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Abstract 

This paper assesses the application of Hidden Markov Models (HMMs) in obtaining 

the most likely sequence of distributions one target chooses in the problem of a geometric, 

transversal approach to optimizing the probability of tracking maneuvering targets. 

Several factors that might affect the performance of the HMMs are considered in this 

paper. These include the number of time intervals, the overlapping of distributions, the 

symmetry of distributions, the number of distributions per time interval, the numbers of 

the types of distribution the target chooses from, and the dependence of distributions 

between time intervals. It is shown that the effects of these factors on the performance of 

HMMs by comparing the outcomes of problems whose settings are the same against the 

factor considered in that instance. 
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1. Introduction 

With the development of detection technology, an increasing high requirements of 

accuracy and precision are raised [1], [2]. Our paper belongs to a research area proposing 

the application of a machine learning method, the Hidden Markov Model, [3], [4] to an 

interesting problem called a geometric transversal approach to optimizing probability of 

detection for manoeuvring targets [5], [6]. Specifically, this paper aims to decide the most 

likely sequence of target motion, given a sequence of target positions. The result can be 

utilized to, accurately, estimate the motion of other incoming targets and to reduce 

computation burden, and thus, it is useful for optimizing detection probability of 

manoeuvring targets. The research results can be extended to many applications to 

reinstate their validity [7-9]. 

The rest of this paper is organized as follows. Section 3.1.1 mathematically formulates 

the problem of interest. Then, in Section 3, the relevant results are presented and 

discussed corresponding to all subproblems. Finally, the paper is concluded in Section 4. 

 

2. Problem Formulation 

In this paper, HMMs are used to determine the most likely sequence of 

distributions one target chooses during its motion. The target is assumed to travel in 

a Region-of-Interest (ROI, see Sec. 2.1). The travelling period is divided into 

several time intervals by manoeuvring time instants. The time interval is simply the 
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period of time between two target manoeuvrings as defined later in Sec. 2.2. During 

each time interval, the target will travel in the same direction and at a constant 

velocity. It will change its direction or velocity instantly at the manoeuvring instant. 

The target direction or velocity for each time interval will be randomly generated 

from one of the distributions of direction or velocity associated with the time 

interval, respectively. More specifically, in this paper, the velocity and direction of 

the target in future position will be independent of the past state, given the current 

velocity and direction for the first five sub-problems. For the last sub-problem, the 

distributions of target direction and velocity are dependent between time intervals.  

Also, it is assumed that there are relationships between the distributions that the 

different targets will use. In our paper, it is assumed that at every manoeuvring 

point, these targets will pick the same distribution. The target which is tracked 

during its moving in the region of interest (ROI) is referred to as the tracked target. 

The other targets are defined as hidden targets. The positions of the tracked target 

and its velocities during each time interval are provided by sensors or radars. Our 

goal is to use the HMMs to calculate the probability distribution of the velocity and 

direction chosen by the target during its movement. In other words, our goal is to 

learn the most likely sequence of states, given observations. Upon learning the 

sequence of distributions chosen by the tracked target, the probability distributions 

of velocities and directions of the hidden targets can be found. Researches can then 

use these distributions to predict the distribution of the hidden targets at any time t, 

providing the initial positions of the targets are given, so that the ideal positions to 

install the sensors for detection can be decided. 

For the HMMs, the difference of positions of the targets between two sequential 

time intervals can be seen as the observations. The velocities and the directions of 

the targets will be treated as states. With respect to the training data, since only the 

second basic problem has been solved in [3], training of the HMMs has not yet 

commenced. The testing data are the true sequences of distributions recorded while 

generating the target motion. 

 

2.1. Region of Interest 

The ROI A  is a subset of two-dimensional Euclidean space 
2 , where targets are 

assumed to move at the same altitude. It is assumed that the ROI A is a square of size 

L*L, large enough to contain all sensors in the ROI without sensors' field-of-views (FOVs) 

overlapping with each other. Since the ROI allows sufficient distance separation between 

sensors and targets, the risk of sensors colliding with other sensors or targets is negligible. 

Sensors and targets are simplified as point masses compared to the scale of the ROI 

without consideration of their geometric properties.  

 

2.2. Targets 

The targets' movements are modeled by the same Markov chain [10]. A Markov chain 

is a sequence of random variables 1 2 3, , ...X X X  with the Markov property that given the 

present state, the future and past states are independent. Formally, 

1 1 1 2 2 1( | , , , ) |( )n n n n n nPr X x X x X x X x Pr xX X x                                   (1) 

where Pr  denotes the probability function and the possible values of iX  form a 

countable set X , known as the state space of the chain. 

Targets are assumed to move over a time interval 0[ , ]fT T , of which the starting time   

0T  and end time fT  are fixed. fT  is considered as the operational lifetime of battery-

powered sensor networks [11]. Let the random variables ( ), ( )t v t  and ( )x t  represent the 
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target's direction, velocity and position, respectively. Since the targets obey the same 

Markov motion model, the time interval 0[ , ]fT T  can be divided into m parts 

1( ), 1,...,j j jt t j mt     , such that the direction and velocity during each interval are 

constant. j  and jv  are adopted to represent the random variables of target's direction and 

velocity respectively in the thj  time interval. Since they are constant during the thj  time 

interval, ( ) jt   and ( ) jv t v  where 1j jt t t    and 1,...,j m . , 1,...,jt j m  are the 

time instants when the target changes the direction or velocity and 1 0 1, m ft T t T  . They 

are assumed to be known constants in the sense that approximate information about when 

the targets change their headings or velocities are obtained before deploying the sensors, 

but are not necessarily equally spaced. The changing of a target's direction or velocity is 

called a manoeuvre. 

It is assumed that the dynamics of targets are constrained by the nonholonomic 

unicycle model [12], 

.

1( ) [ cos sin ] ,, 1, ,T
j j j j j j jt v v t t t j m     x                                             (2) 

Figure 1 shows one example of the trajectory of a maneuvering target which is 

modeled by the Markov Chain and obeys the nonholonomic unicycle model. 

 

 

Figure 1. One Sampled Trajectory (Red) of the Target That Is Modeled By 
the Markov Chain and Obeys the Nonholonomic Unicycle Model. The Target 

Has Four Manoeuvres Represented By the Red Dots 

Let jx  denote the target's initial position of the 
thj  time interval, namely

( ), 1, ,j jt j m x x . Since j  and jv are piece-wise constant, by integrating the linear 

differential equation (2) over time, the set of target's initial positions is related in the way 

that 

1 [ cos sin ] , 1, ,T
j j j j j j jv v t j m     x x                                                          (3) 

Thus, the distribution of targets only depends on the random variables ( )tx ,   and v  in 

the previous time interval and is a Markov chain. In this paper, j  and jv  are assumed to 

be independent from one time interval 1[ , ]j jt t   to the next time interval 1 2[ , ]j jt t  , for all 
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1, , 1j m  . Only the target's initial position distribution ( ) ( )j
j T jPr fx x  is a function 

of the random variables from the previous time interval, where ( )j
T jf x  is the probability 

density function (PDF) of the random variable jx . The set of random variables that affect 

the target's distribution in the next time interval are referred to as the Markov motion 

parameter { , , }, 1, ,j j j jv j m xM . PDFs of the target's direction and velocity in 

each time interval are known and are denoted by ( )j
jf   and ( )j

V jf v , respectively. The 

PDF of target's initial positions can be derived as follows:  

1
1( ) ( [cos sin ] )

( ) ( ) , 1, ,

j j
max max

j j
min min

v

j j T
T j T j j j j j

v

j j
j V j j j

f f v t

f f v dv d j m





 

 






  

 

 x x
                                                          (4) 

where , ,j j j
min max minv   and j

maxv  represent limits of the target's heading and velocity in the 

thj  time interval, respectively. 

Table 1. Velocity Distribution for Problem 0 

Time Interval 

           1T   

    Velocity 

Distribution 

Probability Distribution 

       type 

Parameter 

1T  11v  1/2 Gaussian 
11 112, 0.5    

12v
 

1/2 Gaussian 
12 124, 0.5  

 

2T  21v  1/2 Gaussian 
21 212, 0.5    

22v  1/2 Gaussian 
22 224, 0.5    

 

Table 2. Heading Distribution for Problem 0 

Time Interval 

           1T   

 Heading 

      11h  

Probability Distribution 

       type 

Parameter 

1T  11h  1/2 Gaussian 
11 11,/ 4 / 4      

12h  1/2 Gaussian 
12 12/ 4, / 4      

2T  21h  1/2 Gaussian 
21 21,/ 3 / 3      

22h  1/2 Gaussian 
22 22,/ 3 / 3       
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Figure 2. Several Sequential Snapshots to Showcase How the Target 
Position Distribution Changes Over Time for Problem 0 

 

2.2.1. Remark 1 on the Target 

With respect to the problem about the model of target, it is assumed the choice of 

velocity and direction for the current time interval does not affect the choice for the next 

time interval, for the first five sub-problems.The last sub-problem will be used to address 

the topic with respect to target model, where choices between time interval are not 

independent in the sense that if the target heads north in this time interval, it has more 

probability to head north than to head south in the next time interval. The difference 

between these two settings will result in different ija  HMMs. This paper illustrates the 

difference of problem settings below: 

 

1) For the first five sub-problems 

In these problems, for example, it is assumed the target direction will obey the 

following pattern: 

 For the first time interval, it has 1/ 2p   probability of heading north, and 

1/ 2p   probability of heading south; 

 For the second time interval, it has 1/ 2p   of heading / 4  clockwise and 

1/ 2p   counterclockwise, etc. 

In this kind of setting, the direction of target can be independent( however, it  could be 

modeled dependently as well by changing ija  in the HMMs). The speed is similar to the 

direction, so this can also be considered  independent. 

 

2) For the last sub-problem 
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For this problem, the choices of target distributions between time intervals are 

dependent. For example, if the target heads north in the current time interval, it will have 

larger probability to continue going north than to go south. The same assumption holds 

for the target velocity. If the target travels slowly in the current time interval, it will have 

larger probability to travel slowly in the next time interval. 

3) Remark 2 on the Target: The target is able to change its direction and speed 

instantly at the maneuvering time. 

 

2.3. Sensors 

The omnidirectional boolean sensing model is adopted in this paper [13]. Each sensor is 

assumed to have a specific sensing range ir . A sensor can only detect targets within its 

sensing range, where the probability for successful detection of a target entering the 

sensing range is 1. In this paper, it is assumed that the sensors' positions, 

[ ] 1, ,, 
i i

T
i x ys s i n s , are deterministic and static, thus the sensing range can be 

represented by a disk shaped FOV, [ , ]i i ir sC C A , which is centered at is  and has a 

constant radius ir . The sensing model can then be expressed as 

0 : ( )
( , ( ))

1: ( )

i i

d i

i i

t r
P t

t r

  
 

 

s x
x

s x
C                                                                                      (5) 

 

3. Results and Discussion 
 

3.1. Problem 0: A Toy Problem 

This paper uses this problem and Problem 3.2 to illustrate how the number of time 

intervals will affect the performance of HMMs. 

 

3.1.1 Target Motion Assumption 

For this problem, a target has only one manoeuvre (two time intervals). It is assumed 

the span of the time interval is [10, 10]. During each time interval, the target can choose 

from one of two direction distributions and from one of two velocity distributions. The 

choice of direction and velocity is independent for each time interval as explained before. 

Furthermore, it is assumed the choice of direction and of velocity is independent in each 

time interval:  the direction the target chooses does not affect how fast it goes. For 

simplicity, it is assumed the target direction and speed obey the Gaussian distribution. The 

parameters of the distribution are summarized in Table 1 and Table 2. The target is 

assumed to start moving from 2[0 ]/ 2 TL , where 2L  is the height of the region of 

interest(ROI). 

 

3.1.2. PDF of Target Position 

As assumed in Sec. 3.1.1, the target position distribution will spread from 2[0 ]TL . 

Frames of the movie are presented to showcase the general trend in Figure 2. 
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Table 3. State Vector for Problem 0 

Time Interval 

           iT   

 State vector 

 

1S  

2S  

3S  

4S  

11 11( , )h v  

11 12( , )h v  

12 11( , )h v  

12 12( , )h v  

5S  

6S  

7S  

8S  

21 21( , )h v  

21 22( , )h v  

22 21( , )h v  

22 22( , )h v  

 

 

Figure 3. The Lattice of Observations and States for Problem 0 
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3.1.3. First Attempt of HMMs 

As assumed in Sec. 3.1.1, the HMMs have eight states (four for each time interval) in 

total, where the state of HMM is defined by the target direction and speed. Formally, a 

state is  is 

[ , ]i pq rss h v                                                                                                                      (6) 

where  pqh  and rsv  denotes which distribution of target direction and speed is chosen, 

respectively. The states of the HMMs is summarized in Table III 

Once all the states are set up, we can continue to obtain the transition matrix A. 

Graphically, the transition is shown in Figure 3. Since it is assumed that the choice 

between time intervals is independent, the probabilities of getting to state js  where 

5 8j   from state is  where 1 4i   are the same. The property is illustrated by 

choosing the same colour for edges incident to js , where 5 8j   in Figure 3. Also, 

noticing that it’s hard to travel back in time, thus 0ija   where 1 4i   and 5 8j  . 

The edges with zero weight are not shown in Figure 3. Numerically, the value of matrix A 

is  

 

1 1 1 1
0 0 0 0

4 4 4 4

1 1 1 1
0 0 0 0

4 4 4 4

1 1 1 1
0 0 0 0

4 4 4 4

1 1 1 1
0 0 0 0

4 4 4 4

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

A

 
 
 
 
 
 
 
 

  
 
 
 
 
 
 
 
  

                                                                          (7) 

 

Once the parameters of the HMMs were set, the best sequence of target motion states 

were speculated. First, this paper randomly generated a set of target motions and recorded 

which distributions of directions and speed the target chose for each time interval. The 

observation O is defined as a vector of target direction and speed for the current time 

interval. This paper used the HMMs to determine best sequence of states and compared 

these with the true sequence of states we recorded. The results are summarized in Figure 4. 

From the results, it can be seen that the HMMs were accurate in determining the most 

probable sequence of states. In one sense, this paper chose a proper machine learning 

method for the action recognition problem. On the other hand, so far, only a simple 

problem has been worked upon  we  whose parameters are free of complexity. However, 

the accurate result implies this paper has the potential to develop this method for more 

complicated scenarios. 

 

3.2. Problem 1: Effect of the Number of Time Intervals 

Comparing the result of this problem to the Problem 3.1, this paper can determine how 

the number of time intervals can affect the performance of HMMs. This is in the sense 

that all the following factors are the same expect this paper uses [5,10,5,5,10] as the new 

time span, 
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 This paper uses the same type of distribution for target heading and 

velocity( Gaussian). 

 The number of available distribution per time interval is still two for both the 

direction and the velocity. 

 There is little overlapping of the PDF for heading or velocity in each time interval. 

 The distributions of heading and speed are symmetric. 

 Distributions between time intervals are independent. 

The distributions of target direction and velocity can be found in Appendix A(Table 4 

and Table 5). The state is also defined in the same pattern as in Sec. 3.1. Fifty trials are 

conducted for this problem and the results are presented in Figure 5. The wrongly 

predicted states are coloured red. Seven states are predicted wrongly out of fifty times five 

states. The ration of correctness is, 

250 7
0.972

250
r


                                                                                                           (8) 

Comparing the result in Figure 5 to the result in Figure 4, it is obvious that increasing the 

number of time intervals will result in worse performance of the HMMs. 

 

 

Figure 4. Best State Sequences determined by HMMs and Real Sequences 
from Test Data for Twenty Different Trials for Problem 0 

 

3.3. Problem 2: Effect of the Overlapping of Distributions 

In this section, this paper aims to show the effect of the overlapping of distributions on 

the performance of the HMMs, comparing to result in Sec. 3.2. For Problem 0 and 

Problem 1, although this paper utilizes Gaussian distributions in our analysis, this paper 

carefully tuned the parameters such that, for each time interval, different direction or 

velocity distributions have means far apart. In other words, the area under both the 

PDFs(overlapping) is small. For this problem, this paper increased the overlapping area. 
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For example, as shown in Fig 6, the two direction distributions in Problem 1 clearly have 

far away centers, however, for Problem 2, the heading distributions are mixed together. 

The distributions of target directions and velocity can be found in Appendix (Table 6 

and Table 7). The state is also defined in the same pattern as in Sec. 3.1. Fifty trials are 

conducted for this problem, and the result is in Figure 7. The wrongly predicted states are 

coloured red. Twenty-eight states are predicted wrongly out of fifty times five states. The 

ration of correctness is, 

250 28
0.888

250
r


                                                                                                         (9) 

Comparing the result in Figure 7 to the result in Figure 5, it can be clearly seen that the 

overlapping of distributions will result in a severely worse performance of the HMMs. 

 

 

Figure 5. Fifty Trials of the HMMs Prediction with Incorrectly Predictions 
Coloured Red for Problem 1 
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3.4. Problem 3: Effect of Symmetry of Distributions 

In this section, this paper aims to assess the effect of the symmetry of distribution on 

the performance of the HMMs comparing to result in Sec. 3.2. For Problem 1, the 

direction distribution is symmetrical with respect to the x-axis. For this problem, the 

weights of direction distributions were changed in a time interval, leaving the direction 

distributions asymmetrical with respect to the x-axis. For example, in Figure 8, the 

distribution of heading is not symmetric. 

The distributions of target direction and velocity can be found in Appendix (Table 8 

and Table 9). The state is also defined in the same pattern as in Sec. 3.1. Fifty trials are 

conducted for this problem, and the result is in Figure 9. The wrongly predicted states are 

coloured red. Five states are predicted wrongly out of fifty times five states. The ration of 

correctness is, 

250 5
0.98

250
r


                                                                                                           (10) 

Comparing the result in Figure 9 to the result in Figure 5, it can be seen that the symmetry 

of distributions does not affect performance of the HMMs much. 

 

 

Figure 6. Position Distribution in the First Time Interval for Problem 1 and 2 

 

3.5. Problem 4: Effect of Type of Distributions 

In this section, the effect of the type of distribution on the performance of the HMMs is 

studied, comparing to result in Sec. 3.2. For Problem 1, this paper only uses Gaussian 

distributions for the target direction and velocity. For this problem, we use different types 

of distribution for target direction and speed distributions in each time interval. For 

example, in Figure 10, this paper can see the result of different types of distribution of 

direction and speed in the second time for Problem 1 and this problem. 

The distributions of target direction and velocity can be found in Appendix (Table 10 

and Table 11). The state is also defined in the same pattern as in Sec. 3.1. Fifty trials are 

conducted for this problem and the result is in Figure 11. The wrongly predicted states are 

coloured red. Only three states are predicted wrongly out of fifty times five states. The 

ration of correctness is, 

250 3
0.988

250
r


                                                                                                  (11) 
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Figure 7. Fifty Trials of the HMMs Prediction with Incorrectly Predictions 
Coloured Red for Problem 2 

Comparing the result in Figure 11 to the result in Figure 5, despite using a greater 

number of distributions, the performance of the HMMs is enhanced. This enhanced 

performance may be the result of the types of distributions. For this problem, in addition 

to the Gaussian distribution, this paper used uniform distribution. Also, the distributions 

do not overlap. Uniform distribution is more comprehensible for the HMMs, thus its 

performance is enhanced. 
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Figure 8. Position Distribution in the First Time Interval for Problem 1 and 3 

 

3.6. Problem 5: Effect of Number of Distributions per Time Interval 

In this section, this paper investigates the effect of the number of distributions per time 

interval on the performance of the HMMs comparing to result in Sec. 3.2. For Problem 1, 

this paper only uses two Gaussian distributions for the target direction and two Gaussian 

distributions for target velocity per time interval. For this problem, this paper increased 

the number of distributions the target direction and speed can choose from for each time 

interval, where the type of distribution remains the Gaussian distribution. For example, 

Figure 12 shows the result of different numbers of distribution of direction and speed in 

the second time for Problem 1 and this problem. 

The distribution of target direction and velocity can be found in Appendix (Table 12 

and Table 13). The state is also defined in the same pattern as in Sec. 3.1. Fifty trials are 

conducted for this problem, and the result is in Figure 13. The wrongly predicted states 

are coloured red. Seventeen states are predicted wrongly out of fifty times five states. The 

ration of correctness is, 

250 17
0.932

250
r


                                                                                                   (12) 

Comparing the result in Figure 13 to the result in Figure 5, increasing number of states 

per time interval will result in worse performance of the HMMs. A reason for this is that 

more distributions per  
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Figure 9. Fifty Trials of the HMMs Prediction with Incorrectly Predictions 
Coloured Red for Problem 3 

 

Figure 10. Position Distribution in the Second Time Interval for Problem 1 
and 4 



International Journal of Hybrid Information Technology 

Vol. 10, No.1 (2017) 

 

 

Copyright © 2017 SERSC 391 

 

Figure 11. Fifty Trials of the HMMs Prediction with Incorrectly Predictions 
Coloured Red for Problem 4 

time interval provides more overlapping, where it has been previously shown that 

overlapping will cause the HMMs to perform badly. Another reason is that the searching 

space of HMMs will increase greatly. 

 

Figure 12. Position Distribution in the First Time Interval for Problem 1 
and 5 
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3.7. Problem 6: Effect of Dependence of Distributions between Time Intervals 

In this section, this paper wants to show the effect of the dependence of distributions 

between time intervals on the performance of the HMMs comparing to result in Sec. 3.2. 

For Problem 1, distributions of direction and speed between time intervals are 

independent. For this problem, it is assumed that if the target goes north for the current 

time interval, it will have larger probability to go north in the next time interval. For 

example, in Figure 14, compared to that in Problem 1, the target position distribution 

shrink to the mean. 

 

 

Figure 13. Fifty Trials of the HMMs Prediction with Incorrectly 
Predictions Coloured Red for Problem 6 

The distribution of target direction and velocity can be found in Appendix (Table 14 

and Table 15). The state is also defined in the same pattern as in Sec. 3.1. Fifty trials are 

conducted for this problem, and the result is in Figure 15. The wrongly predicted states 
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are coloured red. Twelve states are predicted wrongly out of fifty times five states. The 

ration of correctness is, 

250 12
0.952

250
r


                                                                                                  (13)                          

 

Figure 14. Position Distribution in the First Interval for Problem 1 

Comparing the result in Figure 15 to the result in Figure 5, the dependency of 

distributions between time intervals will result in worse performance of the HMMs. Our 

explanation is that the problem accumulates complexity when there is dependency 

between time intervals. 
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Figure 15. Fifty Trials of the HMMs Prediction with Incorrectly 
Predictions Coloured Red for Problem 6 

 

4. Conclusion 

From the comparisons this paper made, it can be concluded that: 

 More time intervals will result in worse performance of the HMMs due to the 

larger searching space. 

 Overlapping between distributions will result much worse performance of the 

HMMs. It is the most important factor. 

 Symmetry of distributions does not have much effect on the performance. 

 Number of types of distribution per time interval does not affect the performance 

much. However, the HMMs performs better with respect to uniform distribution 

than the Gaussian distribution. 

 Number of distributions per time interval have an effect on the performance, due to 

the overlapping and increasing of searching space it may cause. 
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 Dependence between distributions will result in worse performance due to more 

complicated problem formulation. 

 

Appendix 

Table 4. Heading Distribution for Problem 1 

Time Interval 

           iT   

 Heading 

      ijh  

Probability Distribution 

       type 

Parameter 

1T  11h  1/2 Gaussian 
11 11/ 4 /, 12      

12h  1/2 Gaussian 
12 12/ 4, /12       

2T  21h  1/2 Gaussian 
21 21/ 3 /, 12      

22h  1/2 Gaussian 
22 22,/ 3 /12       

3T  31h  1/2 Gaussian 
31 31/ 2 /, 12      

32h  1/2 Gaussian 
22 22,/ 2 /12       

4T  41h  1/2 Gaussian 
41 41/ 6 /, 12      

42h  1/2 Gaussian 
42 42,/ 6 /12       

5T  51h  1/2 Gaussian 
51 51,/ 4 / 8      

52h  1/2 Gaussian 
52 52,/ 4 / 8       

 

Table 5. Velocity Distribution for Problem 1 

Time Interval 

           iT   

    Velocity 

Distribution 

Probability Distribution 

       type 

Parameter 

1T  11v  1/2 Gaussian 
11 112, 0.5    

12v  1/2 Gaussian 
12 124, 0.5    

2T  21v  1/2 Gaussian 
21 212, 0.5    

22v  1/2 Gaussian 
22 224, 0.5    

3T  31v  1/2 Gaussian 
31 316, 0.5    

32v  1/2 Gaussian 
32 328, 0.5    

4T  41v  1/2 Gaussian 
41 413, 0.5    

42v  1/2 Gaussian 
42 426, 0.5    

5T  51v  1/2 Gaussian 
51 514, 0.5    

52v  1/2 Gaussian 
52 526, 0.5    
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Table 6. Heading Distribution for Problem 2 

Time Interval 

           iT   

 Heading 

      ijh  

Probability Distribution 

       type 

Parameter 

1T  11h  1/2 Gaussian 
11 11,/ 4 / 4      

12h  1/2 Gaussian 
12 12/ 4, / 4       

2T  21h  1/2 Gaussian 
21 21,/ 3 / 3      

22h  1/2 Gaussian 
22 22,/ 3 / 3       

3T  31h  1/2 Gaussian 
31 31,/ 2 / 2      

32h  1/2 Gaussian 
22 22,/ 2 / 2       

4T  41h  1/2 Gaussian 
41 41,/ 6 / 6      

42h  1/2 Gaussian 
42 42,/ 6 / 6       

5T  51h  1/2 Gaussian 
51 51,/ 4 / 4      

52h  1/2 Gaussian 
52 52,/ 4 / 4       

 

Table 7. Velocity Distribution for Problem 2 

Time Interval 

           iT   

    Velocity 

Distribution 

Probability Distribution 

       type 

Parameter 

1T  11v  1/2 Gaussian 
11 112, 0.5    

12v  1/2 Gaussian 
12 124, 0.5    

2T  21v  1/2 Gaussian 
21 212, 0.5    

22v  1/2 Gaussian 
22 224, 0.5    

3T  31v  1/2 Gaussian 
31 314, 0.5    

32v  1/2 Gaussian 
32 328, 0.5    

4T  41v  1/2 Gaussian 
41 413, 0.5    

42v  1/2 Gaussian 
42 426, 0.5    

5T  51v  1/2 Gaussian 
51 512, 0.5    

52v  1/2 Gaussian 
52 526, 0.5    

 

Table 8. Heading Distribution for Problem 3 

Time Interval 

           iT   

 Heading 

      ijh  

Probability Distribution 

       type 

Parameter 

1T  11h  0.3 Gaussian 
11 11/ 4 /, 12      

12h  0.7 Gaussian 
12 12/ 4, /12       

2T  21h  0.3 Gaussian 
21 21/ 3 /, 12      

22h  0.7 Gaussian 
22 22,/ 3 /12       

3T  31h  0.7 Gaussian 
31 31/ 2 /, 12      
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32h  0.3 Gaussian 
22 22,/ 2 /12       

4T  41h  0.5 Gaussian 
41 41/ 6 /, 12      

42h  0.5 Gaussian 
42 42,/ 6 /12       

5T  51h  0.6 Gaussian 
51 51,/ 4 / 8      

52h  0.4 Gaussian 
52 52,/ 4 / 8       

 

Table 9. Velocity Distribution for Problem 3 

Time Interval 

           iT   

    Velocity 

Distribution 

Probability Distribution 

       type 

Parameter 

1T  11v  1/2 Gaussian 
11 112, 0.5    

12v  1/2 Gaussian 
12 124, 0.5    

2T  21v  1/2 Gaussian 
21 212, 0.5    

22v  1/2 Gaussian 
22 224, 0.5    

3T  31v  1/2 Gaussian 
31 316, 0.5    

32v  1/2 Gaussian 
32 328, 0.5    

4T  41v  1/2 Gaussian 
41 413, 0.5    

42v  1/2 Gaussian 
42 426, 0.5    

5T  51v  1/2 Gaussian 
51 514, 0.5    

52v  1/2 Gaussian 
52 526, 0.5    

Table 10. Heading Distribution for Problem 4 

Time 

Interval 

     iT   

 Heading 

      ijh  

Probability Distribution 

       type 

Parameter 

1T  11h  1/2 Gaussian 
11 11/ 4 /, 12      

12h  1/2 Gaussian 
12 12/ 4, /12       

2T  21h  1/2 uniform 
min 2 30, /max     

22h  1/2 uniform 
min /2 ,3 0max      

3T  31h  1/2 Gaussian 
31 31/ 2 /, 12      

32h  1/2 Gaussian 
22 22,/ 2 /12       

4T  41h  1/2 uniform 
min 0 / 3, max     

42h  1/2 uniform 
min / 3, 0max      

5T  51h  1/2 Gaussian 
51 51,/ 4 / 8      

52h  1/2     uniform 
min / 2, 0max      

 

 



International Journal of Hybrid Information Technology 

Vol. 10, No.1 (2017) 

 

 

398  Copyright © 2017 SERSC 

Table 11. Velocity Distribution for Problem 4 

Time Interval 

           iT   

    Velocity 

Distribution 

Probability Distribution 

       type 

Parameter 

1T  11v  1/2 Gaussian 
11 112, 0.5    

12v  1/2 Gaussian 
12 124, 0.5    

2T  21v  1/2 uniform 
mmin ax1, 3v v   

22v  1/2 uniform 
mmin ax3, 5v v   

3T  31v  1/2 uniform 
mmin ax5, 7v v   

32v  1/2 uniform 
mmin ax7, 9v v   

4T  41v  1/2 Gaussian 
41 413, 0.5    

42v  1/2 Gaussian 
42 426, 0.5    

5T  51v  1/2 Gaussian 
51 514, 0.5    

52v  1/2 uniform 
mmin ax7, 9v v   

 

 

Figure 16. Transition matrix A for Problem 1 

 

Figure 17. Transition matrix A for Problem 6 
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Table 12. Heading Distribution for Problem 5 

Time 

Interval 

           iT   

 

Heading 

      ijh  

Probability Distribution 

       type 

Parameter 

1T  

 

11h  1/4 Gaussian 
11 113 ,/ 4 /12      

12h  1/4 Gaussian 
12 12/ 4 /, 12      

13h  1/4 Gaussian 
13 13,/ 4 /12       

14h  1/4 Gaussian 
14 143 / 4, /12       

2T  21h  1/2 Gaussian 
11 11/ 3 /, 12      

22h  1/2 Gaussian 
12 12/ 3, /12       

3T  

 

31h  1/3 Gaussian 
31 31/ 2 /, 12      

32h  1/3 Gaussian 
32 32 1, /0 2     

33h  1/3 Gaussian 
33 33,/ 2 /12       

4T  

 

41h  1/4 Gaussian 
41 41/ 6 /, 24      

42h  1/4 Gaussian 
42 42/12, / 24      

43h  1/4 Gaussian 
43 43,/12 / 24       

44h  1/4 Gaussian 
44 44/ 6, / 24       

5T  

 

51h  1/4 Gaussian 
41 41/ 4 /, 16      

52h  1/4 Gaussian 
42 42/ 8 /, 16      

53h  1/4 Gaussian 
43 43,/ 8 /16       

54h  1/4 Gaussian 
44 44/ 4 /, 16      

 

Table 13. Velocity Distribution for Problem 5 

Time Interval 

           iT   

    Velocity 

Distribution 

Probability Distribution 

       type 

Parameter 

1T  11v  1/2 Gaussian 
11 112, 0.5    

12v  1/2 Gaussian 
12 124, 0.5    

2T  

 

21v  1/4 Gaussian 
21 211, 0.5    

22v  1/4 Gaussian 
22 223, 0.5    

23v  1/4 Gaussian 
223 35, 0.5    

24v  1/4 Gaussian 
24 247, 0.5    

3T  

 

31v  1/3 Gaussian 
31 314, 0.5    

32v  1/3 Gaussian 
32 326, 0.5    

33v  1/3 Gaussian 
33 338, 0.5    

4T  41v  1/4 Gaussian 
41 413, 0.2    

42v  1/4 Gaussian 
42 424, 0.2    
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43v  1/4 Gaussian 
43 435, 0.2    

44v  1/4 Gaussian 
444 46, 0.2    

5T  51v  1/4 Gaussian 
51 513, 0.1    

52v  1/4 Gaussian 
52 524, 0.1    

53v  1/4 Gaussian 
53 535, 0.1    

54v  1/4 Gaussian 
554 46, 0.1    

 

Table 14. Heading Distribution for Problem 6 

Time Interval 

           iT   

 Heading 

      ijh  

Probability Distribution 

       type 

Parameter 

1T  11h  NA Gaussian 
11 11/ 4 /, 12      

12h  NA Gaussian 
12 12/ 4, /12       

2T  21h  NA Gaussian 
21 21/ 3 /, 12      

22h  NA Gaussian 
22 22,/ 3 /12       

3T  31h  NA Gaussian 
31 31/ 2 /, 12      

32h  NA Gaussian 
32 32,/ 2 /12       

4T  41h  NA Gaussian 
41 41/ 6 /, 12      

42h  NA Gaussian 
42 42,/ 6 /12       

5T  51h  NA Gaussian 
51 51,/ 4 / 8      

52h  NA Gaussian 
52 52,/ 4 / 8       

 

Table 15. Velocity Distribution for Problem 6 

Time Interval 

           iT   

    Velocity 

Distribution 

Probability Distribution 

       type 

Parameter 

1T  11v  NA Gaussian 
11 112, 0.5    

12v  NA Gaussian 
12 124, 0.5    

2T  21v  NA Gaussian 
21 212, 0.5    

22v  NA Gaussian 
22 224, 0.5    

3T  31v  NA Gaussian 
31 316, 0.5    

32v  NA Gaussian 
32 328, 0.5    

4T  41v  NA Gaussian 
41 413, 0.5    

42v  NA Gaussian 
42 426, 0.5    

5T  51v  NA Gaussian 
51 514, 0.5    

52v  NA Gaussian 
52 526, 0.5    
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