003|003 005|005 |0.05 0.5
500 | 500 | 500 | 500 | 750 | 750 | 750 | 750 | 000 | 000 | 000 | 000
10p | 0.01 | 0.01 [ 0.0 | 0.01 | 0.01 | 001 | 0.01 | 0.01 | 002 | 0.02 | 0.02 | 0.2
000 | 000 | 000 | 000 | 500 | 500 | 500 | 500 | 000 | 000 | 000 | 000
150 | 0.00 | 0.00 [ 0.00 | 0.00 | 0.01 | 001 | 0.01 | 0.01 | 0.0 | 0.01 | 0.01 | 0.0
667 | 667 | 667 | 667 | 000 | 000 | 000 | 000 | 333 | 333 | 333 | 333
250 | 0.00 | 0.00 [ 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00
400 | 400 | 400 | 400 | 600 | 600 | 600 | 600 | 800 | 800 | 800 | 800
400 | 000 | 0.000.00 [ 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00
250 | 250 | 250 | 250 | 375 | 375 | 375 | 375 | 500 | 500 | 500 | 500
Table 5. Posterior Risk using of Exponential Prior PLF
T e=]8=]0=0=6= 0= 0=]0=]0=]0=]0=]o-=
05| 1 | 15| 2 | 25| 3 |35| 4 | 45| 5 | 55 |6
s | 018037055 | 073|007 | 0.4 2525 0.28 | 0.04 | 0.08 | 012 | 017
499 | 804 | 558 | 513 | 254 | 390 | 3°° | 454 | 315 | 586 | 818 | 166
,o | 001|003 0.04| 006 | 000|001 2'906 0.03 | 0.00 | 0.01 | 0.02 | 0.02
505 | 267 | 771 | 303 | 993 | 965 | 2° | 870 | 703 | 304 | 149 | 808
4o | 000 (001|002 | 002|000 000 géOS 0.01 | 0.00 | 0.00 | 0.01 | 0.01
699 | 420 | 100 | 768 | 455 | 900 | .°° | 779 | 330 | 658 | 008 | 316
10o | 0.00| 0.00 | 0.00 | 0.01 | 0.00 | 000 8'501 0.00 | 0.00 | 0.00 | 0.00 | 0.00
260 | 531 | 780 | 029 | 174 | 343 | P! | 678 | 127 | 253 | 388 | 508
150 | 0.00 | 0.00 | 000 | 0.00 | 0.00 | 0.0 8é04 0.00 | 0.00 | 0.00 | 0.00 | 0.00
170 | 348 | 511 | 675 | 115 | 226 | OO0 | 448 | 084 | 168 | 257 | 336
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250 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 8'200 0.00 | 0.00 | 0.00 | 0.00 | 0.00
101 | 206 | 303 | 399 | 068 | 135 3 266 | 050 | 100 | 153 | 201
400 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 (())1% 0.00 | 0.00 | 0.00 | 0.00 | 0.00
063 | 128 | 188 | 248 | 042 | 084 6 166 | 031 | 062 | 095 | 125

Table 6. Posterior Risk of Pareto Prior Using SELF

0= |0=|90=|0=| 0=| 6= |0=| 6= |0=| 0=| 0=
0.5 1 1.5 2 2.5 3 3.5 4 45 5 55
0.4
5 | 013 | 202 | 081|134 |0.06|0.22|045|0.76 | 0.04 | 0.14 | 0.30 | 0.52
156 | 6 624 | 948 | 717 | 104 | 190 | 187 | 214 | 237 | 096 | 484
0.0
20 | 0.01 | 620 | 0.13 | 0.22 | 0.01 | 0.03 | 0.08 | 0.14 | 0.00 | 0.02 | 0.05 | 0.10
623 |9 018 | 165 | 027 | 772 | 378 | 320 | 716 | 714 | 926 | 643
0.0
40 | 0.00 | 282 | 0.05|0.10 | 0.00 | 0.01 | 0.03 | 0.06 | 0.00 | 0.01 | 0.02 | 0.05
708 |0 974 | 411 | 467 | 776 | 975 | 768 | 334 | 289 | 869 | 125
0.0
100 | 0.00 | 106 | 0.02 | 0.03 | 0.00 | 0.00 | 0.01 | 0.02 | 0.00 | 0.00 | 0.01 | 0.01
260 |7 282 | 946 | 176 | 681 | 533 | 650 | 128 | 499 | 113 | 999
0.0
150 | 0.00 | 070 | 0.01 | 0.02 | 0.00 | 0.00 | 0.01 | 0.01 | 0.00 | 0.00 | 0.00 | 0.01
170 | 0 503 | 614 | 116 | 449 | 016 | 749 | 084 | 332 | 738 | 328
0.0
250 | 0.00 | 041 | 0.00 | 0.01 | 0.00 | 0.00 | 0.00 | 0.01 | 0.00 | 0.00 | 0.00 | 0.00
100 | 6 894 | 550 | 069 | 267 | 606 | 045 | 050 | 197 | 441 | 793
0.0
400 | 0.00 | 025 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00
062 |9 556 | 967 | 043 | 167 | 377 | 651 | 031 | 123 | 275 | 495

o <

Table 7. Posterior Risk of Pareto Prior Using QLF

. =[8=]6=]06=06=]|06=]|06=06=]|06=]06=]0=]0=
05| 1 | 15| 2 | 25| 3 | 35| 4 | 45| 5 | 556
g | 014 2'218 0.14 | 0.14 | 0.10 | 0.10 | 0.10 | 0.10 | 0.08 | 0.08 | 0.08 | 0.08
286 | o | 286 | 286 | 526 | 526 | 526 | 526 | 333 | 333 | 333 | 333
0 | 0:04 2'504 0.04 | 0.04 | 0.03 | 0.03 | 0.03 | 0.03 | 0.02 | 0.02 | 0.02 | 0.02
545 | -7 | 545 | 545 | 125 | 125 | 125 | 125 | 381 | 381 | 381 | 381
0 | 002 2'308 0.02 | 0.02 | 0.01 | 0.01 | 0.01 | 0.01 | 0.01 | 0.01 | 0.01 | 0.01
381 |{°° | 381 | 381 | 613 | 613 | 613 | 613 | 220 | 220 | 220 | 220
100 | 000 8508 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00
980 | o7 | 980 | 980 | 658 | 658 | 658 | 658 | 495 | 495 | 495 | 495
150 | 000 8605 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00
658 | o | 658 | 658 | 441 | 441 | 441 | 441 | 331 | 331 | 331 | 331
s5g | 0:00 8'309 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00
397 | .7 | 397 | 397 | 265 | 265 | 265 | 265 |199 |199 | 199 | 199
00 | 000 8'204 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00
249 | o7 | 249 | 249 | 166 | 166 | 166 | 166 | 125 | 125 | 125 | 125
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Table 8. Posterior Risk of Pareto Prior Using PLF

T 8=[s_ 0= 08=0=[6=]08=8=0=]08=]0=] 8-
05 15| 2 |25 | 3 | 35| 4 | 45| 5 |55 |6
s | 016|028 {039 | 050 8i; 0.16 | 024 | 0.31 | 0.06 | 0.11 | 0.17 | 0.22
331 | 662 | 672 | 807 | 2*2 | 892 | 093 | 162 | 440 | 782 | 067 | 490
2o | 002|005 | 007 | 0.0 ggg 0.03 | 0.05 | 0.06 | 0.01 | 0.02 | 0.03 | 0.05
827 | 523 | 990 | 422 | 1% | 520 | 244 | 856 | 331 | 501 | 827 | 128
o | 001]002 | 003|005 gg; 0.01 | 0.02 | 0.03 | 0.00 | 0.01 | 0.01 | 0.02
324 | 641 | 842 | 076 | 37 | 714 | 563 | 346 | 644 | 266 | 888 | 523
Lo | 000|001 |00 o 852 0.00 | 0.01 | 0.01 | 0.00 | 0.00 | 0.00 | 0.00
509 | 031 | 507 | 9001 9% | 673 | 009 | 327 | 252 | 499 | 745 | 998
150 | 0.00 | 0.00 | 0.00 | 001 8;; 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00
336 | 682 | 999 | 318 | 3% | 446 | 671 | 881 | 167 | 332 | 496 | 665
,50 | 0.00 | 0.00 | 0.00 | 0.00 gfg 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00
200 | 407 | 597 | 787 | O'° | 267 | 402 | 528 | 100 | 199 | 297 | 398
400 | 000 [0.00 | 0.00 | 0.0 83; 0.00 | 0,00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00
124 | 254 | 373 | 401 | 0% | 167 | 250 | 320 | 062 | 124 | 185 | 249

Table 9. Posterior Risk of Chi Square Prior Using SELF

5= [ 16= [l 6= [ al0= [a_.]0= [ _<]5- -
N los |97h 15 |972 025 (97335 |974 145 |97 |55 |6

0.10 {039 | 081 |135 |005 |0.20 | 045 |0.76 |0.03 |0.13 | 0.30 | 0.53
5 9053 | 5404 | 0775 | 9805 | 9312 | 8109 | 7393 | 5778 | 7834 | 7043 | 0912 | 2604
8 9 9 3 1 1 2 8 3 5 3 0

001 | 0.06 |0.12 |0.22 |0.00 |0.03 |0.08 |0.14 |0.00 |0.02 |0.05 |0.10
20 5162 | 0244 | 8669 | 1891 | 9775 | 7234 | 3286 | 3242 | 6905 | 6822 | 9055 | 6110
8 0 3 4 1 4 1 4 5 5 1 9

0.00 | 0.02 | 0.05 |0.10 |0.00 |0.01 |0.03 |[0.06 |0.00 |0.01 |0.02 |0.05
40 6825 | 8033 | 9409 | 3409 | 4559 | 7528 | 9643 | 8340 | 3276 | 2785 | 8464 | 0898
9 2 2 4 8 7 6 4 0 9 1 1

0.00 | 0.01 |0.02 |0.03 |0.00 |0.00 |0.01 [0.02 |0.00 |0.00 |0.01 |0.02
100 | 2564 | 0630 | 2798 | 9606 | 1742 | 6800 | 5322 | 6467 | 1263 | 4986 | 1161 | 0050
0 5 4 3 1 8 1 7 8 2 3 8

0.00 | 0.00 |0.01 |0.02 |0.00 |0.00 |0.01 [0.00 |0.00 |0.00 |0.00 |0.01
150 | 1679 | 6998 | 5007 | 6039 | 1153 | 4473 | 0146 | 7529 | 0838 | 3298 | 7375 | 3267
2 8 1 9 8 2 4 2 1 3 2 5

0.00 | 0.00 | 0.00 | 0.01 |0.00 |0.00 |0.00 [0.00 |0.00 |0.00 |0.00 |0.00
250 | 0995 | 4153 | 8939 | 5537 | 0687 | 2672 | 6052 | 0440 | 0500 | 1973 | 4410 | 7931
6 9 3 6 6 4 9 6 9 0 7 6

0.00 | 0.00 | 0.00 |0.00 |0.00 |0.00 |0.00 |0.00 |0.00 |0.00 |0.00
2747 | 4942 | 2588 | 5550 | 9661 | 0427 | 1663 | 3768 | 6503 | 0311 | 1230
9 3 8 1 0 9 0 4 0 3 3
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Table 10. Posterior Risk of Chi Square Prior Using QLF
N o5 |91 15 [872| o5 |93 | 35 |94 | 45 |975 | 55 |6
5 0.153 | 0.153 | 0.153 | 0.153 | 0.111 | 0.111 { 0.111 | 0.111 | 0.086 | 0.086 | 0.086 | 0.086
8462 | 8462 | 8462 | 8462 | 1111 | 1111 | 1111 | 1111 | 9565 | 9565 | 9565 | 9565
2 | 0.046 | 0.046 | 0.046 | 0.046 | 0.031 | 0.031 | 0.031 | 0.031 | 0.024 | 0.024 | 0.024 | 0.024
0 | 5116 | 5116 | 5116 | 5116 | 7460 | 7460 | 7460 | 7460 | 0964 | 0964 | 0964 | 0964
4 | 0.024 | 0.024 | 0.024 | 0.024 | 0.016 | 0.016 | 0.016 | 0.016 | 0.012 | 0.012 | 0.012 | 0.012
0O | 0964 | 0964 | 0964 | 0964 | 2602 | 2602 | 2602 | 2602 | 2699 | 2699 | 2699 | 2699
é 0.009 | 0.009 | 0.009 | 0.009 | 0.006 | 0.006 | 0.006 | 0.006 | 0.004 | 0.004 | 0.004 | 0.004
0 8522 | 8522 | 8522 | 8522 | 6007 | 6007 | 6007 | 6007 | 9628 | 9628 | 9628 | 9628
51) 0.006 | 0.006 | 0.006 | 0.006 | 0.004 | 0.004 | 0.004 | 0.004 | 0.003 | 0.003 | 0.003 | 0.003
0 6007 | 6007 | 6007 | 6007 | 4150 | 4150 | 4150 | 4150 | 3168 | 3168 | 3167 | 3168
g 0.003 | 0.003 | 0.003 | 0.003 | 0.002 | 0.002 | 0.002 | 0.002 | 0.001 | 0.001 | 0.001 | 0.001
0 9761 | 9761 | 9761 | 9761 | 6560 | 6560 | 6560 | 6560 | 9940 | 9940 | 9940 | 9940
g 0.002 | 0.002 | 0.002 | 0.002 | 0.001 | 0.001 | 0.001 | 0.001 | 0.001 | 0.001 | 0.001 | 0.001
0 4907 | 4907 | 4907 | 4907 | 6625 | 6625 | 6625 | 6625 | 2477 | 2477 | 2477 | 2477
Table 11. Posterior Risk of Chi Square Prior Using PLF
n 05 0=1 15 0=2 25 0=3 0=3.5 0=4 0=4.5 0=5 55
5 0.083 | 0.157 | 0.223 | 0.289 | 0.029 | 0.054 | 0.08032 | 0.1037 | 0.01430 | 0.0271 | 0.040
3548 | 2303 | 6121 | 0551 | 2551 | 2917 20 656 56 074 0629
20 0.002 | 0.005 | 0.008 | 0.011 | 0.001 | 0.002 | 0.00366 | 0.0048 | 0.00067 | 0.0013 | 0.001
9490 | 8712 | 5753 | 2670 | 2581 | 4535 77 102 90 380 9849
40 0.000 | 0.001 | 0.001 | 0.002 | 0.000 | 0.000 | 0.00087 | 0.0011 | 0.00016 | 0.0003 | 0.000
6750 | 3677 | 9903 | 6256 | 2969 | 5819 53 490 25 212 4792
10 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.00013 | 0.0001 | 0.00002 | 0.0000 | 0.000
0 1026 | 2089 | 3059 | 4031 | 0458 | 0905 59 786 53 503 0752
15 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.00006 | 0.0000 | 0.00001 | 0.0000 | 0.000
0 0450 | 0919 | 1345 | 1772 | 0202 | 0399 00 789 12 222 0332
25 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.00002 | 0.0000 | 0.00000 | 0.0000 | 0.000
0 0160 | 0328 | 0481 | 0634 | 0072 | 0143 15 282 40 080 0119
40 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.000 | 0.00000 | 0.0000 | 0.00000 | 0.0000 | 0.000
0 0062 | 0128 | 0187 | 0001 | 0028 | 0056 84 110 16 031 0046
Table 12. Posterior Risk of Extension of Jeffery Prior Using SELF
o= . _ 5= _ o= ._ 5= _ 5= ~ 5= 5
N o5 |97 15 |972| 25 [973| 35 |974| 45 | %75 | 55 |=
%% 023 | 045 | 0.75 | 0.04 | 0.14 | 0.30 | 051 | 0.031 | 0.106 | 0.225 | 0.39
5 7 088 226 718 584 605 576 521 45 37 47 533
0.0
140 | 0.05 | 0.11 | 0.19 | 0.00 | 0.03 | 0.07 | 0.12 | 0.006 | 0.025 | 0.055 | 0.09
20 5 332 293 288 926 398 617 908 59 11 31 808
0.0
065 | 0.02 | 0.05 | 0.09 | 0.00 | 0.01 | 0.03 | 0.06 | 0.003 | 0.012 | 0.027 | 0.04
40 8 613 582 595 449 684 776 469 21 38 49 940
0.0
025 | 0.01 | 0.02 | 0.03 | 0.00 | 0.00 | 0.01 | 0.02 | 0.001 | 0.004 | 0.010 | 0.01
100 2 032 215 834 173 667 503 587 26 92 99 970
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0.0
016 | 0.00 | 0.01 | 0.02 | 0.00 | 0.00 | 0.01 | 0.01 | 0.000 | 0.003 | 0.007 | 0.01
150 6 688 | 478 | 565 115 | 435 | 000 | 727 83 28 30 314
0.0
009 | 0.00 | 0.00 | 0.01 | 0.00 | 0.00 | 0.00 | 0.01 | 0.000 | 0.001 | 0.004 | 0.00
250 9 411 882 538 068 265 601 038 50 96 39 787
0.0
006 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.000 | 0.001 | 0.002 | 0.00
400 2 257 551 961 043 166 376 648 31 23 74 493
Table 13. Posterior Risk of Extension of Quasi Prior Using QLF
n 0=| 0= |0=|06=|06=|0=|0=| 0= |06=| 6= | 0= o
0.5 1 15 2 2.5 3 3.5 4 4.5 5 55 | =6
012 | 012 | 22042 | 0.09 | 0.09 | 0.09 | 0.09 | 007 [ 0.07 | 50 | 0.07
5 500 | 500 0 500 | 524 | 524 | 524 | 524 | 692 | 692 5 692
0.0 0.0
0.04 | 0.04 | 434 | 0.04 | 0.03 | 0.03 | 0.03 | 0.03 | 0.02 | 0.02 | 232 | 0.02
20 348 | 348 8 348 | 030 | 030 | 030 | 030 | 326 | 326 6 326
0.0 0.0
0.02 | 0.02 | 232 | 0.02 | 0.01|{0.01|001|001]0.01]0.01]120]0.01
40 326 | 326 6 326 | 587 | 587 | 587 | 587 | 205 | 205 5 205
0.0 0.0
0.00 | 0.00 | 097 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 049 | 0.00
100 971 | 971 1 971 | 654 | 654 | 654 | 654 | 493 | 493 3 493
0.0 0.0
0.00 | 0.00 | 065 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 033 | 0.00
150 654 | 654 4 654 | 439 | 439 | 439 | 439 | 330 | 330 0 330
0.0 0.0
0.00 | 0.00 | 039 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 019 | 0.00
250 395 | 395 5 395 | 265 | 265 | 265 | 265 | 199 | 199 9 199
0.0 0.0
0.00 | 0.00 | 024 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 012 | 0.00
400 248 | 248 8 248 | 166 | 166 | 166 | 166 | 125 | 125 5 125
Table 14. Posterior Risk of Extension of Quasi Prior Using PLF
n 6=|06=|06=|d= _6 6=|6=|6=|6=|6=|6=| o
05| 1 |15] 2 2_5 3 |35] 4 |45| 5 |55 |=
017010203 (00|01(01]|02(00]00(]01 |02
103 | 922 | 670 | 445 | 728 | 284 | 855 | 399 | 529 | 968 | 403 | 855
5 5 0 9 4 1 7 5 7 8 3 |7 2
00 |/ 00|00|00|00O0|00|00|00|O00|O00|]00 |00
256 | 499 | 725 | 948 | 171 | 328 | 491 | 640 | 126 | 246 | 365 | 486
20 6 1 4 0 8 8 7 3 2 2 |1 1
00 /00|00 |00|00|00|00|00|O00|00(]00 |00
126 | 251 | 366 | 480 | 085 | 165 | 247 | 324 | 062 | 123 | 183 | 246
40 0 1 8 9 5 5 8 3 8 3 |7 2
00 /00|00 |00|00|00|00|00|O00|00(]00 |00
049 | 100 | 147 | 194 | 033 | 066 | 099 | 130 | 025 | 049 | 073 | 098
100 | 9 9 7 4 8 4 6 7 0 4 |8 9
00 /00|00 |00|00|00|00]00|O00|00(]00 |00
033 | 067 | 098 | 130 | 022 | 043 | 066 | 087 | 016 | 033 | 049 | 066
150 | 1 4 8 1 5 9 4 3 6 0 |2 0
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60,0000 |00|0O|00|00|00|O00O]|O00]|00 00
019 | 040 | 059 | 078 | 013 | 026 | 040 | 052 | 010 | 019 | 029 | 039
250 | 8 4 2 2 5 5 0 5 0 8 |6 6
00,0000 |00|0O|00|00O0|00|O00O]|O00]|00 00
012 | 025 | 037 | 048 | 008 | 016 | 025 | 032 | 006 | 012 | 018 | 024
400 | 4 3 0 9 4 6 0 8 2 4 |5 8

Table 15. Posterior Risk of Extension of Jeffrey's Prior Using SELF

0=|0=|0=| 0= 66= 0=|6=|06=|06=|06=| 0

0.5 1 15| 2 3 35| 4 | 45| 5 |55 |=
n 2.5

01 (05 |10 |17 |00|]02|05|08|00|01|03]|05
414 | 046 | 336 | 737 | 690 | 412 | 228 | 967 | 421 | 538 | 353 | 966
5 |3 6 6 4 5 7 6 3 6 9 4 4
00 (00 01| 02|00|]00|00|01|00|00)|00]|01
161 | 638 | 372 | 361 | 101 | 382 | 866 | 476 | 070 | 274 | 609 | 084
20 |0 8 5 4 2 7 9 3 4 4 2 5
00 {00 (00|01 ]00|00|00|00O0]|00|O00]O00]O00
070 | 285 | 614 | 060 | 046 | 178 | 402 | 691 | 033 | 129 | 288 | 519
40 |2 6 7 9 9 6 7 6 1 4 4 4
00 {00 (00O 00|00 |0O|00|00O]|O00|O00]O00]|O00
025 | 106 | 230 | 399 | 017 | 068 | 154 | 265 | 012 | 050 | 112 | 201
100 | 9 9 2 0 6 3 2 7 7 0 0 0
00 {00 (00O 00|00 |0O|00O0|00O]|O00|O00]O00]|O00
016 | 070 | 151 | 263 | 011 | 045 | 101 | 175 | 008 | 033 | 073 | 133
150 | 9 4 7 5 6 0 7 8 4 2 9 1
00 (00 |OO|0OO|0OO|]0OO|0O|00O|00|00)|00]|O00
010 | 041 | 089 | 156 | 006 | 026 | 060 | 104 | 005 | 019 | 044 | 079
250 | 0 7 6 3 9 7 8 9 0 8 2 3
00 (00 |OO|0OO|0OO|]0OO|0O|00O|00|00)|00]|O00
006 | 025 | 055 | 097 | 004 | 016 | 037 | 065 | 003 | 012 | 027 | 049
400 | 2 9 6 1 3 7 8 2 1 3 6 6

Table 16. Posterior Risk of Jeffrey's Using QLF

=lo=|s=|s=| % |a=|06=|0=|5=|5=|08=]| o

0.5 1 15 2 3 35 4 | 45 5 55 | =
n 2.5

01,0101 |01 |01 |01 |01|01 |00 |00]|00 |00
538 | 538 | 538 | 538 | 111 | 111 | 111 | 111 | 869 | 869 | 869 | 869
5 5 5 |5 5 1 1 1 |1 6 6 |6 6
00| 00|00 (0O |00 (0O |00 |00 |00 |00]00 |00
465 | 465 | 465 | 465 | 317 | 317 | 317 | 317 | 241 | 241 | 241 | 241
20 1 1 ]1 1 5 5 5 |5 0 0 |0 0
00| 00|00 (0O |00 (0O |00 |00 |00 |00]00 |00
241 | 241 | 241 | 241 | 162 | 162 | 162 | 162 | 122 | 122 | 122 | 122
40 0 0 |0 0 6 6 6 |6 7 7 |7 7
00| 00|00 |0O |00 |0OO |0OO|0O0O |00 |00O]|00 |00
098 | 098 | 098 | 098 | 066 | 066 | 066 | 066 | 049 | 049 | 049 | 049
100 | 5 5 |5 5 0 0 0 |0 6 6 |6 6
00| 00|00 |0O |00 |0OO |0OO|0O0O |00 |00O]|00 |00
066 | 066 | 066 | 066 | 044 | 044 | 044 | 044 | 033 | 033 | 033 | 033
150 | O 0 |0 0 2 2 2 |2 2 2 |2 2
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00|00|00 (0O |00 (0O |00 |00 |00 00|00 |00
039 | 039 | 039 | 039 | 026 | 026 | 026 | 026 | 019 | 019 | 019 | 019
250 | 8 8 |8 8 6 6 6 |6 9 9 19 9
00|00|00 (0O |00 (0O |00 |00 |00 00|00 |00
024 | 024 | 024 | 024 | 016 | 016 | 016 | 016 | 012 | 012 | 012 | 012
400 | 9 9 19 9 6 6 6 |6 5 5 |5 5

Table 17. Posterior Risk of Jeffrey's Prior Using PLF

? 6=|08=|06=|06=|08=|06=|06=|08=|6=| 8= b
1 15| 2 | 25| 3 | 35| 4 |45 ]| 5 55 | =
n 0.5
01/03|04|06|00|01|02|03]|00]01 0.18 0.2
76 | 297 | 698 | 146 | 982 | 820 | 680 | 500 | 658 | 253 4'42 456
5 65 5 3 9 4 9 9 7 6 5 6
00|00|00|01|00|00|00]|00]00]|0O00 0.0

28 | 566 | 830 | 088 | 184 | 357 | 537 | 702 | 132 | 262 | 0.03 | 520
20 | 48 | 8 0 9 0 6 8 1 8 2 1904 |8
00|00|00|00|00|00]|O00]00)|00]O00 0.0
13 | 267 | 392 | 515 | 088 | 172 | 259 | 339 | 064 | 127 | 0.01 | 254
40 | 26 | 5 2 2 4 6 1 5 4 2 899 |8
00|00|00|00|00|00]|O00]00)|00]O00 0.0
05 | 103 | 151 | 199 | 034 | 067 | 101 | 133 | 025 | 050 | 0.00 | 100
1001 09 | 4 7 8 2 5 4 1 2 0 |748 |3
00|00|00|00|00|00]|O00]00)|00]O00 0.0
03 | 068 | 100 | 132 | 022 | 044 | 067 | 088 | 016 | 033 | 0.00 | 066
150 | 36 | 5 6 5 7 7 2 4 7 3 1496 |6
00| 00|00|0OO0O|00O|00O|00|00|00]|0O00 0.0
02 | 040 | 059 | 079 | 013 | 026 | 040 | 052 | 010 | 019 | 0.00 | 039
250 | 00 | 8 9 1 5 7 2 9 0 9 297 |8
00o|00|00|0OO0O|00O|00O|00|00]|00]|0O00 0.0
01 | 025 | 037 | 049 | 008 | 016 | 025 | 033 | 006 | 012 | 0.00 | 024
400 | 25 | 5 3 3 4 7 1 0 2 4 1186 |9

6. Summary and Conclusions

The salient results of this analysis are as follow.

Sample size

The Posterior risk based on all Priors and for all loss functions, relating to the shape
parameter of a Power function distribution, expectedly decreases with the increase in
sample size.

SELF

1. Using the Exponential Prior, the Posterior Risk increases with increase in the value of
d. At the same level of §, the Posterior risk decreases with for a Power function
distribution with decrease in the value of &.

2. When using the Extension of Jeffrey's, Chi-Square, and Quasi Priors, then for the
same scale parameter, the Posterior Risk increases if a Bayesian estimator of a larger
d is required. At the least values of 8, the Posterior Risk decreases.

3. In the case of SELF using Extension of Jeffrey's Prior after checking the effect of
hyper parameter taking values c=2 & c=3, for the fixed scale parameter value, it is
found that the Posterior risk increases when a Bayesian estimator of a larger shape
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parameter is needed. For the same unknown o value, the Posterior risk decreases for a
Power function distribution with a larger scale parameter.

4. The performance of loss function is dependent on the values of § jointly. Using all
Priors, the Posterior Risk is inversely proportional to the choice of values of the &

QLF

1. The Posterior Risk using Exponential Prior is independent of the parameter 6, but it
tends to increase for larger values of the parameter 6 of Power function distribution.

2. The Posterior Risk after checking the effect of hyper parameter using Chi Square,
Extension of Jeffrey’s and Quasi Priors is also free of &, but for the fixed scale
parameter, the Posterior risk decreases with increase in d.

PLF

1. With Inverse Gamma Prior the Posterior Risk increases when & increases and n is
kept constant. In situations when scale parameter increases and § is held, the Posterior
risk decreases.

2. Using Chi Square, Extension of Jeffrey's and Quasi Priors and after checking the
effect of hyper parameter Posterior Risk decreases when & increases and scale
parameter is constant. In situations when n increases, the Posterior risk decreases
whatever & may be.

3. The performance of loss function is dependent on scale parameter and & jointly.

SELF/QLF/PLF

1. The PLF shows least Posterior Risk when Exponential and Pareto Priors are used.
While SELF is best when Extension of Jeffrey’s, Chi Square and Quasi Priors are
considered.

2. The combination under PLF using Pareto Prior appears an optimum combination for
producing the minimum Posterior risk among all five Priors.
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