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Abstract 

Although the dictionary learning (DL) problem has been extensively studied for about 

15 years since the work of Olshausen, the DL problem with multi-constraints on the 

dictionary atoms has not yet been paid attentions. This paper first explore the DL problem 

using the newly emergence methods-the proximal splitting methods, such as the iterative 

shrinkage-thresholding algorithm (ISTA), the fast ISTA (FISTA) and the augmented 

Lagrange multiplier method (ALMM). Then propose a calculation method, called 

proximal operator splitting, to split the proximal operator with multi-constraints into 

several sub-proximal operator. Using this method, the existing proximal splitting methods 

can be easily extended to deal with the DL problem with multi-constraints. Experiments 

show that ALMM is a more efficient method than ISTA and FISTA. At last, compare the 

learned dictionaries of ALMM with the state-of-the-art methods, K-SVD and 

Majorization. The experimental results show that ALMM outperforms K-SVD and 

Majorization for correctly chosen constraints. 

 

1. Introduction 

In recent years, sparse representations have received a lot of attention from the signal 

processing community. This is due in part to the fact that an important variety of signals 

such as audio and natural images can be well approximated by a linear combination of a 

few elements (atoms) of some (often) redundant basis, usually called dictionaries. 

Suppose we have a set of signal examples. One of the key problems in sparse 

representation is to find a dictionary  that give rise to the given signal examples via sparse 

combinations, i.e., 
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where  XR X  is a sparsity-inducing regularizer on X . Typically, for finding a joint 

sparse approximation of the observations Y , one can consider a mixed-norm over the 

rows of X : 
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where typically 1p   and  2,q  [1, 2]. Here, we denote the ith row and the jth 

column of a matrix U  as ,iU   and , jU  . When the sparsity profile is known to different for 

each signal to be approximated, we can consider 1p   and 1q   [3] which allows 

 XR X  to be decoupled. Since the work of [4-7], the priors of the dictionary D  are 

considered. As noted in [5, 8], two typical constraints are the unit Frobenius-norm and the 

unit column-norm constraints, both of  

which lead to nonconvex solution sets. Actually, more constraints, such as sparsity [9] 

and total variation (TV), can be imposed on D . Simultaneously imposing multi-

constraints on X  and D  leads to the following dictionary learning (DL) problem 
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where    
1

XT t t

X X Xt
R X R X

  and    
1

DT t t

D D Dt
R D R D

 . Recently, algorithms 

dealing with multi-constraints or regularized have been proposed in image processing [10-

12]. However, few works have addressed this situation for the DL problem. Recently, 

Yaghoobi et al. [9] have proposed a majorization algorithm for DL. Owing to a clever 

majorization, their algorithm can easily deal with a single constraint over dictionary 

atoms. However, their algorithm cannot deal with the multi-constraints over dictionary 

atoms. Recently, the proximal splitting methods have been paid many attentions [10, 12-

14]. In this work, we explore the DL problem with the proximal splitting methods and we 

show how to deal with the multi-constraints problem for these methods. 

The paper is organized as follows. Section 1 introduces the proximal splitting 

methods, such as the iterative shrinkage-thresholding algorithm (ISTA), the fast 

ISTA (FISTA) and the augmented Lagrange multiplier method (ALMM) and 

proposes a calculation method, called proximal operator splitting, to split the 

proximal operator with multi-constraints into several sub-proximal operator. 

Numerical experiments are presented in Section 2. Section 3 is conclusions.  

 

2. Proximal Splitting Methods for Dictionary Learning  

Since there are two variables X  and D  in the DL problem, we naturally choose the 

alternate optimization scheme [5, 8, 9, 15-17] to solve Eq. (2). The alternate optimization 

scheme involves a signal sparse coding step 
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X
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X Y D X R X

                                                     (3) 

and a dictionary optimization step 
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                                                        (4) 

Note that the two optimization steps have similar forms, and can be generalized as 

   argmin
U

f U g U                                                                       (5) 

where : m nf    is a smooth and convex function, and : m ng    is bounded 

from below but not necessarily smooth nor convex. Since  g   might not be smooth nor 

convex, it is still difficult to solve Eq. (5) directly. Most of the existing methods try to 

solve it by transforming it to the proximal operator 

 
21

arg min
2

g FU
prox C U C g U                                                    (6) 

since, for several forms of  g  , the solution of the proximal operator can be computed 

in closed-form or can be numerically computed efficiently. 

Clearly, for the signal sparse coding problem of Eq. (3), we have 
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                                (7) 

for the dictionary optimization problem of Eq. 
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(4), we have 
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The form of  g X  and  g D  requires the proximal operator gprox C  should be 

extended to a more general form 
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                                             (9) 

In this section, we first discuss how to transform Eq. (5) to Eq. (6) for the iterative 

shrinkage-thresholding algorithm and the augmented Lagrange multiplier method; we 

then consider how to split the proximal operator 
1 , , Tg gprox C  into several sub-proximal 

operators. 

 

2.1. Iterative Shrinkage-Thresholding Algorithm 

Since the only difference between Eq. (5) and Eq. (6) lies in the first function, the 

iterative shrinkage-thresholding algorithm (ISTA) [14, 18, 19] directly transforms  f U  

to 
21

2 F
U C  using its second order Taylor approximation: 
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where  ' '1
C U f U


   ,  2 'f U  is approximated by a diagonal matrix I . Here, 

  is a key factor and can be approximated by the Barzilai-Borwein equation [20]. Then, 

the optimization problem of Eq. (5) can be iteratively solved by the following proximal 

operator: 

      1 1k k k

gU prox U f U


 
   

 

＋
                                     Q  (10) 

Nevertheless, ISTA has a sublinear convergence rate of  1O k . Nesterov et al. [21] 

and Beck et al. [22] propose a fast ISTA (FISTA), which achieves an accelerated non-

asymptotic convergence rate of  21O k . FISTA can be summarized as the following 

iterative procedure 
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      1 1k k k

gU prox U f U


 
   

 

＋
                                              (12) 

    
2

1 1
1 4 1

2

k k
t t

  
   

 
                                                     (13) 

Substituting Eq. (7) and Eq. (8) respectively into Eq. (10), we have the ISTA for DL 

problem. Substituting Eq. (7) and Eq. (8) respectively into Eq. (11)- Eq. (13), we have the 

FISTA for DL problem. 

 

 

 

2.2. Augmented Lagrange Multiplier Method  

Different with ISTA, the augmented Lagrange multiplier method (ALMM) tries to split 

the objective problem to two sub-problems: one only includes  f U , and the other one 

only includes  g U  and has the form of the proximal operator gprox C . 
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To achieve this, ALMM first splits  f U  and  g U  by variable splitting scheme, i.e., 

Eq. (5) is reformulated as 

   
,

argmin . .
U V

f U g V s t U V                                                    (14) 

Then, ALMM transforms the constrained problem to the following unconstrained one: 

      
2

,
argmin

2

T

FU V
f U g V tr U V U V


                                     (15) 

where   is a dense matrix of Lagrange multipliers related to the equality constraints 

and   is a parameter that balances the quadratic penalization. Note that Eq. (15) can be 

rewritten as 

   
2

arg min
2 FU

f U g V U V


                                            (16) 

Let 
1

W


  . Then, ALMM solves Eq.                                      (16) using the alternate 

optimization scheme: 
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                                      (18) 

where  k
W  and  k

  can be updated by        1 1 1k k k k
W W V U

  
    and    1k k

  

   

( 1   is a constant). 

Clearly, Eq. (17) and Eq. (18) have the same forms with the proximal operator. 

Substituting Eq. (7) and Eq. (8) respectively into Eq. (17) and Eq. (18), we have the 

ALMM for DL problem. 

 

2.3. Proximal Operator Splitting 

The core issue of ISTA and ALMM is to solve the proximal operator. Since 

   
1

T

tt
g U g U


 , we next consider how to solve the general form 

1 , , Tg gprox C  (see Eq. 

(9)) of the proximal operator gprox C  by splitting 
1 , , Tg gprox C  into several sub-proximal 

operators. 

To achieve this, we first reformulate Eq. (9) as 
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The constraint 1

m n

TU V V      can be written as HU V , where 
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Using the augmented Lagrange multiplier method (ALMM), we can reformulate Eq. 

(20) as a non-constrained optimization problem: 
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                                (21) 

According to the ALMM procedure Eq. (17) and Eq. (18), we have 
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Clearly, Eq. (17) has a closed-form solution 
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where  k

tW  denotes the t-th block of matrix  k
W . Since 
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, 

Eq. (18) can be splitted into T  sub-proximal operators, i.e.  
      1 1

t

k k k

t g tV prox U W
 
                                                                         (25) 

Then, the proximal operator of Eq. (9) can be solved by the union of Eq. (24) and 

Eq. (25). 

 

3. Experiments  

As in previously reported works [9, 16], we try the ISTA, FISTA and ALMM 

algorithm on synthetic signals, to test the ability of these algorithms in recovering the 

original dictionary that generated signals and to compare the results with other reported 

algorithms in [9, 16], i.e., Majorization and K-SVD. 

Two special types of dictionaries are considered: a dictionary which atoms are 

piecewise non-zero on a random located segment, called constant dictionary, and a 

dictionary which entries are portion of a cosine function with random frequency, called 

cosine dictionary. Figure 1 shows the signals created by these dictionaries. 

 

(a) (b)  

Figure 1. Signals Produced by (a) Constant Dictionary and (b) Cosine 
Dictionary 

 
3.1. Comparing Algorithm Efficiency 

Since the DL problem of Eq. (3) and Eq. 
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1 11
arg min

2

k k

D
D F

D Y DX R D
 
  

                                                     

(4) can be solved by an ISTA, FISTA or ALMM method, we expect they provide similar 

learned dictionaries but they differ in computational efficiency. 

We consider the following setting. The dictionary size is set to 100 10 . Then, 50 data 

signals of dimension 100 and 5dBSNR   are produced, each created by a linear 
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combination of 3 different dictionary atoms, with uniformly distributed i.i.d. coefficients 

in random and independent locations. The regularization of X  is set as 

  ,,
0.05X i ji j

R X X  . Several types of constraints, such as unit column-norm, sparsity 

(SP), non-negative constraint (NN) and total variation (TV), are imposed on the 

dictionary elements. For all experiments, the dictionary atoms are always constrained to 

be 
2
 unit-norm in addition to the other constraints. 

For this comparison, we have run these three different algorithms 30 times with 

different random draws of the dictionary D  and X . Average runtime (seconds) of ISTA, 

FISTA, and ALMM for solving the DL problem using different kinds of 

constraints/regularizers on the atoms from two types of signals are shown in Figure 2. The 

Regularizers-axis denotes the applied constraints/regularizers in addition to the unit-norm 

constraint. SP(0.05) denotes sparse regularizer with 0.05  ; NN denotes non-negative 

constraint; TV(0.1) denotes total variation regularizer with 0.1  . As shown in Figure 2, 

with the number of regularizers increasing, ISTA and FISTA cost much more runtime 

than ALMM. The main reason might be that ALMM using the second-order information 

while ISTA and FISTA only use the first-order information. 
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Figure 2. (a) Constant Signals (b) Cosine Signals 

 

3.2. Comparing Learned Dictionaries 

In this experiment, we aim at showing the benefit of adapting the constraints on the 

dictionary to the problem at hand. The experiment shows that considering multi-

constraints other than the classical unit-norm constraint clearly leads to better learned 

dictionary atoms. 

The dictionary size is set to 100 100 . Then, we produce 400 data signals with 

dimension 100 and 3dBSNR   and each signal is a linear combination of 3 different 

dictionary atoms, with uniformly distributed i.i.d. coefficients in random and independent 

locations. Among the 400 signals, we choose 200 signals as training data and the left 200 

signals as validation data. For the given value of  0.01,0.05,0.1,0.5X  , we solve Eq.(2) 

using the training data to learn the dictionary D . From the learned dictionary and the 

same X , we try to approximate the validation signals by solving problem of Eq.                                            

(1). The best learned dictionary and its corresponding X  are chosen as those that 

minimize the mean-square error between the validation signals, and their approximations. 

Finally, for evaluating this best learned dictionary, we solve problem of Eq.                                            

(1) using some 5000 noise-free signals and compare the resulting signal approximations 
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to the true noise-free signals. This procedure has been run 30 times with different draws 

of the true dictionary and the sparsity patterns. 

Figure 3 reports the performance of the K-SVD, Majorization, and ALMM using 

different constraints. ISTA and FISTA are not considered here since they achieve the 

same results as ALMM. Except for the unit column-norm constraint imposed on 

dictionary atoms, K-SVD can only deal with non-negative constraint, and Majorization 

can only deal with single constraint. Consequently, Figure 3 only reports part of the 

performances of K-SVD and Majorization. Indeed, we note that when the denoising 

regularizers, such as TV, or the sparse regularizers, are used, the resulting MSEs of 

ALMM are lower than the ones of the Majorization method by a ratio of more than 10%. 

Besides, as expected, using an unsuited regularizer considerably harms the performances 

(see the non-negative constraint on the smooth dictionary atoms). 
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Figure 3. Mean-Squared Error of the Learned Dictionaries of Majorization, K-
SVD and ALMM from Two Types of Signals: (a) Constant Signals; (b) Cosine 

Signals. A Unit-Norm Constraint is Always Considered in Addition to the 
other Specified Regularizers 

 

4. Conclusions  

We explore the DL problem with multi-constraints through proximal splitting methods, 

such as ISTA, FISTA and ALMM. We show that all of these methods try to simplify the 

objective optimization problem into the mature proximal operator problem. Then, we 

propose the proximal operator splitting method to split the proximal operator with multi-

constraints into several sub-proximal operators. Based on this method, the existing 

proximal splitting methods can be easily used to deal with the DL problem with multi-

constraints. Experiments show that ALMM outperforms not only the other proximal 

splitting methods (ISTA and FISTA) in time efficiency but also the state-of-the-art 

methods, K-SVD and Majorization for correctly chosen constraints. 

In the future, we should extend this work from the following 3 aspects: i) learning the 

priori information of the dictionary atoms from the trained signals; ii) dealing with the 

real-world signal processing problem, such as image processing; iii) online learning of the 

dictionary with multi-constraints. 
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