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Abstract Y’
By employing a simplified bilinear method, a class of generalized fifth-orde dv)

soliton solutions are obtained. These new exact solutions “wif¥extend igus results and

tigated. With the aid of symbolic computation, both solitary \waye sol
help us explain the properties of nonlinear solitary wi'i n¥wan

water. Parametric analysis is carried out in orde
width and velocity are affected by the coefficient parameters in the tion.
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1. Introduction

In this paper, the simpliﬁed\g%on of Hif@e‘[hod is applied to construct multi-soliton
solutions of a class of fifth-order e olutioqeg 1ons of the form

Up + auusz, + ,Buxug\\@@ux + g €Y

where the coﬁ B, Y ar&—valued parameters that are physically meaningful.
This class des the

&, Sawada-Kotera (SK) [10, 13, 14], Kaup-Kupershmidt (KK)
[11] and Ito equations% s the constants a, 3,y take different values, the properties of Eq.

(1) drastically cha r instance, the Lax equation witha = 10, = 20 and y = 30, and
the SK equation@y = B =y =5, are completely integrable. These two equations have
N-soliton sgldtions” and an infinite set of conservation laws. The KK equation, with o =
10, =2 S%U’and y = 20, is also known to be integrable [8] and to have bilinear
repres s. A fourth equation in the class (1) is the Ito equation witha = 3, = 6 and
Y ;which is not completely integrable, but has a limited number of conservation laws [7].
@ously, for arbitrary values of with a, andy Eqg. (1) is not completely integrable, and
therefore does not admit solitons. This does, however, not exclude the existence of closed-
form solitary-wave solutions. Also, with scales on u, x and t, the named equations cannot be
transformed into one another; they are fundamentally different.

To our knowledge, there have been no discussions on Eq. (1) in the present of the
coefficient parameters o, 3,y. All the existing works deal with special cases of Eqg. (1).
Considering such insufficiency, we will apply a simplified bilinear method to investigate the
N-soliton solutions for Eq. (1). The results obtained for the multiple regular soliton solutions
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agree well with the results in the previous works and this the first work for the multiple
singular soliton solutions.

In this work, the Cole-Hopf transformation method combined with Hirota’s bilinear
method is used to study the equations in class (1). Our goal from applying this method is to
construct multiple regular soliton solutions and multiple singular soliton solutions. The
introduced simplified algorithm derives the auxiliary functions, obtained in Hirota’s method,
without using the bilinear forms.

2. Soliton Solutions for Class (1)

2.1. Cole-Hopf Transformation Method

the Hirota’s direct method. The Hirota method [4, 12, 5, 11] relies on a trangfo n for
considered equation to a bilinear form. The bilinear forms are usually usgd nable us
deriving the auxiliary function. It is remarkable to mention thatft is not e

bilinear form for many equations and sometimes it requires \N i
and sometimes even independent variables. However, Heréman‘et a

introduced the simpli-fied algorithm to derive th| ary without using the
bilinear forms. The Cole-Hopf transformation metho®seémbined e simplified Hirota’s
sense is a powerful method to deter-mine mu@ solitgn tions and multiple singular
soliton solutions for integrable systems. We @ arize theﬁg sary steps of the method [1,

2,6,19,18, 17]: \ @
We first substitute \% s&
u(x, t) = ekix-wit A 6

L 4
To derive N-soliton solutions of any completely integrable equation, we wiIIQWse

, 16, 3], formally

into the linear terms of th quatlon cussmn to determine the dispersion relation
between k;,ry and wy. T e sing Ilton solution, we use a suitable transformation
method, such as the C ftrar\s@’natlon

u(x, t) R(l@
into the equati under d |on where the auxiliary function f(x, t) is given by

f(xt)—1+e61®
Where
Gi = kiX 0& i= 1,2, ,N

Iving the resulting equation to determine the numerical value for R. The N-soliton
SO s can be obtained by using the following forms for f(x, t):

For dispersion relation, we use
u(x, t) = ekix—wit

For single soliton solution, we use
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f(x,t) =14 e

e For two-soliton solutions, we use

f(x,t) = 1 + €% + e% 4 a,,e%1+9%
e For three-soliton solutions, we use
f(x,t) =1+ e% + e + % +a,,e%+%2 +

Notice that if we find that a;,3 = a;,a;3a,3 then three-soliton solutions are obta ed. The
determination of three-soliton solutions confirms the fact that N-soliton solutions ny
order.

However, for the multiple singular soliton solutions, we %ﬂne fol%gg
o For dispersion relation, we use OQ

u(x, t) = ekix-wit

o For single soliton, we use Q
O \9

f(x,6) = 1 —e® \ %)
e For two-solution solutlo®% use s&

f(x,t) =1 —e% —e% +a,,e %

e For three so quox
f(x,t) =1 —eb Q e% +
a 3691+93 +' e 6 1+92+93

2.2. Multiple Solito @!tions
We first substitut&
u(x, t) gﬁ*' (2
into t terms of Eq.(1) to determine the dispersion relation as follows

3)

It is obvious that the dispersion relation (3) depends on the coefficient of x. As a result we
obtain

0; = k;x — k;°t. (4)
The single soliton solution of Eq. (1) is assumed to be
u(x,t) = R(Inf)xy (5)
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where the auxiliary function f(x; t) is given by

f(x,t) = 1+e®r =1 4 ekax Kt (6)
Substitute (5) into Eg. (1) and solve the system for R. We find the solvability condition
o? + Ba— 10y =0 @
is necessary to obtain
R 60 ©
a+f

By substituting f(x, t) into (5), we obtain the single soliton solution

_ 60 o, e% ?y
O S Ty ey 0

60 eklx—kslt
= k12 5
a+f 1+ ekix—k°>;t )2 Q V
The solution in (9) can be written as O \/

u(x,t) = iklz sech? (%) Q % (10)
which is a bell-shaped solitary wave soI \@r two-soliton solutions, we set

f(x,t) =1 +e% +e% 4 a, e61+62K (11)

where 0, and 0, are defined n& g (1})

ux,t) = +B(lnf>xx % \"(\ (12)

and substituting the\ imEq.(1),«x8 0btain the phase shift by

ap, = K(a,B (13)
The three on solu ﬁ be obtained by using

f(x,t) = 1+ e% + + ay,e%1%02 4

a,3e%1%9: 43, ®+a123e61+92+93 (14)

where a @kn by (13). Substituting (14) and (12) into Eq.(1), we find always that
612313323 (15)
e (15) holds, we can use the results indicated in (6,7,8,9) to conclude that the N-soliton
solutions for Eq.(1) can be obtained for finite N, where N > 1.

2.3. Multiple Singular Soliton Solutions
To obtain a single singular soliton solution, we substitute

u(x,t) = ekix-wit (16)
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into the linear terms of Eq.(1). This gives the dispersion relation by

wj = kis (17)
and as a result we obtain

0; = kix — k;’t. (18)
The singular single soliton solution of Eq (1) is assumed to be

u(x,t) = R(Inf)yy (19)
where the auxiliary function f(x, t) is given by

f(x,t) = 1+ 1 = 1 + ekix- kit ( Q)

Substituting (19)-(20) into Eqg.(1) and solving for R we find R = 60/
Eq.(19) gives the single singular soliton solution 6

01
u(X; t) = —%klz egl_lv &
and so O
_ 15 2 ) 91)
u(X't)_a+Bk1 csch (2 Q \6

where 0, is defined by (18).

Multiple singular soliton solutions f{@' @@essed in the following form:
60
6D = 5 (D A 21)

To determine the two si r solltor@ns explicitly, we substitute

\>f</

f(x,t) =1 —e% — eﬁz (22)
where 0, and 0, a@\ed in @@% (21). As a result we get
aj = K(a, B,
For the singular thr%ﬁm solutions we use
fx,t) =1-— e61$5— e +a;,e%1702 4
a,;e01+63 03403 _ 5, 01402403 (23)

Aus

where @ = 1,2,3) are defined in (18) and aj; are defined in (15). Proceeding as before,
ays

we b@a W
ai d12d13d33

The singular three-soliton solution can be obtained explicitly using (21) for the function f
in (23).

2.3. Analysis of the Parameters

The solution (10) gives a profile of bell-shaped solitary wave with soliton amplitude amp
and width A can be expressed as
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1> k,? A= 2 (24)
la+ Bl k]

With the characteristic-line method [2, 6], the characteristic line for each solitary wave can
be defined by

x—k*=0, i=123,.., (25)

which can be derived from relations (3) and (4). Correspondingly, the velocity v of each
solitary wave can be expressed by

Vi = ki4 (26)

Further, the absolute value of velocity v determines the speed, namely, velacity,in
magnitude, and propagation direction of soliton is decided by the sign of v.

We now analytically examine the effects of the parameters a, 3,y on the or of the
solitary waves. The soliton amplitude amp is dependent on t;e ratio of 5®+ Bl. The

amp =

solitonic amplitude increases with an increase in the ratio r, Expression

(26) indicates that the propagation velocity of the @wave is influenced by the
coefficient parameters a,  and .

3. Applications Q 0\%
In this section we will present some exam@and tes@ses.
3.1. The Sawada-Kotera Equatlor@\ s&

al 0

Consider the Sawada-Kotera e

u; + 15uusy, + 15uu,, +@ uy + u@ (27)

We can verify th N aram and vy satisfy the solvability Condition (7). So,
R = 2andtheo on solu% given by

u(x,t) = l h? (
and the singular one—s@n solution is

1
u(x, t) = Eklzc —1),

where 6, ined in (4).
Using

@ 2(n D (28)
and substituting the result in Eq. (27), we obtain the phase shift by

(k12 — kqky + k?;)(k1_k;)?
(klz + kik, + kzz)(k1+k2)2

We can generalize for other phase shifts by

(29)

aip =
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(ki 4 k2)) (ki_k;)’
=
D (% + kg + k2,) (kikg)?

<j<3s. (30)

Using (11) and (14) in (28), we can obtain the closed-form two-soliton and three-soliton
solutions.
3.2. The Lax Equation

The Lax equation is given by

+ 10uugy + 20uyuyy + 30u?uy + us, = 0 (31)

The parameters a, B and y satisfy the solvability Condition (7), and as a res@Q 2. For

the Lax equation, the one-soliton solution is given by

u(x,t) = %klz sech? (%) & @

and the singular one-soliton solution is O

u(x,t) = %klzc sch? (%), Q 6
where 0, is defined in (4). ’\O ®\
For the phase shift we find that K% s&
(k1—k2)2 AQ ¢ 6
\

ap = ——
T (kyiko)?

and for other phase shiw
ik ) NN *
- & o0
(ki
As a result™we can obtaln explicit forms for the N-soliton solutions for the Lax
Eq.(31)
4. Conclusion

In this =with the aid of symbolic computation, we have investigated a class of fifth-
order evi n equations. By the Cole-Hopf transformation method combined with Hirota’s
bilj ethod, N-soliton solution and singular N-soliton solution for Eq. (1) have been
o@ . Fur-thermore, based on the one-soliton solution in expression (10), we have carried
0 parametric analysis in order to investigate the effects of the parameters a, 8,y on the
soliton amplitude, width and velocity.
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