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Abstract 

This paper presents a new nonlinear method to analyze ventricular arrhythmia(VA) and 

sinus rhythms(SR). The problem is introduced from the discussion of Fractal Random Walk 

characteristics of ECG signal. Further, the fractal analysis is used to distinguish ventricular 

flutter(VFL), ventricular fibrillation(VF), ventricular tachycardia(VT)) and sinus 

rhythms(SR) from the raw electrocardiogram(ECG) data. The method has a three step 

processing. First, calculating the slope of permutation entropy(PE) to detect the onset of 

ventricular arrhythmia; Second, using regularization dimension(RD) to classify SR, VFL and 

VT/VF; Finally, according to multifractal spectrum(MS) area to distinguish VT and VF. Four 

databases are used to detect the method, and the accuracy of every step is 93.33%, 100% and 

98%. As a whole, the accuracy of detecting onset of ventricular arrhythmia and confirming 

which ventricular arrhythmia is, is VFL 93.33%, VT and VF 91.47%. 

 

1. Introduction 

As is well known, ventricular arrhythmia is a very dangerous cardiac disease, even can 

make patient sudden death. So how to detect ventricular arrhythmia become very important. 

Ventricular arrhythmia(VA) has three kind: ventricular flutter(VFL), ventricular 

fibrillation(VF) and ventricular tachycardia(VT), many scholars develop their methods to 

detect various VT and/or VF [1]–[4]. All these methods have their advantages, but they 

mostly concentrate on time-frequency characteristic to analyze ventricular arrhythmia, and 

the few [5], [6] research the nonlinear behavior of ventricular arrhythmia. Also they scarcely 

ever make an evaluation about VFL, which is a kind of dangerous cardiac disease; it often 

appears before VF then rapidly changed into VF. So, detecting VFL precisely has also 

important clinical significance. 

Hurst developed the re-scaled range analysis in investigating long time records of 

some natural processes [7]. As a good nonlinear research tool, scholars used it to 

explore the random walk characteristics of stock market and got many useful result, but 

no one put it on ECG signal analysis [8], [9]. In this paper, we introduce it to sinus 

rhythms and ventricular arrhythmia analysis, and find that Hurst exponent(Hurst 

dimension) has evident difference. To make the difference clear, we study further the 

nonlinear characteristics of these two kind signals. 

Since Goldberger [10] and Ivanov [11] put forward fractal mechanisms in the 

electrophysiology of the heart and multifractality in human heart beat dynamics, 

nonlinear dynamics theory has become a more and more important tool to analyze heart 

rate variance disease. Thinking about the difference of ECG signal Hurst exponent, we 

use nonlinear dynamics methods: Permutation Entropy(PE) [12],  [13]Regularization 

Dimension(RD) [14] and Multifractal Spectrum(MS) [15], to detect the onset of 
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ventricular arrhythmia and distinguish which one, VT, VF or VFL, the ventricular 

arrhythmia is. To test our algorithm, four MIT-BIH databases are used. Finally we give 

the calculating result and detailed discussion of this method. 

 

2. The problem introduce 

Here let us consider a time series Rtn. Let τ denote the time span of the whole 

discrete series. The cumulative sum of the difference between time series and their 

mean, X(n, τ), is defined:
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The range R denotes the difference between the maximum and minimum of X(n, τ), 

and S denotes standard deviation of the series. R and S are defined respectively as: 
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Both R and S are functions of τ. It is found that, for the statistical performance of the 

time series, the ratio R/S is very well described by the following empirical equation: 

R/S=(cτ)
H
,  where c is a constant, and H the Hurst exponent. Figure 1. shows the typical 

Fractional Brownian motion(H=0.5) and its Hurst exponent return estimation. 
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FigFigFigFigureureureure    1111....    Fractional brownian motion(H=0.5) and its hurst exponent return estimation    

Further, we calculate the Hurst exponent of SR、VT and VF signal from MIT as 

Figure 2. The statistic results(HSR=0.8126±0.0519, HVA=0.6085±0.0427) show that 

the Hurst parameter has some difference between SR and VA. 

Hurst had pointed out that whether exponent greater or smaller than 0.5 is an 

important indication of the general trend in the data evolution. When the exponent is 

0.5, which is called random walk, otherwise deviating random walk. A Hurst exponent 

greater than 0.5 (0.5<H<1) indicates a persistent behavior. It means that if the curve has 

been increasing for a while, it is likely to increase for another period, and if the curve 

has been decreasing, it is probably to continue decreasing. Contrarily, a Hurst exponent 

less than 0.5 (0<H<0.5) indicates an anti-persistent behavior. That is to say, after a 

period of decreasing, the data tend to increase in the next period, and vice versa. In the 

extreme when H→0, the data trend changes totally irregularly and therefore becomes 

completely unpredictable, exhibiting the behavior of a white noise. In the other extreme, 

H=1 means that the series form a straight line with a non-zero slope, and its future 

values are completely predictable. 
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FigFigFigFigure 2.ure 2.ure 2.ure 2.    ECG signal and their hurst exponent SR(left), VT(middle), VF(right) 

    
A simple relation H+D=2 exists where D is the fractal dimension. These parameters 

may be used to indicate the hidden statistical properties of a random process. So we can 

calculate the Hurst dimension easily(DSR≈1.23, DVA≈1.64). The result indicates that 

through the (multi)fractal analysis we may be get more information about ECG signal. 

 

3. Theory and methods 

Here, we take ECG analysis into Fractal World and achieve very important result. 

First, let’s begin with nonlinear theory. 

 

3.1. Permutation Entropy 

Permutation Entropy(PE) was introduced by Bandt and Pompe [12] as a convenient means 

of evaluating complexity parameters for time series based on comparison of neighboring 

values. For some well-known chaotic dynamical systems it is shown that PE behaves similar 

to Lyapunov exponents. It is a simple, fast, robustness and invariant method with respect to 

nonlinear monotonous transformations. To illustrate the method, let us first embed a scalar 

time series {x(i), i=1,2, . . . } to a m-dimensional space with delay time l: Xi=[x(i), x(i+l) , . . . 

, x(i+(m−1)l)], where m is the embedding dimension and l the delay time. For a arbitrary i, 

the m number of real values Xi=[x(i), x(i+l) , . . . , x(i+(m−1)l)] can be arranged in an 

increasing order: [x(i+(j1−1)l)≤ x(i+(j2−1)l)≤ . . .≤ x(i+(jm−1)l)]. When an equality occurs, 

e.g., x[i+(ji1−1)l]=x[i+(ji2−1)l], we order the quantities x according to the values of their 

corresponding j’s, namely if ji1<ji2, we write x(i+(ji1−1)l)≤ x(i+(ji2−1)l). Hence, any vector Xi 

is uniquely mapped onto (j1 , j2 , . . . , jm), which is one of the m! permutations of m distinct 

symbols (1,2, . . . ,m). It is clear that each point in the m-dimensional embedding space, 

indexed by i, can be mapped onto one of the m! permutations. When each such permutation is 

considered as a symbol, then the reconstructed trajectory in the m-dimensional space is 

represented by a symbol sequence. The number of distinct symbols can be at most m!. Let the 

probability distribution for the distinct symbols be P1 ,P2 , . . . ,PK, where K≤m!. Then the PE 
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for the time series {x(i) , i=1,2, . . . } is defined as the Shannon entropy for the K distinct 

symbols

( ) ∑
=

−=
k

j

jjp PPmH
1

ln
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When Pj=1/m!, then HP(m) attains the maximum value ln(m!). For convenience, we always 

normalize HP(m) by ln(m!), and denote: 0≤HP = HP(m)/ln(m!)≤ 1. Thus Hp gives a measure 

of the departure of the time series under study from a complete random one: the smaller the 

value of Hp, the more regular the time series is [13]. Figure 3 shows a PE calculation example 

of logistic map [17]. 

 
u 

FigFigFigFigureureureure    3.3.3.3.    Logistic map (a) and its permutation entropy(b)    
 

3.2. Regularization Dimension 

Regularization Dimension(RD) [14], [18] is defined as the following way: One computes 

smoother and smoother versions of the original signal, obtained simply through convolution 

with a kernel. If the original signal is "fractal", its graph has infinite length, while all 

regularized versions have finite length. When the smoothing parameter tends to 0, the 

smoothed version tends to the original signal, and its length will tend to infinity. The 

regularization dimension measures the speed at which this convergence to infinity takes 

place. In many cases, this will coincide with the usual box dimension. In general, it can be 

shown that the regularization dimension is more precise than the box dimension, in the sense 

that it is always smaller, but still larger than the Hausdorff dimension. In addition, the 

regularization dimension lends to more robust estimation procedures for various reasons. One 

of them is that we may choose the regularization kernel. Also, the smoothed versions are 

adaptive by construction. Finally, the smoothing parameter can be varied in very small steps, 

as box sizes have to undergo sudden changes.  

Given the signal S=s(t) as a function of time, consider a kernel function X=x(t) , such that 

1=∫ X . We define 
( ) ( ) ( )atxatX a 1=

as the dilated version of X at scale a; 

then aa XSS •=
 can be defined as the convolution of S with aX

. The length of the signal S 

on a finite interval T is given by 
( )∫ ′+=

T
aa dttSL

2
1

. According to the above assumptions 

and definitions, the regularization dimension of a signal S is defined as: 
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3.3. Multifractal Spectrum 

The Multifractal Spectrum(MS) is the singularity spectrum f(a) (fractal dimension) 

correlated with a (Hölder exponent). Chhabra and Jensen [15] developed a simple and precise 

method for the direct calculation of the multifractal spectrum from experimental data. We can 

consider a normalized time series as a singular measure P, calculating the f(a) curve covering 

the measure with boxes of length L and computing the probabilities Pi(L) in each box. First a 

1-parameter manifold of normalized measures 
( )qiµ  is defined: 

( )[ ] ( )[ ]∑=
j
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j
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with q the qth moment of the measure. The fractal dimension can be obtained from 
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and the mean strength of the singularity is obtained from 
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These equations provide a relationship between a Hausdorff dimension f and the average 

singularity strength a as implicit functions of the parameter q. According with this 

interpretation a multifractal can be visualized as an interwoven ensemble of independent 

monofractals of dimension f(ai). On each of these fractals i the observable P scales with the 

Hölder exponent a. 

 

3.4. Methods 

We use aforementioned methods to analyze ventricular arrhythmia: 1)With proper 

embedding dimension and delay time, PE can easily detect the onset of ventricular 

arrhythmia, according to the change of ECG complexity; 2)In electrocardiography, we know 

that VF is chaotic and disordered, VT appears regular but not smooth and VFL is regular and 

smooth. So we use RD to analyze normal ECG and ventricular arrhythmia and classify them; 

3)MS has been already used in the research of ECG and MS area has its significance on 

VT/VF analysis [19]. Finally, we compute MS area to distinguish VT/VF. 

In order to get PE of ECG signal, we calculate the reconstruction delay time(l) and 

embedding dimension(m) according to GP algorithm [20]. Then we choose a slip window of 

2000 points to compute PE, so that the slip window should not be small to keep the 

conclusive statistics and not be too large to obtain transitional signals accurately. To improve 

computation efficiency, the window slips 100 points each time. And we find that every ECG 

signal has its permutation entropy, when ventricular arrhythmia happens PE always 

decreases. But we can’t use a fixed value to distinguish the onset of ventricular arrhythmia, so 

we compute 1th order polynomial approximation of PE every 10 seconds and take the slope 

as detection criterion. 

We selected a Gaussian kernel and 64 progressive dilations of the kernel for the 

regularization process. A least square regression is used to fit the log-log plot in order to 

calculate the actual RD. So, SR, VFL and VT/VF can easily be confirmed. Then we calculate 

the MS of VT/VF after the onset of ventricular arrhythmia, from the MS area we differentiate 

VT or VF at last. 
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4. Materials and results 

In this paper, four databases are used to test our algorithm. They are MIT-BIH Normal 

Sinus Rhythm Database, MIT-BIH Arrhythmia Database, Creighton University Ventricular 

Tachyarrhythmia Database and MIT-BIH Malignant Ventricular Arrhythmia Database.  

First, we select 60 signals with the length of 50 seconds, which transform from SR to 

ventricular arrhythmia. Reconstruction delay(l) and embedding dimension(m) are computed. 

And we choose m=4 and l=5. Then we calculate the PE and its 1th order polynomial 

approximation, as shown in figure 4 and figure 5. When taking -0.01 as the minimum slope of 

SR, The detection accuracy is 93.33%. 
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Then we select 3 groups and each group has 50 signals with the length of 4 seconds to 

calculate their RD. When we use 1.16 dimension and 1.35 dimension to classify SR, VFL and 

VT/VF, we get the accuracy is 100%, as shown in figure 6 and figure 7. 
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Finally, according to Ref. [19], we calculate MS area to distinguish VT and VF. We select 

2 groups and each group has 50 signals with the length of 5 seconds and the area threshold 

0.005. When MS area is small than the threshold, the signal is VT, or it is VF. The calculation 

accuracy is 98%, as shown in figure 8. 
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As a whole, the accuracy of detecting onset of ventricular arrhythmia and confirming 

which ventricular arrhythmia is, is VFL 93.33%, VT and VF 91.47%. 
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5. Discussion and conclusion 

In this paper, we first talk about the fractal random walk characteristics of SR and 

VA. From the calculation result, we can see the persistent behavior of SR is stronger 

than VA, it indicates that VA is more approaching to the random behavior. And VA is a 

very complex series, which may be chaos or noise, as can be seen from PE, but it need 

more time to study. Then, we use three methods of nonlinear dynamics to detect the 

onset of ventricular arrhythmia and distinguish VT, VF or VFL. These theory explains 

the intrinsic character of ECG signal, not like other time-frequency analysis methods, it 

gets better detection effect. Also, PE and RD are easily programmed to achieve, and the 

computing processing is very quickly. Only MS computation behaves not so well. Here, 

we need to discuss PE, a very simple entropy algorithm. It has a good ability to analyze 

complexity of time series in statistics. From figure 4 and figure 5, we can see when 

ventricular arrhythmia happens, PE will decrease. Using polynomial approximation can 

find trend of PE, but it seems not very precise. So, we need to find a better way to get 

better result according to PE. At last, some interpretation should be put forward. Hurst 

estimation is an empirical and statistical method, and Hurst dimension is not the fractal 

dimension, such as information、box、 regularization、correlation or Rényi spread 

dimension. So the calculating results have some difference. 
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