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Abstract .

In contemporary wireless communication systems, co, %ntary S es play fairly
important roles. Based on polyphase perfect sequentes ¥PPSs), tis spaper presents a
construction method, whose basic idea is to sa iven h equal space, for
yielding a family of periodic polyphase comple ary seq sets (PPCSSs). The
advantages of this method include the family sié( resulta CSSs is the same as that of
the PPSs employed, and the number and Ien b- sequeﬁg in the proposed PPCSSs can

be altered on demand.

Keywords: complementarx@ perlodls%uence polyphase sequence, perfect
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1. Introduction

In contemporar s co |cat|ons there are two important communication
systems. One of ision multiple-access (CDMA) communication
systems, a ris ort nal frequency-division multiplexing (OFDM) ones.
However, th‘< ts myltjple-access interference (MAI) for the former, and high peak-
to-average p ratio ) for the latter, which result in that the performance of
communication syst generates. Hence, the methods for suppressing MAI are
investigated [1-3 e approaches for reducing PAPR are explored [4-5], therein
complementary Sequences play fairly important roles. The complementary sequence
sets are widely applied to elimination of multiple access interference (MAI) [3],
channel e ion [6-7], synchronization [8], reduction of PAPR [9], and so on. A
com len ry sequence set possesses an impulsive autocorrelation function, that is,
rrelation functions of all its sub-sequences sum to zero except the time shift

enter Up to now, many construction methods for complementary sequence sets
have/been presented [10], in which Popovi¢ [11] proposed a construction method for
aperiodic complementary sequence sets (ACSSs) by making use of polyphase perfect
sequences (PPSs) and their cyclic time shifted versions, and the number and length of
sub-sequences of the resulting ACSSs are equal to the ones of PPSs employed. In
addition, Ref. [10] showed a construction for periodic complementary sequence sets
(PCSSs) by using perfect arrays, and the obtained PCSSs possess that the number and
length of their sub-sequences are the same as the numbers of rows and columns of
perfect arrays employed, respectively. It is apparently disadvantageous that in two
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methods referred to above, the number and length of sub-sequences don’t be changed
freely, which will result in application obstacle, such as in variable date-rate
transmission. In this paper, a new construction method for periodic polyphase
complementary sequence sets (PPCSSs) is presented by making use of sampling PPSs
with equal space, and in the resulting PPCSSs , the number and length of sub-sequences
can be altered according to requirements. As a consequence, such a difficulty
mentioned above is conquered to some extent.

2. Basic Concepts

Let s =(s{”,s", s, L ,s),) denote a polyphase sequence with length M , whose
elements take the unit magnitude, that is, |s" ’=1(0 <k <M —1) . We define the

autocorrelation function of the sequence s as following. 0?“
Ry @)= Y552, QW -, Q/

k=0

where (x)” denotes the complex conjugate of X, an@ubscn&v‘ ”in (1) is operated

modulo M .

Let sequence C consist of quenc \0re clearly, c=(s?,s®,
s@ L, s™™) . The sequence C isr @ S if the periodic autocorrelation
functions of all its sub- sequen ero apart time shift 7 =0, namely,

NM 7=0(mod M) )
o) - Z ‘fo
i- 7#0(mod M).
Let polyphase s&@ %Z L ,a_,) have length L. If we have
O y L u=0(mod L) A3)
6@”) zak (ak+u {

0 u#0(mod L),
we refer to the se@e a as a perfect polyphase sequence (PPS).

3. Know:
e of convenience of the reader, in this section we will recall the several existing
ns of PPSs.

struction 1: Zadoff-Chu construction [12].
Let L and Vv be two positive numbers that satisfy gcd(v, L) =1. We set

(0<k<L-1).
even L

{ejka(km odd L 4)
a, =

ej{vkz
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Then, the sequence a, = (al”,a!,al”,L ,a")) is referred to as a ZC sequence with root V.

Lemma 1: A ZC sequence is a PPS. And for the roots v, and v, , if both satisfy
gcd(v, —Vv,, L) =1, the crosscorrelation function of two ZC sequences from the roots v, and
v, has

Ry (W=VL (vu), )

which attains Welch lower bound.
Construction 2: Zeng construction [13]. \/
This construction includes two steps as follows. 0;
Step 1: Construct L polyphase sequences. %
(6)

B = 4,7 b0 L @Qo E L\z/
blfl)zejo”Ik (O<k< V

Step 2: Yield an interleaved sequence,
Let I,ll,L 1 _, denote an arbitrary ? ation @ symbol set {0,1,2,L ,L—1}and

I[-,-,L ,-] stand for an interleavin (see r more information). We obtain an
interleaved sequence as follows
a, " \Q\q .b.b,L.b 1. ™

Lemma 2: T)& ce a . |n Eqg. (7) is a PPS. And the number of distinct

sequences in Zen ructlon [ -(L=-D.
The perfoe of se s |st|ng constructions for producing PPSs is given in Table 1,
where ¢(-) stands for phi function.

Table 1. FRe omparlson of several existing constructions of PPSs

ily * length L2 3 |4 |52 |62 |77 |8
family size
@ ZC[12] H(L2) 6 |12 |20 |30 |42 |56
Frank [14] o(L) 2 |2 4 2 6 4
Zeng[13] | (L-1)-(L-1)'|4 |18 |96 |600 | 4320 | 35280
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4. New Construction of PPCSSs

In this section, a new construction for PPCSSs is presented. For arbitrary given positive
integers N and M , we freely choose a PPS a with length L = MN expressed by

L ,a 8

a= (a 2eN-11 &

/”L+N’a

A+N+1?

L ,a

a0 A+2N-11 L, A M-N

a/‘t-+—(M—l)N+1’L ’a‘l+(M—l)N+N—1)'
where 0< A <L-1, i.e., we consider the PPS in arbitrary a period.

Now, we carry out sampling the PPS a in (8) with equal space N —1. More clearly, we
assign an element with subscript A+1(0<I<N—1)in (8) as an initial one, ant\extract
those element whose subscripts are exactly A+kN+1 (0<k <M -1). Hence b ging
all obtained elements in natural subscripts’ order, a sub- Sequence is ylelded denoted
by b“*"™ for convenience, where (x), denotes the resid modul% er | ranges

f al

in the range from 0 to N —1, a PPCSS is obtained, Wh| sts obtained sub-
sequences. For the sake of understanding easy to th

24ex, the operatiogeferred to above is
visually described in Figure 1. In a mathematica , we h{&qﬂe following N sub-

sequences b (0<I1<N-1). Q 6
b(l)N — b(ﬂ-)N bl(ﬁ-) \Q

)
HU Dy — (b(“l& Dy b& (,1+1)N

M

(A+N-1) (A+ +N-1) (A+N-1) (A+N—1)
b NboNs@* L B,

where h** =a, ,&{u% =0,12L ,M-1).

i .y @ A+N+1° e QN e e a}+(M ENY a1+(M—1)N+1 M a/1+(M—l)N+N71
i | i I
bl(})N , ; I b'EAZET ) ; l
% bl(m),,’ | brfﬂ,ijll)N ) |
= | : -
\ v
bé/uN E , bfl+N—1)N ’ b'EA/I:rlN—l)N )

t Figure 1. A description on new construction for PPCSSs

Note that the indices (1+1), (1=0,1,2,L ,N —1) of sub-sequences in (9) are given only
for the sake of convenient expression in Figure 1, in fact, those indices can be freely assigned.
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Then we declare the following conclusion.

Theorem 1: The sequence ¢ = (b, b*v | p*&n | p“*Nn)isappcss.
Proof: We consider the summation of the periodic autocorrelation functions of all sub-
sequences in (9), therefore we have

= (10)
Rc c (T) z Rb(M)N PN (T) (l T |S M —1)

=

—-1M-

Z b(/HI)N [béﬁrl)w ]

d= V
M- ?\
a/1+dN +i [a/1+(d +r)N+| 0
ak+j, (ak+/l+TN ) &

=R,,(zN). O \\/
Note that the sequence a in (8), empl y us,* @DPS therefore its periodic
X X

|_‘

I
[

o
o

z
AN
iR

Il
M

NN
o
<)

-

=~
o

autocorrelation function satisfies

L u=0(mod L) (11)
Ra,e@u—l(ak +&:

0 u#0(mod L).
Hence, dueto |zN [< L él TI<KM in accordance with (10) and (11), we obtain

\\Q ﬁ) L z=0(mod M) (12)
T)=

Q 0"° 0 70 (mod M),

which iIIumi@hat th m is true. We are done. ]

For a combinatio er L, it is possible that there are several factors. For instance,
L=12=2x6=3 pparently, for a given PPS a with a period L of combination
number, each ki@decomposition of L will results in a different PPCSS. For example,
when L= f Theorem 1 there are four classes of the resulting PPCSSs with
(M, ND , 3,4, (4,3, and (6,2), respectively. Hence, we refer to all the resultant
class of PPCSSs associated with a. This motivates that we investigate how

ses of PPCSSs Theorem 1 can produce for a given PPS. For solving this problem, a
mng lemma is necessary

Lemma 3: [15, 16] Let A(L,P) be the total number of PPSs with length L and

alphabet size P . Let L =sm?, where sand mare both positive integers with s square-free.
Then
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I m m m . H-
AL P)> m!s"g"(s)P™ P, dl\{ldes P

0 otherwise,
where

B 2sm for s even and m odd
mn T Ysm o otherwise.

The following theorem answers our problem.

Theorem 2: Let the conditions be the same ones in Lemma 2. Then, Theorem 1

A(L, P) classes of PPCSSs.

According to Lemma 3 and Table 3.1 in [14], from Theorem 1 the number

resultant PPCSSs up to length L =12 and P=10 is given in Table 2

(13)

(14)

<
|¥*

s of the

Table 2. Number of classes of PPCSSs from The \ ogﬁ and P =15

O @ Table 2. -continued.

y 2
2 3 4 5 6 7 8\NY9 o PCSSs

L J W (M,N)s
2 8 16 -
3 8 36 ,-(0 @
4 8 32 72\\ 1 200 | (2,2)
5 100 [/~ ‘\@ 200
6 “2 N 23).(32)
7 () 29
8 128 512 (2,4),(4,2)
9 162 \A 1296 4374 (33)
10
11 [ QS
12 R (2,6).34),

\\\ AQ‘ (4,3),(6,2)

12 13 [14 [15 PPCSSs
o\ (M,N)’s
> 24
\ l 3 72 90
O 4 288 392 (2,2)
5 300
O 6 144 (2,3),(3.2)
% 7 588
8 1152 (2,4),(4,2)
9 10368 20250 | (3,3)
10
11 | 1210
12 (2,6),(3,4),
(4,3),(6,2)
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5. An Example and Discussion

To illuminate our method’s validity, a simple example is considered for space limitation.
Let N =4 and M =8. A ZC sequence [12] with length L =32 is employed.

a=(0,1,4,9,16,25,36,49,0,17,36,57,16,41,4,33,0,33,4,41,16,57,36,17,0,49,36,25,16,9,4,1),

where the element<e ™V > is denoted by X ’for simplification. Set 4 =15. After making
use of the new construction, we have a PPCSS ¢ = (b®,b© b®, b®), where

b®=(0,16,0,16,0,16,0,16),
b® =(33,57,49,9,1,25,17,41),

*
b® =(4,36,36,4,4,36,36,4), ?y

b® =(33,41,17,25,1,9,49,57). ¢ @
Figure 2 shows the summation of the periodi u@\re atioW tions of 4 sub-
sequences. 6 \\/

and

T

Time Shift

Figure 2. Sur@;n of periodic autocorrelation functions (PAFs) of all sub-

sequences in the given example

In kno h erature, there exist many methods that yield perfect sequences, such as
Chu P&o known as Zadoff-Chu PSs) with length of arbitrary positive integer [12],
w; with length of the square of a positive integer [14], modulatable orthogonal
sces with the same length as Frank PSs [17], and so on. Therefore, the perfect
sequences required by the proposed construction are sufficiently rich so that for
arbitrary given number and length of sub-sequences, at least a PPCSS can be obtained,
which implies that the number and length of sub-sequences in the resulting PPCSSs can
be altered on demand. On the other hand, for given positive integers N and M, a
PPCSS can be produced by the proposed construction and a chosen PS with length

L=MN, and a different PPCSS can be given by another employed PS with the same
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length referred above, which implies the family size of PPCSSs obtained by this paper
is equivalent to that of the employed PSs with length L=MN .

6. Conclusions

In this paper, a new construction which can produces PPCSSs is presented, and in the
resulting PPCSSs, the number and length of sub-sequences can be changed on demand.
In addition, the family size of the proposed PPCSSs is equivalent to that of the
employed PPSs. The advantage mentioned above highlights that new construction in
this paper is very fit for various engineering applications. Incidentally, Theorem 1 can
be applied to any perfect sequences, such as ternary perfect sequences[18], multilevel
perfect sequences[19], QPSK+ perfect sequences[20], 8-QAM+ perfect sequenges[21],
and so on, so as to produce periodic ternary complementary sequence s ri&?s),
periodic multilevel CSSs, periodic QPSK+ CSSs, periodic 8-QAM+ CSSs,gtc
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